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On the Quaternary Linear Homogeneous Groups 
Modulo p of Order a Multiple of p. 


By Lronarp EuGeENE Dicxson.* 


1. Consider the group G of all quaternary linear homogeneous transforma- 
tions modulo p of determinant unity. The order of @ is 


(1) tp’, =(p*— 1). 
Every subgroup of order a power of p is conjugate within G with a subgroup of 
the group G,,, of the operators 

1 0 oO O 
(2) [md = (or an 0 

Oy Ap Ay 1 
The subgroups of this G,, are given in §3. Some of these were determined in 
in an earlier papery, the others by similar methods. 

Let H denote any subgroup of order p"N of G, N being prime to p, h > 0. 
Applying a suitable transformation within G, we may assume that H contains a 
subgroup G,,. of G,.. If H contains G,, self-conjugately, H lies in the cor- 
responding group determined in §4, and the explicit determination of H is 
essentially a problem on binary or ternary groups. Suppose next that G,, is 
not self-conjugate in H and let p” be the maximal order of a subgroup common 
to G, and any of its conjugates under H; let G,» be such a subgroup. By a 
theorem{ due to Burnside and Frobenius, H must contain an operator S, of period 
prime to p, commutative with G,» but not with G,.. 

By §2, ¢ contains no factor of the form 1+ p'x, x >0. Hence the number 
of conjugates to G,,in His not=1 (mod p‘), so that|| m>h—3. Further, if 


*Research assistant to the Carnegie Institution of Washington for 1904. 
t American Journal of Mathematics, vol. 27 (1905), pp. 280-302. 

t References in Burnside’s Theory of Groups, p. 97. 

| Compare Burnside’s Theory of Groups, p. 94, Cor, HU. 
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p> 2and if the number of conjugates to G,. is not (p*— we may 
($2) set mSh—2. To these results we owe the practicability of the method 
employed in the problem. The general theorem of §7 leads to a considerable 
reduction in the number of cases to be treated. 

For p= 2, G is simply isomorphic with the alternating group on 8 letters.* 
When exceptional, the case p = 2 is excluded. 


2. Lemma. The only factor of the form 1+ p*x, x>0, of ¢ ts (p*—1) 
(p®—1), an additional factor 9 occurring if p = 2. 

Let (1+ p*x)g. Then p?—1=q(mod p’*). Let g= mp’ + 1, 
m>0. For m=0, we reach (p*—1)(p?—1). Let henceforth mS1. Then 
—p. 

Expanding t — (1 + p*x) q and dividing by p’, we get 

Hence there is an integer ¢ such that 
(3) tp’. 
Then pt — — p —1— maxp—a—t=0. Hence for some integer s, 
(4) x+t=sp—1, p?—p—1—mr—s=0. 

Ift>0, thens >0,m>tp,q >t’, 1+ p'/t,x< p/t. 
Hence x<p, t<p. Then by (4),, sp —1< 2p— 2, s=1, p—1<t+p/t. 
If p > 3, (2¢ — — 4p > (p — requiring ¢=1. If p= 8, then 
x=t=1. Inevery case, + 2p—1,s0 that (4), 
gives p= 1. 

Ift=0,r=sp—1,s>0,m=sp+p. Then (4), becomes 

p—1—s*p?— + sp —s =0, 

whence > 0, s=—1+wupsp—1. 

If — r, where r >0, (3) gives xSrp?’—p. Then by s>0. 
Buta<p'—p. Hencer< p. Setx=rp?—p+2,250. Thenm=2z+1, 
by (3), and sp = rp* —p+z2z+1—-r by (4). Hence 


2+1—r=lp, s=rp—itl. 


* References and proof in Linear Groups, §268, p. 290. 
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By the first, 750 sincer< p. For1=0, (4) becomes 


whence r= 0 or 1 (mod p), 71, which is impossible. Let next 751. Now 
(4), may be written 


pP—p—1=(r+ —p tip +l. 


But the second member > p(rp’), the first member < p’. 

3. The p?+ p+1 subgroups of order of are given by a linear 
homogeneous relation between a, a2, a4. For each G,; given in the first 
column of the following table, the subgroups of order p* are obtained by annex- 
ing a linear homogeneous relation between the elements in the second column: 


— 0} O31, Ago, Aggy 
= 0} a 
Ag — 21» Ago, Ag) 
— 0; Ago, Age 
) 
+ + C4043 = O; | Ag, 


where for the last G,., at least two c; are = 0, p > 2, and 


P = — go CoA 430. 


For p > 2, the p* + 2p? + 2p? + p+ 1 distinct G,, are given in the first 
column of the following table; the subgroups of order p’ of each G,, are obtained 
by annexing a linear relation between the elements in the second column: 


= 0, = 0} G31, Ago, 
= 7043, = G43, b = Ay — 31 2 
} = 0, Gg, = + O32, O43, — — 
O43 = 0, = + = Gy — — 
{ = 0, = + Ago 
4 4 


For p> 2, the 4p* + 3p? + 2p? + p+ 1 distinct G,, are given in the first 
coluinn of the following table, the subgroups of order p* of each G,, are obtained 


A 
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by annexing a linear relation between the elements in the second column : 


— 
= lin. Age O41, = 0} Age, Ago 
= 0, = = + tay} Ago 
= 0, Ag. = Ayo = 5 a, f= — 
TQ 43, Ago = 43) C, if rt 1, = 1.2 3, 0 
b = le + Ud4s 43,C,9, if rt = 1, with s = 0 when p= 8 
= = ay, 6, ifr $0 
— 9 
O43 O43, b, h = Ay lays, if 0. 
Qo, = 0, Ag, = + Says, 
d — UA 43 Azo, O43 
O43 = 0, Ogg = + | 
Azo 
tao; + UAz9 


= 0, Ag, = + O43; if r+ u 0 
Og, J, fr+u=—0 


= tag, + Udyg 
where the further abbreviations have been used 
= Gy — Ag Gy, + $7803, — J = a4, — $ta3, — 3802,. 

For p > 2, the distinct G,,. are given in the first column of the next table; 
2p’ + + 2p + + p+1(p>3), Sp! +p’ + Ww + p+ 1(p=3) 
is the number of G,,; the subgroups C, of each G,, are obtained by annexing a 

linear relation between the elements of the second column: 


= O43 = 0, two lin. (31, gy, O41, 4) } Age, Agi, Ago 
= 0, = A= PA), Ogg = | Oo, f 
= 0, = Ogg = f= ta + Uday} | a 
= 7043; Age == 80g, Gg 0, if p= 3, 
&, if p > 3, or p= 38, 


Ge = b= + Uay 

21 439 0ifp=st C 
—= J We + 2043, 


{ ao 0, Ago —= SA 43, Ag, — h — wh + ZO 43 43 » b 


= 0, Gg, = + 


Ay 
Oyo = — J = + 2043 


where k = ay — ¢7sai; — }(w + pr)aj;. The only distinct CG, in this table are 
the p?+ p?+p+1 groups {a= 0, three lin. (a5), a3, }, the p' 


groups 


= 0, dy =Ssay,a = Ag TH), Sf = Woy 


Ase 


Modulo p of Order a Multiple of p. 


and the p’ (p > 3) or 5p*( p= 3) groups, with rs = 0 if p = 8, 


(p = 3) distinct C, in G,., as is also evident directly. 
In the first column of the following table appears a representative* of 
each set of conjugate subgroups of order a power of p of G, for p> 2. 


= Age = 8043, 6 = C = 2045}. 


Hence there are + pt +p? + p?+ p41 256 


4. 


All 


quaternary transformations (6,;) commutative with this representative are given 


in the second column. 


several reasons; they may be supplied by inspection. 
not-square v;/= 0, 1, v; 7, is any not- 


Gos 
= 0}, s= 2, 3,or4 
== 
= 
= 
= =O}, = 05 
= = 0; 
Jay, = 0, = ayst 
= 0, = 
= 0, doy = 
= = O45} 
= 0, = ayy} 
| = O43, Ago + 
{ gq = O43) Oye = 
= Ogg, = 
= 


tion. 


*TI have aimed to list but one conden: but I have relied iene upon slain in this direc- 


sented in the list. 


= + 


The conditions for determinant unity are omitted for 


Here « = 1 ora particular 


= 0 (j >i) v) 
= 0 (J > 2), = O35 = 
= 9 (7 = 


>3) 


= Oy = = by = 


6; = 0 (7 >i), d 


33 — 


y= 0 (7 > 4), = 


07 


= 511533 
= 0, = 


544 = 53 5 
66 
= 1545511) = 51,544 
also d2, = 0,,6,, if «#0 
9.44533 = + 15435119 542553 = 


62, = 6.6 


119333 = Oy, if 


However I have taken every precaution and check to make sure that every set of conjugates is repre- 


5 
| 
| | 
| 
| 
| 
| 
| 
| 66 
| 
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= a3; = 0} 

} = = = 0} 

= = Oy = Of 

= Gz = 0, ag) = 
{ay = = 0, = 
= ay = 0, a3) = } 
= = 0, dy = 
= dy = 0, by = 


= 0, Ago = 
— = lay 
fas =0, = [O43 
— + lays 
= 0, = } 
= May, M0, 


(a3, = 


1 
— — lag 
2 
= L043, Age Ayg 
1 _ 
= 0, 4g = = + mays 
— 4m a not-square 


jy = >t), 03; = 


6“ (a3 


= 544 
by =0 (7 > 2), = 545033 + 
= 0, 3539 = 0) 
= 9 (7 > 1), = = 0) 
»  O32=0, (72 Fu) 
Preceding (6,;) and 62353. = 
bj = 0 (J > 2), = + 
Dy =O (FSD, = = 555543 = 


= (u+ m) 032033 — MB 43509 


= = = dy, = = O and (6) 


= O13 = = = = bg, = == Jy: 


= Ogg = Ogg = Ay = OF 


{ = = = = 05 

{ a = O32 = O43 = ay, = 0} 

= Ag, = = 0, = 
{ay = Az2 = Ay = 0, Og = 

= 0, ag, =a, Oy = 3 
= O43 = 0, = Oy, = } 
= 0, Oy Ay = 


tose = 0, = 

Ag, = LA UA gs 

= Agy = 
Og, = $043, = 

= (L043, = O43, (P > 3) 
—= Ugg, Ag, qo ) 


Ag, = 0, Ag = ag 
1 
FAQ] — BV 


= 9(j 6,, = 9; prod. by (12)(34) 
Sig = = Oy = = by = 0 
= O14 = deg = = = 0 
6; =0(7 541544 = 
» = 0, 03; = 
» = 0, 62, = buy Sy 5g = 
= Ogg = AE Ogg = 
6; = 0 (J > 1), ds = 0, = 


115 49033 5515443 Prod. by (28) 


31 


15 = 591544 
543533 = = 
(7 O52 = 011033, 033 = 
042033044 + 543052044 — = 
Oye = O13 = O14 = by = Oy = 0, 

833 = dy, = + and (7) 


* Footnote on opposite page. 


6 
if 
= = = 0 
6y = 0(j>2), == 0 
| = by = 0 
| 
| 
| 
| | | 
| 
| 
| 
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& + ak Oye = 013 = = = = 
011049 = 5 090043 = (1011024 


1 0 0 0 
0 1 0 = § = =0 (j >t), dw =0, 
a 0 1 0 O33 = 543033 = 
+a 0 a 1 
1 0 0 0 
1 0 0 =s OF =0 (7 2), 811933. O33 ’ 
3 Ua” 1 0 843033 = 21533 = = 
a 1 


=" 


At the end of the preceding table occur the four types of C,, with two cases 
for the second and fourth types. This result is in accord with that given by the 
theory of canonical formsf; the present form of S, and S, are more convenient 
than the types given by the other theory. 

Reference is made in the table to the following conditions: 


Ud + bndg=0, (1520034 + 83352) = 0 


(8) 107012034 [022644 1033011 — 84362, = 0 
(6) q#0: d2=— MOo3, O33 = O29 + + = 
= 0: = + = + mdz; = 


14033 Oo1044 — 042009 1104303 O31044 = 042052 


(7) 


*The conditions besides these four were initially 
V9 11544 — V7, — Vb + = 9, 


11744 21934 
1691544 — 7511534 — 549533 = 9, 
04533 — 541943 — + = 9, 

911953 — 91543 — = 9- 


Since 6,., bys, 554, Jy,, are not all zero, the determinant of the coeflicients must vanish, viz., 
(vd? , 0? 2— vd2,)? — 4y? (0,599 5,549)” 
4 — — — 4 (yy — (yy + = 0. 
Hence 6,, = + 64,6, vd,,- The first and second conditions become 

Hence v (+ — 053)? — — vd34)? = 0, So that = + Jy, = 
The third and fourth conditions now reduce to identities. 

+Cf. Putnam, Amer. Journ. vol. 24 (1902), pp. 319-366. As the context shows, ¢ is a not-fourth power 
(not merely a not-square). A slight correction is needed on pp. 358-359. If d= 4, S is conjugate with S™ 
if, and only if, m is a square, while 10 (i) and 10’ (i) generate conjugate cyclic groups; likewise, 107 (i) 
and 10/// (i). 
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5. Lemma. Every binary transformation of determinant unity can be gener- 
ated by the S, = (x{) and any B= (53), A=ad— By #0, y #0. 


2 
Indeed, S_,,-: BS_;,-: =(_ which transforms S,into —Ay 


The subgroups H of order p'N of G, p > 2. 

6. In the notation of §1, we have h = 6, m=8, 4, or 5. Let first m= 5. 
Then H has an operator S commutative with G,, but not with G,.. By §4, we 
may take to be |a,,_; = 0}. 

Let G,; be {a,,;—=0}. Then H contains G,, and an operator (,;) with 4)s, 
O14 All zero, 0. Hence (§5), H contains 
0 0 
O21 0 0 
O31 1 0 
O41 O42 1 


— = 1. 


(8) Gs (p?—1)* 


The latter is a subgroup of the following groups: 
(9) Gis —? O13 = Ay = = Ay = 0, |a| = 1; 

We proceed to show that lies in one of these groups (9), (10), so that its 
determination follows at once from that of the binary and ternary linear groups. 
We first prove that a group H, containing (8) and an operator 7= (@,;) in neither 
(9) nor (10), is identical with the total group G. 

(a) By = Then and are not both zero. Apply- 
ing on the right of 7'a transformation on &, we have By = 0, 
Pu = Pu= = 0. Applying + on the left, we make also 
Then applying & = & + p&,+ on the left, we make also 
= Applying = & + + yé, on the right, we make 
also B3=0, B= 84=0. Applying on the left a binary on &,, &, we make 
Be = By = 0, and reach 

Ti: £1 = Bisks, = Bats, & = Pubs, £6 = Broke. 
Now (8) contains every By, By, By, By, By, By, By. But 7, transforms By 
into B;,, By into By, By into By, By into By, By into B.,. Hence H contains 
every B,,s0 that H=G. 

(b) By, G4 not both zero. Applying {= &, &—=—&, on the right, 
we have 6, ~0. Applying § = & + 2€, (¢ = 2, 3, 4) on the right, we 


i 
3 
i 
| 
4 
4 
| 
| 
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make 6,=0. Applying £[ = & + aE, + ak, + asf; on the left, we make 
Bu = By = By = 0. 

Let Applying ((=3, 4) on the right, and 
£3 = + + yok on the left, we make By = Applying 
on the left a binary on &,, &, we make also 83, = B.—=0. There results 
M multiplying each by a constant. This transforms B.,, By, 
By, By, By into By, By, By, Bos, By, respectively. Hence H= G. 

(6,) Let B.;=0. Applying on the left a binary on ¢,, &, we make GB» = 0. 
Applying on the right B,(i= 3, 4), we make 8, = 0. If 3,60, we apply By 
on the right and B;, on the left and make @,, = Gy =0, and reach (&,£,,). M. 
If 0, we apply By on the left and make 6, = 0, reaching In 
either case, G. 

Next, let H contain the subgroup (8), and an operator (3) in (9) but not in 
(10), and an operator (@’) in (10), but not in (9). From (@) and (8) we readily 
obtain (§5) all binary operators on £,, £,. But the product of (@’) by &=&, 
£{ = — &, gives an operator in neither (9) nor (10). Hence H= G. 

7. Let next G,; be {a= 0}. Then H contains 
1 0 0 O 
Oo, 1 0 0 


Ago Agg 
Ago Ayg Ogg 


(11) — = 1. 


The latter lies in (9) and 
(12) = ys = Ay = 0, |a| = 1. 
We show that # lies in (9) or (12). This follows from the result of §6 and the 
fact that the matrices of the general operators of (8), (9), (10) become the mat- 
rices of the general operators of (11), (9), (12), respectively, upon reflection on 
their left diagonals. 
Indeed, every group of n-ary transformations* 
j=1 
is simply isomorphic with the group of the transformations {a{~', inverse of 


j=1 


* We thus obtain without computation the result of Burnside on the ternary groups (ay), a,,—a,, — 0, 
and (a,), @,3;—=4,,—=90, Proc. L. M.S., vol. 26 (1894), pp. 94-95, 


2 


4 
4 
q 
4 
} 
a 
nr 
ba 
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where the matrix of {a} is obtained by reflecting the matrix of (a) on its left 
diagonal. We have only to show that 


if (a) ~ (@) ~ then (a)(B) ~ = 


This is true since 


n n 
/ 
k=1 


j=l 


n 
3 om 
jy =1 


8. Let finally G, be 0}. Then H contains 
1 0 oO 0 


a 

13 G".. 21 

( ) Gigi Gg, Ags 

1 


0 


This lies in (10) and (12). By a proof of character similar to that in §6, making 
the separation of cases 0, #0, it is found that, if H contains (13) either 
H= G, or else # lies in (10) or (12). 

9. Let nextm=4(h=6). By §4, we may take =a, = 0}. 
Then H contains an operator S§ with d,3 = 644 = da5 = dy = 0, d42, dg NOt both zero. 
Now S transforms [a,] into (9,), with = By = = Py = 0, 


Bry = 1 + Big = — Boy = 
Bog = 1 — A, = — 


the expressions for being derived from those for (i <2, <2) by 
adding 2 to each subscript. Hence if 6,,=0, G,. and S7G,.S have {a= 0} 
in common, contrary to m= 4. Hence and similarly, Then, 
by §5, H contains the group (9). But (9) isa maximal subgroup of @ (§6). 

10. Let finally m= 3(h=6). By §1, the order of H must be a mul- 
tiple of (pt — 1)(p? 1). But* Ghasno subgroup of index < p+1 
or 27, according as p > 3,or p=83. Similarly, the case m = 2, A= 5 is excluded, 
since p(p?— 1) <p*. A partial summary of our results is given by the | 


* Transactions A. M. S., vol. 6 (1905),§pp. 48-57, 


n n 
5) B 
| | 
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THEOREM. The only maximal subgroups of order a multiple of p* are conjugate 
with (9) or with the simply isomorphic groups (10) and (12). 

The subgroups H of order p°N, N prime to p, p > 2. 

11. Let m=4 (A=5). We may set Gu= {ay =ay=0!; otherwise, 
there is (§1) an Operator S commutative with G,.; it has every 6,—=0 (j >?) 
and hence transforms G,; into a subgroup G',; of G,., where G’,; and G,; 
are distinct and hence generate G,;, contrary to h=5. Thus 7 contains an 
operator S = (d,;), with 6,;= d4 = 4.3 0, which is commutative with 
Gyr = {ao, = ag = 0} and not with G,. The latter may be taken to be 
{G, = 0}, fay = 0} or {ao = ways}. In view of §7, we treat only one of the 
first two cases. 

(a) Let G,; be fay=0}. Then S transforms [a], with a ,—=0, into 
B= (By), where By, Bp, Bn, Gx» are given in §9, while By, Gos, Bor, Boe 
are all zero, G3—=@y=1. Hence 6.~0. Multiplying B on the left by a 
suitably chosen operator of G,., the product becomes a binary transformation 
on &, with This with the generate every binary 


22 
transformation on £,, &, of determinant 1 (§5). Hence H contains 
(14) Operators (8) with By = 0. 

Suppose that H contains an operator (@,;) not in (14). 

(a,) If in every such (8;), 213 = Bu = G23 = By = 0, we apply on the right 
a binary on &,, &, and make 1, Py» = = 0, then apply By, By, By, By 
and reach DC, where C is 3 = BE, £; = 61, and D is a binary on &, & of 
determinant 1. The operators of Hare all of the form DCT, T in (14). The 
operators D must form a group of order prime to p (since h=5) and hence of 
order c, 4d, 24, 48, 120, being cyclic, dicyclic, or the homogeneous forms of the 
groups of the regular bodies. The form of H is thus evident. 

(a,) If in one B=(@;), Cis, Gu, Go are not all zero, the order of H 
will be shown to be a. multiple of p*, contrary to h= 5. We may take (3, By 
not both zero, using BB, if necessary. If 3,;=0, we normalize by transform- 
ing by &—=&,, —&, so that (14) is unaltered. Hence we have 6, 
Applying B, on the right, we make 6, = 0 («= 2, 3, 4). Applying By, By on 
the left, we make also = =0. If 63560, we normalize by transformation 
by By, so that (14) is unaltered, and make 0,,;=0. If 0.3320, we may make 
Boy = Boe = 233 = = 0. Applying on the left a binary on &, &, we reach 


4 
| 


12 Dickson: On the Quaternary Linear Homogeneous Groups 


This transforms By, into By, which extends {ag} to G,.. If 
B.3=0, we may make @,=6,—=6,=0. If then B30, we may make 
Px = 0, By» = 1, and reach 

= Puss, £3 = & 4 i= & + 


This transforms a = & + & into 
i= = = (1— Bu) + Bok, — + (1+ Bu) 


This is commutative with jay —=0}!, extenting it to G,. Finally, if 6, = 0, 
we make @, — 0 and reach (£,&,£;£.). WM. Its square transforms B,, into By. 

(6) Let G,; be {a; = way}. Then are not both zero in 8S. 

Let first d= 0. We transform [a], with a. = by S 
and apply on the left a suitably chosen operator of G,, and obtain a binary 


Baz (35) on £,, & of determinant 1 and having y#0. Now G,; contains 
Boy =>). As in §5, 


0 
This transforms into By U,,,. Then 


Hence H contains a binary transformation B in which y is arbitrary, and hence 
also Uy, arbitrary. Then from we obtain every 
By in H, and hence also B,,. Hence H contains G,,. 

The case = 0, ds, is excluded similarly, or by §7. 

(63) Let finally 6.560, dy 40. As in (b,), we readily obtain from § a 


transformation B,B,, where B, = Cc) , of determinant 1, having 0,0, 
Box 227 1,2 


and B, = a) , of determinant 1, having By+0. We proceed on the 
3, 4 


43 (“44 
latter as in (b,) and reach (C= where C, = (33) . We 
transform by & = £ + p,, which transforms G,, and G,; into themselves, and 


make a = yu. Then 


| 
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b 
Then 7? = (3 ee Hence 6=0 by(8,). Then T trans- 


forms >_, into By» ,2B34,= W. Then W-'B,,,B,3,, WT is of the form B,B,, 
with (1—u’*y’), By = 0. Hence u*y? = 1 by (b,).. The group generated 
by >, and Wis composed of the operators 


These with = ag = 0} generate a 
Let H have a further operator B= (@,;). If 03=@0y=63=CBy=0, we 

b e0 ry 
reach Cah. ov), rhen 6= 0 by (6,). Hence H contains Y= 


1,2 


. Let first Then B,,,-:B,,, transforms Y into ) 
3,4 


(ate! — we can take A + 0 to make 
0) ] 3, 4 ll 


r=0. Then e=1 by (8,), and 


0 


whence a~* = 1 =e by (6,)._ There remains the casee=a~*. Then 


1 0 
=O 
whence a? =1. Then Y’=8B,,,.., giving a Gy». Hence must c=0 in Y. 
Then 


whence @=1. Then Y= transforms into 


(6 9 


itself and extends it to a group of order p’ oe _ i ta factor of 2(p—1). 
Replacing a, y by e~’a, ey, in the product of (15) by Y, we obtain (19). 
Suppose next that 6,5, 04, .3, Gy are not all zeroin B. We readily make 
Bu=1, Buy Bre» Biss Ba, Bx» Bu all zero, 
Let 6.30. We readily make @,, = 82 = = 853 =—0. If = 0, 
By =0, then B= Mand H=G. If Bp=0, then BIBT, 
where 7,= ,,-: has the form 


(16) 
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h = By (1 + w'paGs), v= Cx +pBa- We may choose p and 4 to make v = 0, 
h+ 0, contrary to (,). Hence 8, +—0. Then (B3,,) is of the form (16) with 
h= Be v= +AUBR; hence = by (62). If B= 
(&.£3). M, and H=G. Hence B has the form 
(17) = = = ude, + = ek + chd $0. 
Then }(15) B}? is of the form (16) with 

h= 6 (dy + 6d) + wleyd + dd’, v = udad + ubGd + beyd + edy’. 
If § 0, we can choose a to satisfy ad — By = 1 and v= 0 if 


(18) ud + (uB + ey)(dy + 68) = 0. 


We can give to dy + 6d any value t= 0 by choice of y and then satisfy (18) b 
choice of 8. The cite value of h is 


be 
a+? (e+ be) (a 
By (8,) this must be zero every 0, +0. Hence p=3,e=—be. The 
determinant of (17) is —c (ud? — be) = 1. Hence p= 3, c=u, e=—uwb. 
Then the square of (17) is 


d 
The product of (15) witha =pb, y=ud, B=ud, = — ub, by L-1is V=", 
contrary to (d,). 

12. Letm=3(h=5). The 5 possible G,; are studied under (a) — (e). 

(a) Let G be jan, 0}. Then has an operator S = (d;) 
with dy = do = dy = 0, dy, d43, o3 not all zero. As the G, we may take 
= 0}, {a32= 0}, or = ag}. 

(a,) Let G, be {a.,=0}. Then are not both zero; otherwise 
transforms G,; into itself (§9, or §4). We may normalize by transforming by 
&, &—= —&,, and set Applying operators of we may make 
On» O33, S41» Oyg All zero. Normalizing by transformation by B,,, we make 
also d.3=0. If d.~0, has and transforms into B,. The 
commutator of By, is But G, and By, generate a the transform 
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of by (&,). If d2=0, SBy has 6,=0, giving Its square 
transforms By into By, giving 

Let be {ay = 0}. Then are not both zero (§4). Normal- 
izing by transformation by £3 = &, &; = — &, we may set d,,0. We readily 
make 64; = do3 = = = = = 0. Normalizing by B,, we make =0. 
If dy = 0, ByS has 63, = 0, giving This transforms B, into By, 
giving Gi». If dx. has and transforms B, ,, into 


= (1 — + 3, £3 = — + (1 + 


which is commutative with /a,=0} by §4 and extends it toa G},. 

(a3) Let Gs be {a.;=ag}. The operators in H with = d, = dy = 0 
form a subgroup H, containing G,;. The partial transformations on &,, &, & 
form a group of order p*/,/ prime to p. It contains Gy: & + a&,, 
£3=& + ak, + BE,. The group H of the operators of determinant 1 of H’ 
contain G, self-conjugately.* This is also true of H’ since the number of con- 
jugates to G,» in H’ isa divisor of p—1. Hence 0 in every 
operator (6,;) of H’, contrary to (a). 

(5) Let Gis be {ag = a= 0}. This case is reduced to case (a) by 
means of the general method of §7. 

(c) Let Gs be {a = ag = 0, a = [L0tgo Then Z has an operator S = (4,), 
with 313 = dy = = = 0. Now may be taken to be ja, = 0}, jay 
or 4a, = uog}. But in each case, G,; and S-'GS have { a; = a43 = 0} in com- 
mon (§9), contrary to m= 3. 

(d) Let Gis be Jag = 0, ao, = uayg, = — ay}. Then has an operator 
S= (d,), with = = = dog = = 0, — = Su = 1. 
Since {asz,=0} is excluded (§4), G, may be taken to be {a;= was} or 
{ Gg, = Og, + uay3+. In either case we apply on the right and left of S operators 
of G,, and get 


D: & = dnki, = desks, £3 = = 


This transforms By, into = — + Hence H contains By 
and hence also G,.. 

Let Gis be jag. = 0, ay = Joo, + Then Gis 0}. 
But every operator commutative with G,; is commutative with Gs (§4). 


* American Journ, Math., vol. 26 (1905), p. 1938, §7. 
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THEOREM. A subgroup of order p’N, N prime to p, p> 2, either has an 
invariant G,;, when its form is readily determined from §4, or ts conjugate with one 


of the following types of groups: (9) with the eee) defining a binary group of 
122 


order prime to p; (9) with the same restriction on the boos ")s a group of p( p*—1)t 


operators, t a factor of 2(p—1): 
0 0 

(19) 0 ad— By =e, 

O31 a yf’ wasim §4. 

O41 Ogg 

13. The results in the earlier sections suffice for a similar treatment of the 

subgroups of order p‘N; also for those of order p°N, special considerations being 
necessary for the case in which no two G,; have a common operator other than 
identity, NV being a multiple of (p* — 1)( p*®-—1). 
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On the Integration of a System of Differential 
Equations in Kinematics. 


By EIESLAND. 


If we have a rigid system moving about a fixed point 0 and p, q, r be the 
components of rotation, in order to determine the motion completely we must 
integrate the following system of differential equations, 


da 


dt = Yq» 
d 

(1) —ar, 
Bp, 


which has been treated by Euler, D’Alembert, and more recently by Darboux 
(Theorie des Surfaces, vol. I, Chap. 1-2). Euler expresses the 9 cosines of the 
variable axes of the system in terms of three angles 6, ~, @ (the so-called 
Kuler’s angles) which, if known, will determine the motion of the system. 

Darboux reduces the problem of integration to that of a Riccati equation 
by introducing two new variables « and y which remain constant respectively 
on each set of rectilinear generators of the sphere a? + 6” + 7*= 1 (Legons, 
vol. I, p. 22). This method, while very elegant, does not admit of any obvious 
extension to systems with four and in general n variables such as have been 
deduced by Professor Craig and Mr. Hatzidakis,* while the introduction of angles 
corresponding to Euler’s angles becomes impracticable for higher dimensions. 

In a note published in Am. Jour. vol. 20, [ have sketched an integration 
theory for a system in 4-dimensional space adopting a method employed by Lie 
to the general linear system in two and three variables. The essential feature 


* Am. Jour. of Math., vols. 20 and 23. 
3 
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of this method is a transformation of the co-ordinates by means of the formule 


which is nothing but an introduction of homogeneous variables. The homogene- 
ous system is thereby transformed into a system of generalized Riccati equations 
in n — 1 variables whose coefficients are functions of ¢ as before. 

A remark may here be made concerning this transformation. Consider the 
case of three variables 

If a, a, a3 be a point on the unit sphere, then, by central projection of the point 
on the plane a, = — 1, the corresponding point in this plane will have the 
co-ordinates p, and p,, the point of intersection of the a; axis with this plane 
being taken as the origin. To a rotation of the sphere there corresponds a 
certain motion of the points on the plane, namely a Non-Euclidean motion whose 
absolute is the circle pj + ps + 1=0.* 

The transformed system 


He (pop — pg) 


do. 
P— Pit + — » 


is, however, not easier to integrate than the original system. The only advan- 
tage we can draw from this transformation is to render the problem more 
intuitive, if we intepret p,, 4. as coordinates of three-dimensional space, (See 
Lie-Scheffer, Cont. Gr. p. 778), which advantage is lost in the extension of the 
problem to four or more variables. Moreover, the Euclidean Motion on the sphere 
is more intuitive for very good reasons than the motion of the Non-Huclidean 
manifoldness on which the sphere may be projected centrally. We shall there- 
fore not use this transformation, but consider the system in its homogeneous form. 

It is the object of this paper to show how by another method that is capable 
of generalization the integration problem may be reduced to its simplest terms. 


* See Klein, Nicht-Euclidische Geometrie, Vorlesungshefte, I, p. 223, 
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We shall use geometrical language as much as possible and integrate geometri- 
cally in the sense employed by Lie in his Berihrungstransformationen, and in 
Lie-Scheffer’s volume on continuous groups. The analytical treatment may then 
be considered as a verification of theorems that have been made evident from 
geometrical considerations. 


I. 


We shall begin with the case of two variables and consider the equations 


_ 
| dt Pr 2? 
(2) 


where p,;, is a given functionof ¢. ‘These equations admit of the Euclidean group 
of rotations around the origin of the plane 2,2,, that is, the transformation 

of of . 


but since ¢ is a variable we must conceive of the transformation as continually 
changing with the time ¢. Now since all the circles xj + x3 = const. are 
invariant curves of the system, the two lines 


which pass through the circular points at infinity are common tangents to all 
these circles and may therefore be considered as their envelope; hence they are 
a pair of integral curves of (2). But any system of the form 


da 
Ax, 

+ Box, 


can be solved by one quadrature if two integral curves are known, hence (2) can 
be solved by one quadrature only. 


This may easily be verified analytically. Introducing the variable 7! = 


in (2) the system reduces to the form 


= — 
i 
da 
Wi Pr (1 + 
2 
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which isa Riccati equation having@ = +7 for particular solutions and can there- 
fore be solved by a single quadrature ; the general integral is 


cosa, 


where a= 


We shall now consider the system in three variables 


dx. 
(3) Wt = , 
dirs 


which is identical with (1), if we put p,3=4q, P= 7, P23 = p. Since the 


spheres xj + x3 + x} = const. are invariant surfaces, if we determine the motion 
of any one of these, say the unit sphere, the complete motion is known ; we may 
therefore limit ourselves to the consideration of this sphere. 

Let it be supposed that we know an integral curve Con the sphere ; we shall 
prove that the integration of (3) may be reduced to that of the system 


d dys 


Let the initial position of the 2,, x», z3-axes be such that the «,-axis passes 
through a point Py on C at the time ¢,. We now transform these axes to a set of 
new but variable axes y;, y2, y3; such that the y-axis describes the curve C; this 
transformation will be a Euclidean one whose 9 direction-cosines are functions of 
¢ depending on the given integral curve. We now pass a plane, y; = 0, through 
the origin and perpendicular to the y;-axis and choose arbitrarily in the inter- 
section of this plane with the sphere two points Y and # at a quadrant’s distance 
from each other. As y; moves along C, the two axes OQ =y,, OR = y, will 
describe a unit circle in the plane y,; = 0. But since the transformation is 
Euclidean, the transformed system will have the same form in the variables 
Yi» Yo, Ys a8 the original system (3). Moreover, y, = y, = 0 will be a particular 
solution of the system, that is, the system takes the form (4), q. e. d. 

To verify this theorem by analysis we proceed as follows: 

Let the integral curve be given in the form 


(5) v= (¢) % = P2 (t) 


dx, 
— Py2%2 — P13%3 
0 
4 
4 
j 
4 
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We transform the axis by means of the orthogonal transformation 


(6) Yo Ay Hy + 


where the a’s are the 9 direction-cosines of the new axis. Now since the y;-axis 
always passes through a point P on the integral curve, y,;= y, = 0, whenever 
x, =p, x; and x, = these conditions must then be written 


or, more simply, 
O31 


(7) p=, 


O33 O33 


that is to say, 2, Gg,, G33 are known functions of ¢, viz.: 


(8) — —— Up— Pe > » Ag 2 . 
Introducing now the new coordinates in (3), we find after easy reductions, keep- 
ing always in mind the 6 relations between the 9 cosines a;, 


/ 


dys 
+ [ — — "3191 — | Y3> 


/ 
where the a’, are derivatives of the a’s with respect to¢. This system may be 
written 
— 
(9) = — Prey, + Pays, 


i 

i dy 
i 

| 
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which is of the same form as the original system. But, P,; = P,;=0; in fact, 
since by (5) and (7) we have 


x a a 
(10) 9, 2 = =p, 
X3 O33 O33 


it follows that 2, = as,, 22 = G32, 23 = G3 are a Set of particular solutions of (3) 
and we must therefore also have 


O31 39 —— P1303, 

32 = — 

O33 13033 —— Po30gp 


Substituting these values of a’s,, a's. and a/;,;in P,; and P,;, we find that they 
vanish identically, and our system reduces to the form 

3 
If now we determine the six cosines a4, 32, Gy; In terms of p; and 
we know the function P,,, so that this last system may be integrated by one 
quadrature. Having found y,, y, and y; we substitute in (6) and solve for 
x, %, and «3 which will be the general integrals of (3). Since the knowledge of 
an integral curve C on the unit-sphere by (10) amounts to having a set of 
particular solutions given, we may state the result thus: 

If a set of particular solutions of (3) is known, the system may be integrated by 
one quadrature. This is the form in which Darboux states this theorem (Leg¢ons, 
vol. I, p. 28). 

It only remains to show how to calculate the six cosines a, a; (t= 1, 2, 3) 
in terms of p, and p,, or, what is the same thing, in terms of ag), agp, 433, Which 
are known functions of ¢. 

The integration problem such as Euler conceived it consists in determining 
the 9 cosines of the new or variable axes (which are different from the axes 
Yi» Yo) Y3 Chosen above) as functions of three angles ¢, 6, p (see Darboux, vol. I, 
p- 8). The formule thus obtained being rather unsymmetrical, he adopted 
another system of parameters, introducing the direction-cosines a, @,v of an 
axis of rotation a and arotation w about the axis, This representation is simpli- 
fied if we introduce homogeneous parameters putting 


5 cos y, D=cos 


A=sin— cosa, .B=sin 008 8B, C=sin 


4 
4 
3 
3 
3 
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so that A* + B? + C? + D’=1. The nine cosines are then as follows: * 
2(AC— BD), 
2(BC— AD), 
— 


2(AB—CD) , 
2(AB+ CD) , 
2(AC—BD) , 2(BC+AD) , 


If we put D=4,4=5 A = 


obtain the parametric representation of Cayley forn = 3.+ The table of cosines 


D 


B=", ¢=— where A= +" we 


is then 
A A ’ A 
A A A 
A A 


Now since these cosines are connected by two relations only, viz.: 


one of these three parameters is perfectly arbitrary and may be put equal to 


zero; we have then the following table of cosines, putting A = 0, 


1— — 2y — Qu 
a’ & 
— wy 
2u 1+ 


where A=1+44°+ 77. We have now by (7) and (8) 


Quy _ 


Solving these equations for uw and » we get 


* See Encyclopaedie der Math. Wiss., Bd. IV, p. 204. 
{ Pascal, Die Determinanten p. 162. 


’ 
__ Ago 
—— 
Age Age 
i+’ A 
1 
j pi + 
q 
4 
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Remark. This choice of 4 amounts geometrically to choosing the position 
of the moving axes y, and y, in the plane y; = 0 in such a way that the direction- 
cosines of y, become Ge, Gg, and those of 

Expressing the above cosines in terms of p, and p, we obtain the table 


1+ pi + (1+ 71+ pi 
(pi (Gi + + + pit ps 
1 
/1+ pit Jit+ete V1+pi+p? 
or, in terms of a3, @ 32. and a3 which is a set of known particular solutions, 
O33 + — 1 
1 — G33 1 — 
1 — 1 — 
O31 Ogg « 


Substituting these values in P,, of (4) and integrating we find 
Yo=xCOSo, 
where o= /P,,dt. Substituting the values of y,, ye, ys in (6) and solving for : 
the x’s we obtain the general integral | 


2 
a5, — 1 
— x sino — — cos @ + Cas, , 
1 Ags — Az3 
11 Oa Oe; 1— a, — 
1 — agg 1 
L 3 sin + AgoX COS G@) 


Suppose now that two integral curves are known. We shall show that the 

system may be reduced to the form 
dy dy dy? 

Let the integral curves be C, and @. We start from an initial position, 
placing the extremity of the y-axis at a point P on C,; on C, we take a point Q 
on the y,-axis at a quadrant’s distance from P. As ¢ varies, P moves along C; 
while @ moves along C,, these curves being integral curves. The axis y, will 
describe_an integral curve C; which is uniquely determined by the motion, when- 


4 
§ 
¥ 
& 
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ever C, and C,are known. The transformed system must now admit y,; = y,=0 
and y, = y3 = 0 as particular solutions, that is, it must reduce to the form (12), 
g.e.d. 

It follows from this theorem that the system (3) may be neg without 
quadratures, whenever two integral curves are known. 

Analytically we proceed as follows : 

Let the integral curves be 
(13) = Le Ly = = Opus. 

The transformation (6) must now satisfy the relations 

Pian + Pty =0, 

+ + 0, 

Since y, = y, =0 whenever x, = and x, = p,x; and also y, = =0 for 
x, =0,%; and a,—=o,2;. These four conditions reduce to three; in fact, the 
distance between P.and Y must equal 2 for all values of ¢, the initial position 
having been chosen as explained above. An easy calculation will show that 
we must have 

(15) 9:01 + poo, + 1=0. 

The conditions (8) may be written 


(14) 


— 43) — Age , — 
Kos Lo 


which show that a3), 33} are two sets of particular solutions. 
The remaining three cosines are now uniquely determined, so that the table of 


cosines will be 


O2— Pi — 
P20; — 192 
0; 0» 1 
1 
Voitpi +1 +e +1? Hpi 


(That these quantities are direction cosines may be verified by aid of (15) ) 
4 


| 
| 
i 
q 
4 
a 


26 Erestanp: Integration of a System of Differential Equations in Kinematics. 


Transforming now to new axes 4¥;, ys, y3 and reducing we find that P,;, P2; 
and P,, all vanish so that the system reduces to the form (12). The general 


integral is now 


pp +1 Voi 1” 


VJ oi + +1 Voi + 02+ 1 + 1 
— 1 
v3 + + 3° 


Il. 


We shall now take up the study of the system 


dx 
dirs 
j 
dx; 
P1301 — + , 
dx 
= — PyX — — 


which has been obtained by Professor Craig.* Since the hypersphere 
xi t+ as + x3 + xj = const. remains invariant during the motion we may, as 
before, limit ourselves to the unit sphere. The problem of integration is then : 
given the six components of rotation p,, around the six planes of the hexahedron 
of reference, to determine the motion completely. Let a curve (, on the hyper- 
sphere be known, and let the initial position of the axis at time f be such that 
the x-axis pierces the sphere at a point Pon this curve. Transforming to anew 
system of variable axes y,, Yo, Y3, Ys in such a way as to make P describe the 
curve C), as ¢ varies, the motion of the other three axes will take place in a three- 
dimensional space obtained by cutting the hypersphere by a space y, = 0 passing 
through the origin; (this space will necessarily vary in its position with ¢. It 
follows then that after the transformation y, = y, = y3;=0 must be a particular 


* «On the displacement depending on one, two and three variables in space of 4 dimensions,’’ Am, Jour. 
of Math., vol. 20, 
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solution of the transformed system. But since a Euclidean transformation does 
not alter the form of the system (1) we must have 


d 
= Pry. — 
= = — Pry, + Pays, 
Prsy, — Prsye, 
dy, 


Hence the 
THeorEeM. Jf an integral curve of the system (1)ts known the integration of the 


system may be reduced to that of a similar system in three variables. 

If an integral curve C’, of (2) is known, it is evident that a corresponding 
integral curve of (1) is known and may be obtained by transforming C’, by the 
inverse of the transformation which changes the system (1) into (2). Let this 
transformed curve be C, and let us suppose it different from C,; then two integral 
curves of (1) are known. But we have proved that if an integral curve of a 
system in three variables is known, it may be integrated by one quadrature ; it 
follows therefore that the original system can be integrated by one quadrature, 
whenever two different integral curves are known. 

Since the knowledge of two integral curves amounts to having given two 
sets of particular solutions, the last theorem may be stated thus: 

If two sets of particular solutions of the system (1) are known, it may be inte- 
grated by one quadrature only. 

Since the integration of (2) by Darboux’s method * may be reduced to that 
of an ordinary Riccati equation, the above theorem may also be stated thus: 

Tf one set of particular solutions is known the integration of (1) may be reduced to 
that of a Riccati equation. 

The analytical treatment of the integration problem is similar to that 
employed in the case of ordinary space. 

Let the integral curves be 


where the A’s are known functions of ¢. We introduce new axes y,, ¥, Y3, yy by 


* Darboux, Theorie des Surfaces, vol. I, p. 22. 
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means of the Euclidean transformation 

(4) 

where the a’s are the 16 direction-cosines of the new axis. Nowin order that 
the point P shall during the motion describe the integral curve (3), we must 
have y = = y3 = 0 whenever =A, =A, Az xy OF 

[ andy + + + ay =O, 
(5) + + = 0, 


which may be replaced by the following simple ones : 


— — MH, — 
(5°) A, = A=, 
O44 O44 


that is to say, x= a4, % = Ay, = ay 18 a set of particular solutions 
of the system (1). Introducing the new coordinates into the system taking into 
account that the a’s area system of 16 direction-cosines of which the four 
41, Oyo O43, Gy, are particular solutions, we obtain after easy reductions 


dy 
da 
= — Pry, + Prsys 
(6) | 
a = Pri, — Poy, 
dy, 
Jt — 0 
| dt | 
where P13, Pez have the following values: 
= (211220 442) Pret 0.4493) Ps + (G4 Yu 


+ — Pos + (12424 — Pas — Psy 
+ 0430, + + + 
P33 = (42031 — Ay Pye + (Gy — + — Pry 
+ (32033 — A933) Ps + (14232 Pas (33044 — Ps 
+ + 433043 + + 
+ — Pog + — Pog — Pss 
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That the coefficients P,,, P.,, P3, vanish identically follows from the fact that 
41, O42, O43, Gy 18 a Set Of particular solutions, so that we have 


— + Pray » 


— P3441 — Poy — P3443 5 


Substituting these values of a'y, ay, a's, a’4 in Py, Py and Py they vanish 


identically. 


Since the a’s may be expressed as functions of 6 parameters and since by 
(5) or (5') we have determined 4 of the 16 cosines as functions of 4,, A, and As, 
there remain 3 arbitrary parameters which may be chosen entirely at pleasure. 
In the case of a system in three variables we showed how to actually calculate 
the simplest system of cosines in terms of the known functions p, and p,. The 


corresponding problem for a system in four variables offers no difficulties. 


If we 


express the 16 cosines a, in terms of 6 parameters 8), 82, 53, 54, 8;, 8, and then 
put s, = s; = s,= 0 we obtain the following system of cosines :* 


where A= 1+ + 53 + 83. 


solutions we have 


Solving these equations for s,, s, and s; we find 


* See Pascal, Die Determinanten, pp. 160-162. 


2s, 
A 


A 
A 
— 28)83 


A 


9° 9 
1 + 83 + 83 — 8} 


— 2s, 283 
A A 
28,85 — 258,85 
A 
1+si+ 25585 
A A 
28,83 1+ 83 


Now since O43, 1S a set of particular 


%s 


O43 A 


‘ 
Ay 
Gis 
Q43 — 
— 28, 
A 
8 
(8) 2%, 
= 
A A A ’ 
. A A A 
i 
= O41 
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the table (8) may now be written 


2 
Ay + ay— 1 43041 a 
1— O44 1 — O44 1— O44 
2 
— 1 — dp — Oy — a. 
’ ’ 429 
1— ay 1— dy 1— dy 
2 
1— 1— 1 — 
’ Ago ’ O43 ’ O44 » 
and we thus arrive at the following orthogonal transformation : 
aj +a 1 


1 


Ay Xs , 


by means of which the system (1) ts transformed into the system (6). 

Now suppose we know a set of particular solutions of (6), or, to use 
geometrical language, an integral curve on the sphere yj + y3 + ¥3= 1, y,; = 0. 
Since the first three equations (6) are independent of the last, we consider these 
equations as defining a rotation of the sphere y? + 43 + y3= const. around a 
fixed point 0. This case has been treated in the first part of this paper, where 
we found that such a system is integrable by one quadrature, a set of particular 
solutions being known. 

Now I say that if a set of particular solutions of (6) is known, a set of partic- 
ular solutions of (1) is known and conversely. The proof is immediate, for, let 
Bs2, B33 0, be such a set; substituting these for y,, respectively in 
(9) and solving for the a’s we obtain 


2 
43041 1 — dig — Oy 
A485) 


— O44 
9 
— Oya 1 
(9) 1 ] 1 — Oy 
2 
Aya 1— aj, — aa 
1— ay 1— O44 1— ay 
14 
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which are easily seen to satisfy the relation af + 2% + a2%+2%—=1. Morever, 
since y, = 0 is a particular solution of the last of equations (6) we have from 
the last of equations (9) 
which means that 2{, 22, x}, x? are four direction-cosines on the hypersphere. 
Conversely, suppose given two sets of particular solutions of (1), viz.: 


and if we transform (1) by means of (9) into the system (6), this system will have 
for particular solutions 63, G3, 63, 0 obtained by substituting 2?, 29, x3, 2! for 
the x’s in (9), that is, we will have 


41 = Bar, = Bee; Ys = = 9, qg.eé.d. 


We are now ready to complete the problem. Transforming (6) to a system of 
new axes %, %, 2; by means of the transformation 


% = Batit + Pays, 
| 


we obtain a new system of the form 


(12) = %% — 9, C4 


which may be integrated by one quadrature. The general integral of (1) may 
now be easily obtained. The general integral of (6) is, (compare (11) part I) 


1 — 1 — 
= sin a x cosa+ 
Y2 + 1— Bz Bye 
= — By x sin + By x cos + CBs3 
const. 


where © = f'P,,dt. Substituting these values in (9) and solving for the a’s we 


i 
j 
; 
4 
| 
3 


obtain the general integral 
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+ 


— (ai + oy — 1 Bs + — 1 3185p 
1— dy 1 — Bx (1 — ay)(1 — B55) 


1— dy 


Bx — Bip 


sin 


41249 


+ — 1 


1— ay 


— Bs 


+ ca} + const. ay. 


+ 


1 — 
Eat 3p 
1—Qy 


1— dy 


cos 


9° 
ig 


"1— Bs 


1— dy 


1 


x sin 


1—a 1-8 
—| A400 41 


1—ay 


1 — Bs 


(13) 4 


+ const. ay. 


43041 
1— 


v3 


cx} + const. 


+ 


(4188s 

(1— Bs 1— Bs 
ca? + const. ay. 


1 dy Bx 
+ x COS @ 
1 O44 
I—ay, 1— 
2 


1 — Bx 


+ x COS 


1— ai, — a 
x COS @ 
1 O44 


+ x sin 


In these formuls the values of B5,, G2, G33 are to be replaced by their values in 


terms of 2°, x2, x3, x? obtained from equations (10). 


The determination of the 


angle w is the only quadrature involved, otherwise the work has been purely 


algebraic.* 


*It should be noticed that the system of integrals (13) contain 4 constants of integration: «, C, const. 


and a fourth is obtained in the quadrature S Pt. 


| 
1— By — Bx 
| 


Kiestanp: Integration of a System of Differential Equations in Kinematics. 33 


It is now comparatively easy to obtain an orthogonal transformation which 
shall transform (1) directly into (12). In fact, combining (9) and (11) we obtain 
after somewhat lengthy reductions: 


1—ay 1— 1 — ay 1— day 
1 — 1—ay 1—ay) 
\ 1— 1—dy 1 — dy 


+ 


1 — Bs; 


(14) | = — BBs ai + — — Bez a 

1 — 1— ay 1— Bs, Ay i 

1— By 1— Bs 1—dy 1— ay = 

+ + + afar, , 


In the first two equations (3, Gs, G3; have the same values as in (13). This 
transformation exhibits a system of direction-cosines depending on the 8 para- 
meters Gyo, O43, XP, 22, x3, x? between which 8 relations exist. We have 
thus incidentally solved the problem: of a set of 16 direction-cosines 8 are given ; 


it is required to calculate the remaining 8 in terms of the given parameters. The 


solution of this problem is equivalent to reducing the integration of (1) to a single 


quadrature, when two sets of particular solutions are known. It should be noticed 
that this problem can be solved in an infinite number of ways, the simplest set of 
cosines being obtained by puttings,=s,—s,=0. There exist then »* Euclidean 


transformations which will effect the reduction of the system (1) to the form 

dz, 


The case where three sets of particular solutions are known (or three integral 
curves) requires no special consideration ; a Euclidean transformation may then 


5 


| 
| 
| 
I 
i 
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be found which will transform (1) into the system 


dy, _ 


which requires no quadrature. If O4g, 443 Ages Oleg, 
be the given sets, the transformation may be written down at once as follows : 
= + Dye, + + 
where D,,, Diz. Dy are the minors of 2, G13, in the determinant of 


the 16 cosines | 04), G22, ayy | 
III. 


There remains yet the problem of generalizing the preceding theory of 
integration. Mr. Hatzidakis has obtained the general system defining the rota- 
tion of a rigid system in n-dimensional space around a fixed point.* This system 
may with slight modifications affecting only the signs of the coefficients pj, be 
be written + 


It will be easy to prove as in the case of four dimensions that the integration 
of this system may be reduced to that of a similar system, but of one dimension less, 
whenever a set of particular solutions is known. The given integral curve being 
C, we transform to a new set of axes y,, y2, ..-- y, in such a way that the y,-axis 
pierces the hypersphere S27, = 1 at a point P on the given integral curve. In 


* Am. Jour. of Math., vol. 23. 
+See my article ‘On Nullsystems in Space of 5 Dimensions and their Relation to Ordinary Space,’’? Am. 
Jour. of Math., vol. 25, p. 105. The p’s in this article are constants, while here they are given functions of ¢ ; 


moreover, 2 is not restricted to an odd integer; m may be even or odd. 


dys dy dy 
dx 
dix, 
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the transformed system y, = = y3 = --- = 0 must be a particular solu- 


tion, so that the last equation reduces to the form - = 0, and the first n — 1 


equations will define a rotation of the sphere yj + y3+...-y%1.=Qy,= 
about the fixed point 0. In general, if m integral curves are known, we may 
transform the system by means of a Huclidean transformation in such a way that 


Yn describes y,—, describes C,.... and y,_,, describes C,,.... The extrem- 
ities of the remaining axis will move along paths on the n — m dimensional 
sphere Yit Ys + — 1, Yrn—m+1 = Ju—m+2 Yn = 0, and the Sys- 
tem (1) will be reduced to the form 
| 
“dt 1272 + 1343 + + —m») 
P 
at = — + Posy + 
( ) at = — 2n —mY2— n—m—1,»—mYn—m—1) 
dy 1 
dt 
dy 
= 
dt 


In particular, if n — 2 integral curves are known the system may be reduced to 


the form 


dy, dy. dys dy 
dt ’ dt dt dit 0, 


and may therefore be integrated by one quadrature. 

We shall show how this reduction may be effected by means of a series of 
Kuclidean transformations. The problem consists in determining a set of 
n® cosines in terms of a given set of particular solutions, x being any given 
integer > 4. 

Let the integral curve be 
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Since on the unit hypersphere aj + 23+ .... 22,1, this is equivalent to the 
knowledge of a set of particular solutions 
VJ 1 + /1+ a/ 1 + 
We employ the orthogonal transformation 
In the same way as before in the case of n= 4, y, = y= .--- =Yp—1 must 
vanish, whenever 2, = 9,%,, = +--+ %—1 = Pa—1%,, and hence the 


following conditions must be satisfied : 


— — — Onn—1 
(4) pp —™, 
Onn Qnn 
that is, G1, Gno, +--+ Gn must be the given set of particular solutions. In order 


to obtain a transformation that will reduce the system (1), which we shall denote 
by A,, toa system A,_,, we must find a table of cosines a, expressed in terms 
of the n cosines a,;,(t=1,2....m). Since these m cosines are determined as 


functions of p;, ---- there remain —(n—1) parameters which 


may be disposed of at will. Let the = : parameters be denoted by 


S1, 8, ---+ 8x1. We now put all except the first n—1 of these equal to 
zero and calculate the n” direction-cosines in terms of these parameters by the 


| which nm — 1 conditions may be reduced to the form 

| 

| 

i 

| 


ordinary method. (Pascal, Die Determinanten, pp. 160-161). We find afte 
easy calculations the following table, 


1. - 8 = 25) — 28; (- me 1)"28,,_ 
— 28; 1+ 83 4 Sn si 28182 12818, 


A A A 


nee 


A 
n—1 
where A=1 + We have then 
1 
2 2 
solving which for s,, 8, ...- 8,_, we obtain 
a — Ons a _ Ann — 
Any Ani 


and we have the following transformation : 


2 
a Onn — 1 Ono Onn — 1% ~ 


1 + Gan 


1—az—a 
1 Qnn 1 Qnn 1 + Qnn 
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r 


I 

4 nn nn 

i 

(5) 

| 
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which transforms (1) into the form 


d 
— _ + P P 
AY —1 P 
dy, 


By a method analogous to the one we employed in the case of n= 4 we may 
prove that if a set of particular solutions of (6) is known, a set of solutions of 
(1) is also known and conversely. Treating the system (6) in the same manner 
as (1) we may reduce it to another system the integration of which is equivalent 
to that of a system of dimension n— 2. The Huclidean transformation trans- 
forming A, into a system A,_, is found by combining the two transformations 
transforming A, into A,_, and A,_, into A,_,. In general, calling the 
successive systems A,, A, 1, ---- A,—m, and the corresponding transformations 
may by means of a transformation S= 
transform A, into A,_m. In particular, if m =n — 2 the transformation 


S= S; will transform A, into the system A, or, 
dz, dz. dzz dein 


which may be integrated by one quadrature. 

It appears from the preceding investigations that the problem of reduction 
of A, to A,» amounts to this: Given m.n cosines as functions of t, to calculate 
the remaining n® — nm in terms of the given functions. This is a purely algebraic 
problem, involving only the combination of m-—- 1 known transformations 
S., S,-m41 Where S, is of the form (5). There exist 
transformations which will transform A, into A,,_, of which the transformation 
2,n— 1 

2 
of the parameters 8, .... S=2-. have been put equal tozero. The transformation 


(5) is the simplest, corresponding, as it does, to the case where : 


| 
i 
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S=S8,, Si-m41 contains (m — 1)n — determinate para- 


meters which are given functions of ¢; it follows therefore that in general there 


tm) — (n—™) m— 1) arbitrary 

parameters, so that there are 0” = "~” transformations which will reduce 

A, to A,_m, m sets of particular solutions being known. In particular, if 

m =n — 1 we find, since now (n — m)(n — m — 1) = 0, that the transformation 

is uniquely determined by the x — 1 given sets of solutions, which is indeed 

obvious, since n — 1 sets of direction-cosines determine the remaining set of n 
— m)(n — m— 1) 


cosines, In the transformation S all the a a arbitrary para- 


meters have been put equal to zero which insures that S is the simplest 


exist 


transformation possible. 

If we compare the determinant of the system (14), (part IL) with the 
determinant of the systems (9) and (11), we observe that the first is the product 
of the other two. In general, if we write the successive determinants of the 


transformations S,, 8,1 ---- S,—m4+ as follows: 


(n)_, (n) (n) (n—1),, (n—1) (n—1) 
Aj, Ajg + +++ An Oj, Ain] 0 
{ 
0 1 
n—m+1) .(n—m-+ 1) (n —m-+1) 
as m+ Dass m +1) 
j n—m+1). (n—m-+1) (n —m +1) 
0 0 0 
0 0 0. o* 1 


and from the product D= D,D,_, .--- Di—-n41 we obtain the determinant of 


j 

‘ 

4 
3 
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the direction-cosines in the transformation S which transforms A, into A,_ ». 
Let now m sets of direction-cosines be known particular solutions and let these 


be written 


0 ee 0 0 0 
Xn —11) XLn—12) 


In the transformation S, which transforms A, into A, _, the last row of direction- 
cosines are identical with the first set of given solutions (see (5)), and all 
the remaining cosines in D, are expressible in terms of these solutions. In 
D,_,; the n—1* row are particular solutions of the system A,_, and the 
remaining cosines are expressible in terms of these; but by means of the 
transformation we may express a%—]} a“ ...- a@Zy),_,,0 in terms of the 
second set of solutions So that all the elements of 
D,,_, will be expressed in terms of these functions. Continuing the reasoning 
in this way, we find that the elements of D, _ ,,,, may all be expressed in terms 
of the last set of given solutions, viz: It 
follows that the product D will be an orthogonal determinant of the form 


where the A’s are functions of the x’s in the last m rows. If m=n— 1 the 
determinant reduces to the form 


where A,, .... A,, are the minors of 2}, 7 .--- x2 in the determinant 


0 2 0 0 
| ayy, X38 Lan 


| 
D= 
0 0 0 
0 0 0 
re. } 
0 0 0 
Un) Lng 
| 
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If m =n — 2, we have the determinant 


A; Ais Ai, 

0 0 0 

D = n 

0 0 0 


and the general integral of (1) may be written down at once. We have 


= Ayx sin @ + Ayx + Ciro, + Cart + 
= sin @ + cos + Cir, + Gat, + 
XL, = sin @ + A,,xcos @ + Crd, + Cort, + 


where o = /P,,dt, and C,, C,..C,_», are integration constants. Aj, A)... Ay 
and A, As» .... Ay, are all calculable in terms of the n — 2 given sets of 
particular solutions by a purely algebraic process as was explained above. For 
m =n — 1 we have the general integrals: 


x, = GAy + + Crd + 
= + Core + Cote + Cy 
where A,,, Aj ..-.- A,, are the above-mentioned minors and C,, C, .... C, are 


the n integration constants. 

The integration problem is thus reduced to its simplest form. It may be 
stated thus: Jf m sets of particular solutions of the system A, be known, the 
integration may be reduced to that of a system A,_». If this last system be 
transformed by means of the transformation 


4 (/ 
Yn—m Yn—m 


into a generalized Riccati system in n— m—1 variables, the above statement 

may be putin the form: Jf m sets of particular solutions of A, be known, the 

system may be reduced to a system of Riccati equations inn—m—1 variables, 
6 


3 
4 
3 
4 
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For m = n— 2 we find the Riccati equation 
da 
dt 
which is integrable by one quadrature. 
It should be noticed that the Riccati equation here obtained differs from the 
one obtained by Darboux’s method in the particular case n = 3, m = 1; this 
equation is (Theorie des Surfaces, vol. I, p. 22) 


= P,,(1 + 


do _ ipy + P1s — + 


and has no analogue for n > 3. It was the failure of this method when applied 
to the general system that led me to search for a method which would be 
applicable in general, and it has been shown that this method is chiefly based 
upon orthogonal, or more explicitly, Euclidean transformations. 


U. 8. Navat AcapEmy, December 27, 1904. 
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On the Determination of the Properties of the Nodal 
Curve of a Unicursal Ruled Surface. 


By H. Sisam. 


The parametric equations of a unicursal ruled surface may be written : 
(1) x; = a,(u)+ vb;(u), 1, 2,3, 4. 
wherein a,(u), 6;(u) are polynomials in u. 

I shall suppose—it being no restriction on the surface—that there exists 
no value of u which satisfies all the equations: 

— = 0, i,j =1, 23,4. 

The generator along which uw has any particular value yu, will be referred to as 
the generator wu. 

Any point of the nodal curve is determined by two pairs of values (x, v) 
and (u', v’) of the parameters. Hence, if from the four equations, 


(2) a,(u) + vb,(u)= p [a:(u!) + t= 1, 2,3, 4, 
we eliminate p, w’, v', solve for v (or u) and substitute in (1) we obtain the para- 
metric equations of the nodal curve. 

If, on the other hand, we eliminate v, p, v! from (2), we obtain: 


a(u) a(u') 5,(u') 

(3) a,(u) ap(u') b,(u) b,(u’) 

as(u’) 

a(u) au’) 

This expression is divisible by (u —u’)’. The resulting equation is expressible in 

terms of + uw’ and wu! only. Call it F(u t+ wyuu')= 0. Put + and 

uu’ = and consider F'(£, 7) = 0 as the non-homogeneous equation of a curve 
whose current co-ordinates are(&, 7). It then follows that: 

Each trreducible component of F'(&, 7) = 0 determines an irreducible compun- 

ent of the nodal curve of the surface. If the latter is double only, then the number 


° 
4 
{ 
3 
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of tumes it is cut by an arbitrary generator equals the order, and its genus equals 
the genus, of the component of F = 0 which determines it. 

For, let be an irreducible component of F=0. Let px (u) 
=a; (u)b.(u) — 5;(u)a,(u) be the line coordinates of the generator uw and p',(u’) 
be those of the generator u'. Then when ®(u + w', uu')= 0, the curve: 

= (PrPis — PisPx)( Psi P22 — Pe Pu) = pfi(u + uu’) 
(4) = (Pr P23 — Pos Pi2)( Ps Ps — Ps P31) = + uu’) 
= ( Ps Pis — Prs Pu Pe — Pe Px) = + uu’) 
©, = (Psi Pts Pir P3s)( Pe — Pe Px) = pA(u + uu’) 
belongs to the double curve of the surface (1). 

When the curve (4) is a double curve, only, on the surface, a one to one 
correspondence exists between its points and those of @ (&.7) = 0, for any two 
generators intersecting on (4) determine a single point (their intersection) on (4), 
and also a single point (the point =u Hencedb=0 
and the double curve (4) are of the same genus. Moreover, ifin ® (u + w’, uu’) = 0 
we give uw an arbitrary fixed value, we obtain m (= order of ®(&, 7) = 0) values 
for uw’, hence the generator uw meets m other generators on (4) and therefore 
meets (4) in m points. 

Two distinct components of fF (£,7) = 0 can not determine the same double 
curve on the surface (1). = 0 may, however, have one, or more, other com- 
ponents identical with a given component ® = 0. The two sheets of the surface 
through the corresponding double curve (4) then touch, osculate, etc., according 
to the number of components of F = 0, identical with @ = 0. If @'is a factor 
of # then the corresponding curve (4) counts 7 times as a component of the nodal 


curve. 
A simple illustration (already obtained by another method by Snyder*) 


is that of a quintic scroll with an oscnodal conic. Writing the equations of the 
scroll in the form : 

the equation (£,7)=0 becomes &?=0. The oscnodal conic is 4a, x, = 23, 


x,;=0. It counts for a nodal curve of order six. 
A component of the nodal curve which is of multiplicity greater than two 


on the surface may, on the other hand, be determined by more than one com- 


* Bulletin Am. Math. Soc., vol. 11, p. 182. 
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ponent of the curve # = 0. Between the points of an i-fold curve on the surface 
and the totality of distinct components of # = 0 which determine it exists a 


E eo) correspondence. These curves may be tacnodal, oscnodal, etc., 


under the same conditions as before. They exhibit, also, the following further 
singularity: Among the components of “= 0 which determine the same 
curve on the surface, some may enter to the first power only, others to the second, 
etc.; correspondingly, among the sheets of the surface passing through the curve 
some will simply intersect, others touch, etc. The equation #’ = 0, therefore, 
forms, as before, a criterion for the mode of intersection of the sheets of the 
surface along the curve. 

Consider, for example, a scroll having a fourfold conic along which the 
sheets of the surface touch in pairs. Such a surface may be obtained by setting 
up a (1, 2) correspondence between the points of the conic and the planes through 
the tangent at the point, then joining the point of tangency to the points in 
which the corresponding planes cut another conic. To the former conic corre- 
sponds in # = 0, a quadratic factor and a linear factor squared. I[t counts for 
sixteen as a component of the nodal curve. 

A more interesting illustration is that of a scroll having a fourfold quartic, 
along which two sheets of the surface touch, the remaining intersections being 
simple. Such a surface is the nonic: 

x, =u + v(u? — + Qu’) 
ty =e — Ye? + v 
4 
The equation / = 0 reduces to: 
— + (1 — + + — + 47° 0. 
The complete nodal curve is the cuspidal quartic : 


It is equivalent to a nodal curve of order twenty-eight. 
Let = 0, = 0, ..-- , = 0 determine the same component of the nodal 


curve of the surface (1)(in general,i= 1). If in the product:— 

we put wu’ = uw, the resulting equation determines the torsal generators of the 
surface which have their pinch-points on the curve considered. 


: 
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When a ruled surface is developable, every point on its edge of regression 
is a pinch-point. The corresponding component of F = 0 must, therefore, vanish 
identically for u= uw’. That is, to the edge of regression of a developable always 
corresponds the conic, &? — 4y = 0. 

A theory similar to that formulated here for the double curve holds also 
for the double developable (i. e., the developable formed by the planes contain- 
ing two generators), for to the point (£,7)on F (&,7) = 0 corresponds the plane 


of the intersecting generators, Se ee ” and conversely. Thus, in the case 


of the quintic scroll with an oscnodal conic mentioned above, we have seen that 
F = 0 reduces to &= 0. It readily follows that the double developable consists 
of the tangents to a quadric cone counted thrice. This surface has, in fact, the 
interesting property of being self-dual without belonging to a linear complex.* 
When the surface has a rectilinear directrix, we may take the directrix to 
be x, = a, = 0, and write the equations of the surface in the form: 
= S(u)a(u); S(u)b(u); + ve'(u); + vd! (u), 
wherein a (uw) and  (u) are relatively prime. 
Equation (3) now reduces to: 
S(u)= 0 or S(u’)= 0 determines the parameters of the generators coincident 
with the directrix. The equation 
|d(u) au’) 
is satisfied by the parameters of the generators that intersect on 2a, = 2,=0. It 
determines the properties of the double developable other than x, + Aa, = 0. 
The properties of the nodal curve—other than the directrix itself—are determined 
by the consideration of the expression : 
The determination of the double curve and of the double developable of such 
a surface 1 is, therefore, closely related to the theory of binary forms. 


* See Wilezynski, Math. Annalen, vol. 58, p. 249; also Bull. Amer. Math. Soc., vol. 11, p. 8. Sisam, 
Bull. Amer. Math. Soc., vol. 10, p. 440. 


U. 8. Navan Acapemy, September, 1905. 


Certain Surfaces with Plane or Spherical Lines of 
Curvature. 


By L. P. EIsenuart. 


§1. INTRODUCTION. 


Klsewhere we have considered the surfaces with the same spherical repre- 
sentation of their lines of curvature as pseudospherical surfaces; we have called 
them the A-surfaces.* We have found that they admit of transformations into 
new 4A-surfaces in a way which is a generalization of the Backlund transforma- 
tions of pseudospherical surfaces. In the present paper we wish to study the 
A-surfaces with plane or spherical lines of curvature in one system and to apply 
the earlier results to these particular surfaces. 

After a brief recall in §2 of the needed results of our former study, we 
proceed in §3 to the discussion of A-surfaces with plane lines of curvature in one 
or both systems. We show that the moulure surfaces are the only A-surfaces 
with the lines jin both systems plane, and then find the character of the curves 
on the sphere which represent plane lines in one system on A-surfaces. 

In §4 we consider the A-surfaces of the Joachimstal type, first in terms of 
the parameters used in §§2 and 3, and then in terms of a set of parameters so 
chosen as to enable us to give the cartesian coordinates of the surface in a simple 
form. We find that among all the A-surfaces with the same spherical represen- 
tation and having plane lines of curvature in one system there is an infinity of 
the Joachimstal type, the pseudospherical surface being one of the latter. 


In §5 after noting that for all A-surfaces with plane lines of curvature in 
one system the planes of the lines envelope a cylinder, which reduces to a line 
for the surfaces of Joachimstal, we make use of an investigation by Raffy, Sur les 
surfaces a lignes de courbure planes dont les plans enveloppent un cylindre (Annales 


* Amer. Journ., Vol. 27, pp. 113-172, 


- 
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de L’Ecole Normale, 1901), and are able to find the expressions for the cartesian 
coordinates of all these surfaces. 

When the generalization of the Backlund transformation of pseudospherical 
surfaces is a generalization of the transformation of Bianchi of the latter, we call 
it the complemeniary transformation (see §2). In §6 we find that every comple- 
mentary transform of a moulure surface has plane lines of curvature in one 
system; that every surface with plane lines of curvature in one system has two 
at most of such transforms; that this is true of no other A-surfaces. 

In $7 we find the conditions to be satisfied in order that the curves v = const. 
be spherical and certain particular cases are discussed, including surfaces of 
Joachimstal which are of this class also. In §8 it is given to find the character 
of an A-surface in order that it may admit of a complementary transform with 
spherical lines of curvature in one system. And, finally, it is shown that there 
are an infinity of A-surfaces, each of which admits of an infinity of transfornis 
with spherical lines of curvature in one system. 


§2. General Formulae. 


The parameters of the lines of curvature upon a pseudospherical surface of 
unit curvature can be so chosen that the linear element of the surface can be 


written 

(1) ds* = cos’ adu? + sin’ wdv*,* 

where w is a solution of the equation 
Ao 

(2) 
du? Ow” 

and every solution of this equation determines a pseudospherical surface. The 

linear element of the spherical representation is 


= sIN @ COS 


(3) do” = sin’ adu? + cos’ wdv”.* 

This evidently is the expression for the linear element of the spherical represen- 
tation of the lines of curvature of certain A-surfaces, and each solution @ of equa- 
tion (2) gives rise to a whole group of these. For if the linear element of such 
a surface be written 

(4) ds? = A’du? + C"dv’, 


* Darboux, Legons, t. III, p. 377. 
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the coefficients A and C must satisfy the conditions 
104_d@ 1 0C_do 


and every set of functions A and C satisfying these equations determines an 
A-surface. We have shown* that the solution of the system (5) requires the inte- 
gration of a Laplace equation, from which one gets an idea of the number of 
A-surfaces in a group with the same spherical representation. 

Consider the system of equations 


= = cosa sin 6, 
+ doo — sin cos 6 
dv du 


The integration of this system is reducible to the solution of a Riccati equation ; 
consequently the general integral involves an arbitrary constant. Given a par- 
ticular integral 6,; in the tangent planes to an A-surface with the spherical 
representation (3), draw the lines through the points of contact, making the 
angle 6, with the lines of curvature v = const. We have showny that the planes 
perpendicular to the tangent planes and meeting them in these lines envelope a 
new A-surface S, with the lines of curvature parametric, and for which the linear 
element of the spherical representation is 


(7) do,” = 6,du? + cos? 6,dv’ ; 
and the coefficients of the linear element of S, have the expression 
lA, — 04 + 2 + cos 6,(A cos o + Csin a), 
Ou Ou 
8) do 
— A Sin 6,(A cos o + C sin a). 


We call this transformation complementary; when the given surface is pseudo- 
spherical it is the transformation discovered by Bianchi and called after him by 


Darboux. 
§3. A-Surfaces with Plane Lines of Curvature. 


In order that the lines of curvature v= const. on a surface be plane it is 
necessary and sufficient that the spherical representation of these lines be small 


* Amer. Journ., |. c. p. 118. 
+ Amer. Journ., l. c. p. 129. 
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circles, and consequently that the lines have constant geodesic curvature. The 
general expression for the geodesic curvature of the lines v = const. is* 

= 1 OWE 

where £ and G have their customary significance. Hence, if the given surface 
is an A-surface with the spherical representation (3), the condition that the 
curves v = const. on the sphere be circles is 


1 do 
9 ,_= J, 

(9) sin @ OV 

where V denotes a function of v alone. In a similar manner the necessary and 

sufficient condition that the lines u = const. be plane is 


1 dw _ 
aa 


where U denotes a function of u alone. If these conditions are to be satisfied 


simultaneously, we must have 
_ 
5, (Sino. V)= (cos 


which reduces by means of (9) and (10) to 

U.V=0. 
Assume that V = 0, then it follows from (9) that o is a function of u alone. We 
have showny that this is the necessary and sufficient condition that the corre- 
sponding A-surfaces be moulure surfaces. Hence moulure surfaces are the only 


A-surfaces with plane lines of curvature in both systems. 
We limit ourselves now to the case where only the lines v = const. are 
plane. Equation (9) must be satisfied, which may be written in either of the 


forms 


1 1 do\_ 
(1) 
Write these equations in the form 
(12) ne U sin o, on V sin @ 


*Bianchi, Lezioni I, 181. 
tAmer. Journ., l. c. p. 122. 
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and substitute in equation (2); by means of (12) the result may be reduced to 

—(V* + 1)" 

When this value of @ is substituted in the first of (12), it becomes 


(13) cosa = 


U" 12 2 2 2 2 12 
(14) U0" — -— V8 + 2(0*§—1) + — 0; 


in like manner the second of (12) becomes 

Differentiate (14) with respect to v; this gives 


" 

If V’ is zero, w as given by (13) is a function of wu alone, in which case the 
corresponding surfaces are moulure surfaces, and consequently the lines of curva- 
ture are plane in both systems. Excluding this case, equation (16) may be 


written 


1) + 0, 
which may be replaced by the two equations 
(17) (U*—1)=a, 7 
where a denotes a constant. From the first of these we have 
(18) = Ut+(a— 2)U* +b 
where 6 is a constant. When this value is substituted in (14), one gets 
(19) V?= Vi+aV*+(a+6—1). 


This value of V is seen to be consistent with the second of (17). And these 
values of U and V determined by these equations satisfy equation (15). Hence 
every solution of equations (18) and (19) gives a configuration upon the sphere 
which serves for the spherical representation of the lines of curvature of A-sur- 
faces with the lines v = const. plane. As a and 6 are arbitrary constants, there 
is a double infinity of these systems and they are determined by two quadra- 
tures, as is seen from the form: of (18) and (19). 
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§4. A-Surfaces of Joachimstal. 


Surfaces with plane lines of curvature in one system, such that all the 
planes pass through a line JZ, are called surfaces of Joachimstal. We inquire 
whether any of these surfaces are A-surfaces. 

The necessary and sufficient condition that a surface S with plane lines of 
curvature in one family be a surface of Joachimstal is that the lines of curvature 
in the other system lie on spheres which cut the surface orthogonally; in this 
case the centres of the spheres lie on the line Z*. Ifa curve @ on S is the 
intersection of S and a sphere, which cuts the surface orthogonally, the radii of 
the sphere to the points of C form the developable circumscribing S along C, and 
the centre of the sphere, since it is the vertex of the cone, is the centre of the 
geodesic curvature of C, by the theorem of Beltrami;} evidently this curvature 
is constant. Conversely, Brioschi has shown that when a line of curvature has 
constant geodesic curvature, it is the intersection of the surface and a sphere 
cutting the surface orthogonally.{ Hence our problem reduces to the deter- 
mination of the A-surfaces with the lines vy = const. plane, and with the lines 
of curvature wu = const. of constant geodesic curvature. 

In consequence of (5) the geodesic curvature of the lines w= const. is 


given by§ 


hence for these lines to be of constant geodesic curvature we must have 
dv\C du 
At the same time equations (11) must obtain; consequently we must have 
(20) C= U, sino, 
where U, is any function whatever of u alone. From the second of equations (5) 


we find that 
sina. U,' 
(21) | A=U,cosa+” dw , 
Ou 


* Bianchi, Lezioni, Vol. II, p. 269. 
+ Bianchi, Ib., Vol. I, p. 277. 

t Bianchi, Lezioni, Vol, IT, p. 296. 
§ Bianchi, Lezioni, I, p. 181. 
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where the accent denotes differentiation with respect to wu. In consequence of 
equations (11) these expressions for A and C satisfy the first of equations (5). 
Hence we have the theorem : 

For each value of w given by (13) there is a family of A-surfaces of the Joachim- 
stal type, depending upon an arbitrary function. 

Their linear element is of the form 


(22) ds* = (0, cos @ + ) du? + sin? dv’, 


where U, is arbitrary and U is determined by (18). When U, is equal to unity, 
(22) reduces to the form (1). We remarked that for every pseudospherical 
surface whose curvature is equal to — 1 the linear element can be given this 
form; and when the curvature is another constant the linear element is reduci- 
ble to the form (1) multiplied by the constant. Hence pseudospherical surfaces 
with plane lines of curvature in one system are surfaces of Joachimstal. This 
result was obtained first by Enneper,* and on this account pseudospherical 
surfaces of this kind are called surfaces of Enneper. 

From another point of view we shall be able to find the coordinates of these 
surfaces in finite form. For this we remark that Raffy} has shown that any 
surface of Joachimstal can be defined by the equations 
= 1 sinh(U + V) 
cosy sinv  U'cosh(U+4+ V)’ U' cosh(U+ V)’ 


(23!) 


where U and V are functions of wand v respectively, and the curves v = const. 
are plane lines of curvature and w= const. their orthogonal trajectories. One 
finds for the linear element of the spherical representation of the surface, as thus 
defined, 


cosh(U+ V) 
where u is a function of v alone defined by 
cot w= V’, 


If we put V=%, or write it w= U, where U, is such a function of u, that 
when wu in U is replaced by U, it becomes w, the equations of the surface become 


* Goétt. Nachrichten, 1868, p. 258. 


+Sur les surfaces a lignes de courbure planes, etc., Ann. L’Ecole Normale, ser. III, Vol. 18, p. 357 (1901). 
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(on removing the subscript from w) 

x 0! sinh(u + V 
where the prime denotes differentiation with respect tou. Now the expression 
for the linear element on the sphere is 

sin” sinh(w + V 

From the form of this expression it follows that V determines the configuration 
on the sphere, and the character of U, has no effect. 

Darboux* has given the following general method of generating a surface 
of Joachimstal: In a plane which passes through a line Z one draws any family 
of circles with centres on Z, and also their orthogonal trajectories; if the plane 
is made to turn about Z according to any given law whatever, as one passes from 
one trajectory to the other, the locus of the trajectories is a surface of Joachim- 
stal. From this statement and the preceding remark concerning (24) it follows 
that U, determines the array of circles, and V the motion of the plane. For 
our problem JU, is arbitrary, and V must be determined so that (24) is the repre- 
sentation of the lines of curvature of a pseudospherical surface. 

In order to do this we seek the forms of the functions U and V so that equa- 
tions (23’) shall define a surface of Enneper. When a surface is defined by ( 23’), 
its principal radii of curvature are given by 


sin h(U0+ 


(25) _ V1 


= 
| sinh(T + V) (T+ 7) |. 


From these expressions we find that the necessary and sufficient condition that 
the curvature of the surface be — 1 is 


(26) sinh(U+ — “va | + cosh( | 


From (25) it is seen that U' +0. We consider first the case where V' =0; 


from the form of the foregoing expressions it is seen that in all generality we 
may take V= 0, but equations surfaces of whieh are 


* Lecons, Vol. 117. 
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an evident solution of the problem, and will be excluded from the further discus- 
sion. With this understanding we put 

and take U and V for independent variables, designating differentiation with 
respect to them by accents. Equation (26) reduces to 

(28) 2 tanh(U+ V)(U, — V.) = U,'— Vy. 

Differentiate this equation with respect to V, and multiply by cosh” (U+ V); 
this gives 


(27) U, = Vz 


2(U, — V,)— V,' sinh2(U + V) + V," cosh*(U + V)=0. 
If this equation be differentiated with respect to V, the result reduces to 
= 
from which it follows that 
(29) V, = a cosh2V + 6 sinh2V + ec, 
where a, 6, c are constants. From the form of (28) it follows that in like manner 
(29’) U, = a,cosh2U + 6, sinh2U + ¢,. 
When these values are substituted in (27) we find 
From (27) and (29) it follows that the function V determining a system of lines 
on the sphere which serve for the representation of the lines of curvature of an 
A-surface of Joachimstal is given by the quadrature 
When the expression for V from this equation is substituted in (23’) or (23) 
they define all the A-surfaces of Joachimstal. When the parameter u has been 
chosen so that the equations take the form (23), the form of U, for the corre- 
sponding surface of Enneper is given by the quadrature 
U, = — acosh2u + bsinh2u. du, 

in consequence of (27) and (29’). 

The form of (18) is not altered if wand V be replaced by u+x and V—x 


respectively, where x is a constant which can be so chosen as to remove the term 
cosh2V or sinh2V from (29). Hence only two of the constants a, b, c are arbi- 
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trary, so that there is on the sphere only a double infinity of the curves sought, 


as was found before. 
$5. A-surfaces with Plane Lines of Curvature in One System. 


We proceed now to the determination of the A-surfaces with plane lines of 
curvature in one system which are not necessarily surfaces of Joachimstal. We 
remark that the planes of these lines of curvature are parallel to the correspond- 
ing planes of the lines of curvature of the pseudospherical surface with the same 
spherical representation as the given surface. But, as we have seen, the planes 
for the pseudospherical surface pass through a line Z, and consequently for the 
given surface they either pass through a line or envelope a cylinder whose 
elements are parallel to Z. We have considered the former in the preceding 
section and now will turn to the latter. For this the recent investigations by 
Raffy* will be of great service. He remarks that if S is a surface with plane 
lines of curvature v = const., and S, is the locus of the centres of normal curva- 
ture of these lines, the geodesics vy = const. on S, are the curves of contact of 
circumscribing cylinders, and the angle between the parametric lines on 4; is a 
function of v. When, in particular, the planes are parallel to a line Z the cir- 
cumscribing cylinders are parallel to a plane normal to Z and conversely. 
Taking the z-axis for the line Z, Raffyy finds, for the surfaces for which the 
circumscribing cylinders are parallel to the zy plane, expressions which can be 
put in the form 
x, =(U,' cos v + U,"sin v cot cosh(u + V) 

— (Uj; cosv + U;'sin vy cot u) sinh(w + V) +Ycosv— sinv, 
(31) 4 y, sin v — U," cos v cot u) cosh(u + V) 

—(U," sinv — U;' cos v cot uw) sinh(u + V)+ v + cos 
= U, — 

where 0, is an arbitrary function of u, ~ an arbitrary function of v; u denotes 
the angle between the parametric lines on S, and cot u = V’, the function V 
depending only upon v and, as we have seen, determining the spherical represen- 
tation for 8S. 

From (31) one finds the direction-cosines of the tangents to the curves 
v = const. on S;; as these are the normals to S, we denote them by X, Y, Z, and 


*Sur les surfaces a lignes de courbure p:anes, etc. Ann. L’Ecole Normale, ser. III, Vol. 18, p. 341. 


tIb., p. 352. 
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find for their values 
A = cos v sin uw tanh(w + V)— sin v cos u, 
(32) Y =sin vain uw tanh(w + V)+ cosv cos 

cosh (w+ V)’ 
The surface S is defined by 
(33) yroy—ay, 2=%4—AZ, 
where A is determined by the condition 

—da= 0, 


or 
OA OA Oxy 
The first of these may be written 
‘sin 


from ‘which we get 
sinh (w + U," cosh (wu V) + y(v), 


sin 


where y is a function of v alone. The second of (34) reduces, in consequence of 
the definition of uw, to 


(35) a= 


oh = cos G, = + cosh (u + V)—( + Y")sinh (u 
+ [¥(v) + ¥'(v)] cos 

When the value of 4 from (35) is substituted in this equation, it is found that 

the function yx (v) is determined by 

From (33), (32), (31) and po we have for the coordinates of any A- surface with 

the lines vy = const. plane 

x + cos o| cos v + [x cos cos v)'] sin », 
=|4— zsin wsinh (wu + V) 

(37) cosh(w + V) 


cosh(u + V) 


+ o| sin v —[x% cos cos v)'] cos», 


8 
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where V is determined by the quadrature (30), U, and y (v) are arbitrary and 
x (v)is given by (36). For ~= 0 and consequently 7 = 0, formule (37) reduce 
to (23), that is, ) = 0 is the necessary and sufficient condition that they be 
surfaces of Joachimstal. From (37) we derive the following expressions for the 
coefficients of the linear element of S 


cosh(u + V) 
= | sing cosh mh (e+ tan ul. 


In particular, when a = b = 0 in (30) it reduces to 


4 const. 


c 


Hence if the parameters are real, O<c< 1. Now 


cotu=1+ 


hence the parametric lines on S, cut one another under constant angle. 
§6. Complementary Transformations of Certain A-Surfaces. 


Consider an A-surface S with the spherical representation of its lines of 
curvature given by (3). Let S, be a complementary transform corresponding to 
a particular integral 6 of the system (6). Further we assume that the lines of 
curvature vw = const. on S; are plane; for this we must have (11) 


Ov\sin dus” 
By means of (6) this equation may be replaced by 
O@ 0a do, da_ 
(39) sin 6 + cos + sin 0. 
This equation is satisfied identically when “= = 0, that is, when S is a moulure 


surface. Hence: 

The complementary transforms of a moulure surface have plane lines of curva- 
ture in one system. 

From (39) it is seen that, if Sis not a moulure surface, two at most of its 


complementary transforms have plane lines of curvature in one system. The 


| 
i 
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angle @ giving these transforms is obtained from (39); but this function must 
satisfy (6) also. Instead of solving (39) and substituting in (6), we differentiate 
the former with respect to v and take account of the latter. This gives 


& da do 
sin + (5 — sin” 09, cos + cosa 0. 


The values of 6 given by this equation must be the same as in (39), hence we 
must have 


+ ———— gin? da COS @ dw 
dv® Ou Ov dudv __ Ov 
(40) "do sino 
Ov" Ou 


From the last two we have 


1 
41 
Ou\sin w Ov 
that is, the lines of curvature v = const. on S are plane. In consequence of 
(2), the first two ratios of (40) are equal when (41) is satisfied. In like manner 
we differentiate (39) with respect to wu and take account of (6); this gives 


0a / Ow da Oa 
sin 6| 5°) | + cos 05° 


so that @ must satisfy 
dv dudv® du\dv dudv dv" 

But this equation also is a consequence of (41). Hence: 

Tf the lines v = const.on an A-surface are plune, the two values of 6 given by (39) 
determine complementary transformations, such that the lines v = const. on the trans- 
forms are plane, and on all the other transforms the lines v = const. are skew. 
| An exception to this theorem arises for the case where the two values of 
6, given by (39), coincide. The necessary and sufficient condition for this is 


and the single value is given by 


(43) cos = — 


Suppose we have given a function a, satisfying (42), and we denote by S a 
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surface with the spherical representation of its lines of curvature determined by 
a. Let S, be a surface of which S is the complementary transform by means of 
w, and let its spherical representation be given by 


do,” = sin” ¢du’ + cos’ pdv’ ; 
then 9 is a particular integral of the system 


o, . 
(44) + Sin cos >, + @ SING. 
In consequence of the above results we know that the lines v = const. on S) are 
plane, so that must satisfy 

1 do\_ 
(45) do\sin 
By means of (45) and (44) equation (42) may be replaced by 


cosec’> . egies + cos w sin 9) = 0, 


which reduces to 


If @ were a function of u alone, all the transforms of S would have plane lines of 
curvature »v =const. Hence the above equation gives ¢= ¢$(u), and conse- 
quently S) is a moulure surface. We have then the theorem: 

If a surface Sis a complementary transform of a moulure surface, it admits 
only one complementary transformation giving rise to a surface with plane lines of 
curvature in one system ; the determining function 6 of the transformation is given 
by (43); for all other A-surfaces with plane lines of curvature there are two such 
transformations. 


§7. A-Surfaces with Spherical Lines of Curvature. 


Enneper* has shown that the necessary and sufficient condition that the 
lines of curvature v = const. on a surface be spherical is that the following rela- 
tion obtains 

A= Reosc4+ Rsino 2 
C dv 
where # is the radius of the sphere and o the angle under which the latter cuts 
the surface ; both of these quantities are functions of v alone. 


* Gott. Nachrichten, 1868, p. 421. 
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For an A-surface 
A=—p,sino, C= p,cosa, 


so that for these surfaces the equation of condition is 


(46) A=asina+ 85° 
where «a and @ are functions of v alone. 

Consider first the case where the surface is pseudospherical; equation (46) 
becomes 


B da 


cota - 
sin w@ dv 


Differentiate with respect to u; this gives 
1 do 
sin’ @ du Ou\sin 
Differentiate again with respect to u and eliminate 3. This gives the following 
condition to be satisfied by oa: 
1 do 1 


sin? Ou sin @ Ov 


da Oa __ 


(47) 


which reduces to 


It is evident that equation (47) is satisfied when 
1 Ow 


du\sin @ dv 
hence when equation (48) is satisfied the curves v = const. on the pseudospheri- 
cal surface are spherical or plane. In like manner when o satisfies the equation 

3 2 2 3 
the lines of curvature u = const. on the corresponding pseudospherical surface 
are spherical, unless 


(50) 0/1 


Ou\cos @ dv 
in which case they are plane. These results have been found by Bianchi.* 


= 0, 


* Aggiunte alla Memoire ‘‘Sopra i sistemi tripli, etc.”’ Annali di Mat., Vol. 14, p. 116 (1887). 
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We pass to the consideration of A-surfaces in general with one family of 
spherical lines of curvature. From (46) and the first of equations (5) we have 


a’sina + 
(51) C= — + B' +a cosa f, 
dv 
where the accent denotes differentiation with respect to v. When this expres- 
sion for C is substituted in the second of equations (5), the latter becomes 
dado. do da A , 

If the expression in the first parenthesis is zero, the same is true of the second ; 
as this is the condition that the lines » = const. be plane, it may be neglected. 

Another solution of this equation is obtained by taking a’ equal to zero, and 
also the expression in the second parenthesis. The vanishing of the latter is 
the condition (49) that the lines w = const. be plane or spherical on the pseudo- 
spherical surface, having the same spherical representation as the given surface ; 
hereafter we shall say that this pseudospherical surface is associated with the given 
surface. Two cases are to be considered according as a is equal to or different 
from zero; in the latter case it may be taken equal to unity. 

1°a=0. From the definition of « and @ it follows that in this case o is a 
right-angle and 3 is the expression for the radius of the sphere; hence when £ is 
constant the spheres upon which the curves v = const. lie are spherical. The 


‘linear element of the surface is 


dv 


where @ is an arbitrary function of v alone. 
2°a = 1. The projection of the radius of the sphere on the normal to the 


surface is constant. All the spheres have the same radius when ( is constant, 
in which case the spheres and the surface cut under constant angle and only in 
this case. The linear element of these surfaces is 


(54) ds* =( + + cosa+ dv’. 


4 
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Gathering together these results we have the theorem: 

Given a pseudospherical surface with lines of curvature u = const. plane or 
spherical ; among all the A-surfaces with which it is associated there are two fami- 
lies, each containing an infinity of surfaces whose lines of curvature v = const. are 
spherical. 

When the lines uw = const. on the pseudospherical surface are plane, they 
are plane for all the A-surfaces associated with it. Now 


= =cosa. V, 
where V is a function of v alone. If we substitute this value in (53), it becomes 
2 
(55) = cos’ adu* +( V; sin dv”, 


where we have put V, = @V, so that V, is arbitrary and Vis determined in a 
manner similar to U in §3. If (55) is compared with (22), it will be seen that 
the former defines the linear element of the A-surfaces of Joachimstal with 
u = const. plane lines of curvature. In a similar manner we have from (54) in 
this special case 

(56) ds” = (V, cosa + sin du’ +(cose — V, sino + 

From this we have the theorem: 

In addition to the family of surfaces of Joachimstal associated with a pseudo- 
spherical surface of Enneper there is another infinite family of A-surfaces with plane 
lines of curvature in one system and spherical lines in the other. Their linear ele- 
ment is of the form (56). 

Excluding these particular solutions of (52), we differentiate it with respect 
to u and eliminate a! and £, with the result 


COs @ dw do sin da Po 
Ou Ov Oudv ’ Ov dudv” dv? dudv du\dv 


(57)! 9 Jodo... Fe . dasdar® 


When a solution of this equation is found and substituted in (52), a can be 
chosen arbitrarily, and @ is entirely determined; the coefficients of the linear 
element are given by (46) and (51). Hence the theorem: 

Given a solution w of equation (57) which satisfies (2); this function serves to 
determine the spherical representation of the lines of curvature of an infinity of 
A-surfaces on which the lines of curvature v = const. are spherical. 


4 
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When o satisfies equation (49), it is a solution of (57), consequently we have 
the theorem : 

When the lines of curvature u = const. on a pseudospherical surface are spheri- 
cal, there is an infinity of A-surfaces associated with it whose lines v = const. are 
spherical; and the fundamental coefficients are given without quadrature. 

Moreover, when a satisfies (50) it is a solution not only of (49), but of (48); 
this can be shown by differentiating (50) with respect to w. Hence the theorem : 

When the lines of curvature in one system on an A-surface are plane, the lines 


of curvature in the other system are spherical. 
§8. Complementary Transforms with Spherical Lines of Curvature. 


Bianchi has considered* the problem of finding the pseudospherical surfaces 
whose complementary transforms have spherical lines of curvature in one system. 
We shall recall his investigation briefly before proceeding to the discussion of 
the same problem for A-surfaces in general. 

Denote by = the complementary transform of the pseudospherical surface S 
and write the linear element of the spherical representation of the former in the 


form 


(58) do” = sin’ + cos’ 6dv’, 
recalling that 6 and @ are bound by the relations 
06 , Ow 00 , da 
(59) a, + — Sin = — cos Osina. 


For the lines v = const. on = to be spherical 6 must satisfy an equation of the 
form (47), which by means of (59) can be written 


Acos§6+ Bsin6+C=0, 
where we have put 


da\?* Oa 
da/d Ow a 


C = sin*o da dw =), + sin @ COs @ __ do Fo 


p. 118. 
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From the above it follows that for more than two of the transforms to have the 
desired property, it is necessary that A, B and C be zero. 


Putting A equal to zero, we find that either da must be zero or w be a solu- 


Ou 
tion of equation (50). In the former case Sis a surface of revolution with the 
meridians w = const., and we have noted that the latter is the condition that the 
curves u = const. on S be plane. These values make Band C vanish so that 
we have the theorem of Bianchi: 

For all the complementary transforms of a pseudospherical surface S to have 
spherical lines of curvature v = const. it is necessary and sufficient that the lines of 
curvature u = const. on S be plane, that ts, S must be a surface of Enneper. 
Bianchi has shown that the transforms are surfaces of Enneper only in case S is 
a surface of revolution. 

We proceed now to the general problem of finding the A-surfaces whose 
complementary transforms have spherical lines of curvature in one system, say 
v=const. Let the spherical representation of these lines be given by (58) with 
the relations (59). Now 6 must satisfy an equation of the form (57), which by 
means of (59) can be reduced to 


lcos6+msinf+n 
> 0, 
cos 0+ m sin 0+ n) cos 6 + 6 sin 6 + e) 
where we have put, for the sake of brevity, © 
~ Ou dv’ dv’ 
a = sin o( 4+ 
Ou/ dv du'dv Ov du?’ 
dw — sin Fa 
du\d Ov dudv’ 


From the discussion of equation (57) it follows that equation (60) is satis- 
fied when the lines v = const. on the transforms are plane, that is when 
d(_1 _ 
Ov\sin 6 du 
But we have seen that, unless the given surface is a moulure surface, only two 
of the transforms will have the curves v = const. plane. Hence when equation 


0. 
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(60) is satisfied for more than two values of 6, the lines » = const. on the corre- 
sponding transforms are spherical. 
We return now to equation (60) and find that when the determinant is 
developed the equation can be written 
A+ Bcos 6+ Csin 6+ D sin 6 cos 9+ £ sin? 0, 
where we have put 


al' +(am — bi) 22 


B=na' — na + cl—cl! + (em — in) 
| 

C = nb! — n'b + — cm’ + (an — ol) + (6/-—am) cosa, 

D= Ib! — 'b + a’m — am’ + (bn — cm) cos a, 
| H = mb! — m'b + al! — a'l + (el — an)cos a, 
the primes denoting differentiation with respect to w. From the form of the 
above equation it is clear that for more than four of the transforms to have 
spherical lines of curvature, it is necessary that A, B, C, D, E vanish, for we are 
dealing with real surfaces. 

If A and B are equated to zero and the resulting equations are solved for 

a’ and c’, one finds 


do” Ow da 


Aa 
Ov/ dudv 


(63) — sin @ COS @ dudv + cos? @ dw 
dw ov 
dv 
+ cos’ ; = 
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These equations are satisfied by = equal to zero, and from the expressions for 


a, b,c itis clear that equation (60) also is satisfied by this value. But we have 
seen that for this case the curves v = const. are plane for the transforms, and 
consequently may be neglected. 

Equations (63) are satisfied also when 


Ou 


) — sin*w = 0, 
from which we get 


(64) tan V, 


where Vis a function of v alone. From the above equation and (2) we find that 


i is zero, and for w given by (64) to satisfy this condition V must be a constant ; 


dv 
hence this case leads back to the former. 

We consider finally the case where the expressions in the brackets in (63) 
are zero. Ifthe values of a’ and c’ given in this manner be substituted in the 
expressions for Cand D and the latter be equated to zero, we get 

do , 
do , da/dw 
— |= 0. 
dude + aul | 
From (61) it follows that if 6 is equal to zero, we have - zero, which has been 


considered, or @ must satisfy (11). When the latter is satisfied, both a and c 
vanish and equation (60) is satisfied. Hence when the lines vy = const. on the 
surface are plane and consequently w = const. are spherical, the lines v = const. 
on the transforms, or surfaces with the same spherical representation, are 
spherical. 

There is one further case to be considered, namely, when the expression in 
the parenthesis of (65) is zero, which reduces readily to (49). When this equa- 
tion holds, the values of a’ and c’ obtained from (61) are found to satisfy (63) and 
make # equal to zero. Hence: 

The necessary and sufficient condition that for each solution 6 of equations (59) 
there is an infinity of surfaces with the lines v = const. spherical is that w be a sulu- 
tion of equations (2) and (49). 
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Suppose now that we have a function o satisfying these conditions. Among 
all the surfaces with the corresponding representation of the lines of curvature 
there must be an infinity which admit by means of a solution of equations (59) 
transforms upon which the lines v= const. are spherical. We inquire whether 
there are any of them for which the transforms by all the functions 6, given by 
(59), have spherical lines of curvature v = const. 

Denote by A, and C; the coefficients of the linear element for one of the 
transforms S,. Now it must be possible for A, and C, to assume forms of 
expression similar to (46) and (51). Hence from (8) the necessary and sufficient 
condition that all the transforms of the same surface have spherical lines of 
curvature v = const. is that the following equations be satisfied: 


+ + 2.cos =u sin 85%, 
(66) 4 90 sin 6+ + ($2 +a sin 6)% 
— AM + asin — 
Ov Ov do 
q dv 


for every value of 6 satisfying (59), and the corresponding values of a and 8 
given te 


(87) cos | +2 E + [=o 


where we have put 

(68) A=Acoso+ Csin 

The general solution 6 of (59) involves a parameter, say ¢, which in general will 
appear in a and #@, but not in A, Cando. If then equations (66) are differ- 
entiated with respect to ¢, they become 


A sin cos + sin + Ot +8 
Acos = — + 
ot Ti) 
(69) = 


20 me ad 


+ cos 6 — sin 
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Eliminating A, we are brought to the equation 


sin’ Fa an 0 cos — sin’ @ du 
Ot Ov ov 
we re) sin @ 

dt Ov Ot 

ov 


Differentiate this equation with respect to wand subtract the two equations; 


eliminate Fa, from this result by means of its value as given by differentiating 


Svat 
(67); this gives 
Ot Ov 

6. (cos 6.51, 5, — sin — 20°80 3, — 
da 

dv Ot dv 


When this equation is differentiated with respect to wu, the result reduces in con- 
sequence of (49) to 
dt 


where # is a function which does not vanish for the above value of w. Hence @ 
is independent of ¢ and the preceding equation shows that « does not involve v. 
Then the expression in the second parenthesis of (67) is zero*; but-the latter is 
reducible to the form a cos 6 + 6 sin 0 + c, where a, 6, ¢ have the values (61), and 
for this to vanish for ali values of 6 the coefficients must be zero, from which it 
follows that @ must satisfy 


0/1 
Ou 


* 8 cannot be zero, for in such case we should have from (46) and (51) 
A=asinw, C=—acosa, 
which are the coefficients for the sphere, when a is constant. 
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Now equation (70) reduces to a = 0, and from equations (69) it is seen that 
2=— sina. 
By means of (5) equation (68) can now be written 


COS W + Csina — 8sinw 


from which we get by integration 
C=—6+y cosa, 
y being a function of v alone. Then for A by (5) we have 
A=—y sina. 


These values for A and C satisfy the first of equations (66), and. the second 
reduces to 


y! _ Jo 
sin @ 
From (11) it follows that 2 mat is a function of v alone, hence all the condi- 
Ov 
tions will be satisfied when y is given by 
Bd 
(71) Y= S< ae dv + const. 


Hence we have the following theorem : 

The necessary and sufficient condition that the lines of curvature v = const. be 
spherical for all the transforms of an A-surface, which is not pseudospherical, is that 
the lines v = const be plane on the original surface, and the latter be one of the infin- 
ity of surfaces with the linear element 


ds* = y” sin? + (y cos o — B)*dv’*, 


where @ is arbitrary and y is given by (71). The linear element of a trans- 
form is 


4 98 dv 


* ov 
v 


Since not more than two of these surfaces can have the lines v = const. plane 
all the transforms of these surfaces cannot have spherical lines of curvature 
v = const. 


ds; = du* +4- 
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The Motion of a Solid in Infinite Liquid. 


A. G. GREENHILL. 


The present paper is a sequel to the one with the same title in Vol. XX, of 
the Americun Journal of Mathematics, 1897; it carries on the investigation for 
the external shape of the body shown by Clebsch in Mathematische Annalen ILI, 
p. 238, to lead to an elliptic function solution of the same character as before in 
the simple shape of revolution considered by Kirchhoff in his Vorlesungen. 

Contrary to anticipation derived from a study of Halphen’s treatment of the 
same problem in his Fonctions elliptiques II. Chap. 4, of which this article may be 
considered a commentary, the extension from Kirchhoff’s shape to the more 
general form discussed by Clebsch does not introduce a complication essentially 
greater. Moreover the extra constant at disposal enables us to construct an 
algebraical case of the motion with greater ease, much as the discussion of the 
symmetrical top is in many respects simpler in its analysis than the more 
restricted case of the Spherical Pendulum. 

The elliptic-function solution of the motion under no force of a solid in 
infinite liquid is then the object of this memoir; for the more general case ex- 
pressible by the double-theta hyperelliptic function, initiated by H. Weber, the 
Fortschritte der Mathematik must be consulted for references to the discussion of 
various authors, such as H. Weber, F. Kotter, R. Liouville, Caspary, Jukovsky, 
Liaponoff, and others. 
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1. We employ the notation of Halphen at the outset, with the occasional 
introduction of a symbol from the paper in the American Journal; and now with 
Clebsch’s extended form of the kinetic energy for helicoidal symmetry 


T= + x2) + 
(1) + + + 
+ 4r(yi + ys) + 


and the dynamical equations 


(2) 
we arrive immediately at the three integrals 

(4) 27 = constant = 7, 

(5) x? + 23 + x3 = constant = m, 

(6) + + = constant = n, 


suppose; and in addition 


(7) - = 0, so that y; is constant. 


Denoting the component linear and angular velocity with respect to 
axes OA, OB, OC, fixed in the body by 


(8) U, W, R, 
as in Halphen, but a change to capital letters from the notation in the American 
Journal, 
oT 

(9) 

T 
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Introducing Kuler’s unsymmetrical angles 6, ¢, J defining the position of 
OA, OB, OC with respect to axes OX, OY, OZ having fixed direction in 
space, on the system employed in Klein-Sommerfeld, Theorie des Kretsels, p. 19, 
in accordance with figure 1, and the scheme 


A | B | | 


X | cos @ cosy — cos $sin sin sin 
Y | cos sin + cosSsin @ cosy —sin + cos cos cos P| — sind 


sin sin | sin cos cos > 
(12) =P= cos 7, + sind sin 
(13) = sing + sind cos 
so that 
(14) Q(x + at) + + yt)= P+ + 
(15) t= + cod 
From the third equation of system (2) 
dar oF ..@F 
dt oy Oy 
(16) 
= (Ga, + + TY2) 


= 7 — 


and from (6), distinguishing this x by an accent, 


(17) 
so that 


(18) 


1 (dz; 
\ dt 


Y= (wan — = + 28) + 98) — + 


= 
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Again from (5) and (4) 
(19) a + — 


r(yi + y2)=l— p(m — 23) — p'x; 
(20) — 2g (n! — 2q' — 
=(p — p') + 2(q —q') — mp — 2n'q +1 
=(p— p’) (xs + has — m;) 


on putting 


(21) (p—p')m, = mp + + — 1, 
(22) (p—p')h = 2(q—9')ys; 
and now 
dix; 2 2 2 1\2 
(23) = r(p! — p)(x3 m)(x3 + has — m,)— 1° — n')’, 


a quartic in a, as in Halphen’s (13), so that a; is an elliptic function of the time ¢. 
Writing #? for m, as in the American Journal (Am. J. M.), then from 
Halphen’s equation (45), F. E. II, p. 159, 


(24) = F cos AZ = F sin sin 9, 
(25) a, = F cos BZ = F sin cos 9; 
and introducing Klein’s a, 8, y, 6 defined by 
(27) xr, + xi = F(cos AZ + icos BZ)= iF sin = 
(28) a3 = F cos CZ = Fcosds = F (ad + By); 


thus expressing the constancy in magnitude and direction of the resultant 
momentum F of the system, taken as acting in the direction OZ. 
Writing z for cos S$, equation (23) becomes 


and putting 

(30) (p! ~ p) =n’, F’r(p! — p)= an’, 

so that 

(31) a = + 1 when p’ -— p is positive, as for prolate bodies, 


($9) 00 negative, .... oblate ....... 
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then 

where 

h m Fry.2— n'r\* 

(34) Z = ale —1)(2 + — 
and 
= dz 

(35) nt+e= 


an elliptic integral of the I kind. 


(o+p) 


2. The system of axes (X, Y, Z) can be brought into coincidence with the 
system (A, B, C) either by the successive rotation through the Eulerian angles 
v, 3,9, about the axes OZ, Ox, OC in succession, as shown in figure 1; or 
else by a single rotation about an axis OQ, through an angle @ suppose. 

Then if a, 6, c denote the angles which O@ makes with the axes (X, Y, Z) 
or (A, B, C), the quaternion versor Q which performs the displacement of 
(X, Y, Z) into (A, B, C) is given by 
(1) B+ D, 
where 


(2) 


A=sin cosa, B=sin gacosb, C=sin 4acosc, D= cos 4a. 
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Now in the figure, Q lies on aw, the bisector of the angle ZzC = 8, so that 
QZx = YCx; and drawing the perpendiculars from Q, Q3 on ZX, Qy on CA, 
ZX and CA intersecting in 6, the spherical triangles QZ@, QCy are congruent, 
and = Q@Cy. Thus 


(3) QZa = QCx = half sum of Ar = 3( 9+), 

(4) QZ) = = half difference, .... = 4(—o+); 

and thence 

(5) D= cos }a = cos aQZ = cos 43 cos 4(¢ + ¥), 

(6) C=sin cos c= cos aZ cos aZQY = cos $9 sin + 
Similarly 

(7) A cos + B=sin 43 sin + 

and thus 

(9) a=D+%, @B=A—B, y= A+B, d= D— 


(Klein-Sommerfeld Aretsel theorie, p. 21). 
In Routh’s Rigid Dynamics the sequence of displacement is ~ about OZ 
and then $ about Oy,, leading to a result of appearance slightly different. 


3. The relations 


(1) + = pr— pr 


obtainable from (9), (10), (11), (14), (15), §1, give a, a, 2, Y1, Ye, Yzin terms of 
the linear and angular components of velocity, and hence the kinetic energy 
expressed as a quadratic function of U, V, W, P, Y, R becomes 


(3) 
— 2q/WR + 


as in the American Journal of Mathematics where g and gq’ are zero; and now 
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the six dynamical equations of Kirchhoff become 


| dar or 
(4) wav Caw 


having three first integrals, and leading to the same result as before, but not so 
simply and directly. 


4. Darboux’s notation employed in the corresponding motion of the top 
(Despeyrous— Mécanique) is convenient here also; using JL’ instead of his B, 


we put 
and now 
(2) 
or 
(3) Z= (= 
where 
— Mm, — 
(4) 
a Ms, P— 
(8) 
Putting 
(6) Z = az + + 6e2” + 4dz + 


then by analogy with the corresponding case of the spinning top 


Z=a(?—1)(# + 4abz — 1 — ab)—4(* 


(7) 
= a(z* — 1)(2 + 4abz — 1— ak) — 
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where 


2 2 
(8) 


= suppose 


and 


(9) 


The special case of A, b, B=0 was the one considered by Kirchhoff, and in 


the American Journal of Mathematics. 
But now we continue with the more general case invented by Clebsch and 


discussed by Halphen, and identify the notation as we go on. 
Proceeding with the determination of the Eulerian angles, 3, @, ~, by 


means of the Table above, 


(10) cos AX + icos AY =(cos @ + i cos $ sin o)e" = a? — B?, 


(11) cos AZ = sin S$ sin = — ay, 
(12) cos BX + icos BY =(— sin +7 cos $ cos = i(a’ + 6"), 
(13) cos BZ = sin $ cos @ = t(— 8d—ay), 
(14) cos CX + cos CY = — isin de" = — 248, 
(15) cos CZ = cos 3= ad + By. 
So also 
(16) cos AX +7 cos BX =(cos — icos $ sin = — B + 
(17) cos CX =sin + yd, 
(18) cos AY + icos BY =(sin +7 cos 3 cos = + &), 
(19) cos CY = —sin3 cosy = + 
(20) cos AZ + icos BZ = i sin Se~* = 280, 
(21) cos CZ = cos 3 = ud + By. 
Again 
(22) 


(23) P+ Qi=(F + isin e? = — 


| 
| | 
| D=a(™—1), F=a(™—1), 
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+ yt) = P+ Qi— q(x + 2,1) 
oo 
(25) ry, = cos + sin 9 sin —4F), 
(26) ry, = — sing + sin $ cos 


= sin + Cos >) 


—4F), 


(27) 


so that, with 7, = F%, 


ay 7»_nr— Fryz_, L—Lz 
L—Lz dz 


introducing the III elliptic integral. 
From (15), §1, 


— R— cos 


introducing another III elliptic integral, with parameter (w) corresponding 
to @. 
Thence 


F L+L' d 
F Y3 dz 9 L—TL d 
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From (24) and (27), §1, 
(34) mit yt dt 
X + iFr sin $ 


and thence Halphen’s @ (F. E. II, p. 158), employing his notation for p, s fora 
moment, is given by 


cr 


+ 
aot 


= (at + 


5. For the motion of translation, denote by X, Y, Z, the coordinates of 
the origin O fixed in the body, with respect to axes fixed in space and parallel 
to OX, OY, OZ; then according to Kirchhoff’s equations (Halphen, F. HK. II, 
p- 162), 

(1) FX= y,cosAY+y,cos BY + y; cos CY, 
(2) FY =— y, cos AX — y, cos BX — y; cos CX; 
so that, from the preceding relations 


(3) F(X + Vi)= —i[y,(cos + cos sin + 
sin @ +7 3 cos — ty; sin evi 


Fr(X + i— + sin cos — on sin | 
4 
(4) 
” M sin 
Changing to polar coordinates p, w in a plane perpendicular to OZ, such that 


(5) 
so that 


(7) p= 


sin 
(35) Fr sin 
_ Ff. dz L— Lz 
_ L— Lz 
= (iv 2 
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(8) p sin Ssin(w— V Z, 


(9) p sin cos(wa— = 2 

_ 
(10) cot — y)= 

(11) = cot 


so that w and y depend on the same III elliptic integral, the parameter of which 
will be denoted by vw. 


Differentiating 
(dm —L’z+L d 
= qi + 2n 
—1—akE 
B 
1 dp (2-257) 
(13) dt B 
— 4 — 1—aE 
Uo—qFt)_ ,Lz—L' _ 


so that the plane CZ is parallel to the tangent to the curve (ep, »— qt); and 
the velocity along this curve 


(15) p VIG |= n(z 24,)sin 
Thus the hodograph of the curve (p, » — gF¢)is given by 
d wi—gFti\ — By wi—gFti — dp* wi — qFti 
(16) dy (PC )=n(z 257) sin se = fan ae 


The other quantities such as x, + at, ¥,+ yt, U+ Vi, P + Qi depend 
on e*', and @ is given in (31), §4, by two elliptic integrals of the III kind, one 
with parameter corresponding to z= o and denoted by w, the other depending 
on a parameter denoted by 2’. 

If v, and v, are the parameters corresponding to z= + 1and — 1, equation 
(32) and (33), §4, show that 
(17) v=y+%, 

11 


do M/Z . 
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To prove Kirchhoff’s expressions for X and Y in (1) and (2), we return to 
the use of U, V, W, P, Q, & as independent variables, and to the expression 
of the kinetic energy as a quadratic function of these variables as in §3. 


Denoting 
(19) cos AX, cos BX, cos CX by a, ae, G3; 
(20) cos AY, cos BY, cos CY by P,, Be, Po; 
(21) cos AZ, cos BZ, cos CZ by 1; Ya» ¥33 
then 


a,U + a,V+ as, W 
= (Bey — Boys) U + (Bay: — Bays) V + — Bs) W 
= ( Wy, — + Uys Wy) + Vy Uy2) 


L 
and then, since 


(23) 


and (Halphen, F. E. II, p. 148) 


d oT oT oT oT oT 
(4) Vay— "aw t 


we find 


+ — 


_,dar ar ar 


25 | + — 
d oT d oT ad oT 


dt aq at OR 
+ Bult — + (BoP — Bil) 5p 


d oT d oT 

=F * aq * Peat aR 

aT , dB, aT , dB, ar 
di aP* dt dQ + at OR 


oT oT . 
= 5p + + 


d oT oT oT 
+ &(P Bap) 
( 
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and integrating 


(27) 


= + + Bays- 


Similarly 


=6U+8V+0W 


=(y243 — ») U +( (77301 — V + ( 21) W 


= — a,( Wy, — Vy3)—a2(Uyas; — Wyi)— 


adY oT oT 
+ (#39 
d oT 


d ar ar 


d oT d oT 


dP 


T 
—a,)5 5 —(a3P 
d oT 


GaP “dt aR 
da, oT das oT __ da; OT 
dt oP dt dt 


df. oT 


and integrating 


(29) 


(Riemann-Weber, Partielle Differentialgleichungen). 


oT oT oT 


—W 


a 50, + 4 


— (a9 — 


(Vyi— Uy.) 


or 
aU. 


oT 
Os 2P)ap 


83 
| 
ml) 
ar 
— 
| d oT 


GREENHILL: The Motion of a Solid in Infinite Liquid. 


As for the coordinate Z (which should be distinguished by an accent from 
the previous use of Z), 


| 42" — AZ + Veos BZ CZ 
U + Vcos + Wcos 


=( px, + gy;)sin sin @ +( pa, + gyz)sin cos 
+(p'xs + 9'ys)cos 3) 
= pF sin’ 3 + cos’?3 + sin 3(y, sin + cos + g'y3 cos 


=(p! —p) Fé + pF +4 sin’ 


=(p'— p) + pF + ys) + 


/ 
— — + pF + 


Bw 2 
=(p' —p)F(2— — + pF + 


so that Z’ depends on an elliptic integral of the second kind, to be given here- 
after, in §8. 


6. In the special case of p —- p' = 0, 


dz” 


(1) = (q' —q) 


— jo — 
(2) } 
= (2 — 1)(e — 


and the motion of the axis can be compared directly with that of a symmetrical 
top moving about its point under gravity, while the curve (p, w — gf?) is 
traced out by the vector of its angular momentum. 


Also 
(3) di — 9) ye + pF + =F, 
When g — qg' = 0, too, the motion is non-elliptic; and when r — 7’ = 0 as 


well, we have the case ‘‘helicoidally isotropic,” and the centre describes a uniform 


helix. 
When m= 0, F =0, the impulse of the motion reduces to a couple; and 
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Xo, = 0, 
4 
4) k= r'ys; 


and the three equations (3), §1, expressing the constancy in direction of the vector 
resultant of y;, Y2, Y3, reduce to 


W=dys 


ly. 
(5) =(r' — r)yeys, = — (7 —r)nys, = 0. 
Taking OZ in the direction of the resultant couple G, 
(6) Y3; = G cos 3, so that 3 is constant, 
(7) y= GsinSsing= yy; tan Ssing, y= Gsindcosg = y; tanS cos >, 
d 
aX 
(9) a —(q—q')ys sin sin (¢g —q')y3sin 3 cos 
(10) A= sin ScosS cosy, Y= i—4 sin $ cos $ sind, 
11 sin’S + g' cos*3) G, Z’ =(q sin® — cos’ Gt; 


and the motion of O is helicoidal. 

There is an elliptic function solution in the most general case of a body 
of any shape in the liquid when the resultant impulse of the motion reduces to a 
couple; the equations of motion reduce to Kuler’s form for no applied forces, as 
if the liquid was absent, and a Poinsot geometrical interpretation can be con- 
structed (Lamb, Proc. London Math. Society, Vol. VIII; Love, Proc. Cambridge 
Phil. Society, 1889). 


7. We now proceed to the Elliptic Function solution, denoting the elliptic 
argument by w, where 


(1) po dz 


and Z has the form in equation (2), (3), (6), §4. 
Employ the Biermann-Weierstrass formula 


F Z ZL 


where 


(3) F(a, %,)= + + + + 42:2, + 2") + + + 


Then if v, and v, correspond to z, = + 1 and z = — 1, 
— L” 
(4) p(v, + +e 
so that, putting 
(5) 2, = Vv’, 
hy 
(6) 6pv = 2a + 
(7) 6pu! = 2a + 
Another Biermann- Weierstrass formula gives 
ip'(v, + (—a + 2b — 2d + 
(9) 
so that 
BL’ 
(10) 
BL 
(11) ip’! = + 2 
Again if v3, v, correspond to 
B 
(12) p=0, z= 
we shall find 
(13) 6p(v3 + 2a + H— 2 
so that 
(14) %, 


as could be anticipated from equation (3), §4. 
When a root e of the discriminating cubic 


(15) 48° — 9.6 — = 0 


GREENHILL: The Motion of a Solid in Infinite Liquid. 


is known, and thence the resolution of Z into quadratic factors, say Z = XY, 


then g(u, + u,)— e is a square, which can be written 


hy, 


(16) g(u,; + u)—e= ta( 


a formula due to Laguerre (Bulletin de la Sovitté mathématique, 1875). 
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If u=w makes z=, then from Hermite’s formula, H denoting the 
Hessian of Z, 


(17) H =(ac— ...., 
RB 
(19) = a®*d — 3abe + 26%, 
2 2 
(20) g2w — gv = aA 
2 
(21) p2w — po = 


Supposing Z is resolved into factors 
(22) Z= a(z—a)(z — B)(2—y)(z — 9) 
and that w= 0 corresponds to z = 4, the Biermann-Weierstrass formula (2) gives 
+ 2bdz(z + 5)+ + + 2d(z+d)+e 


3 2 
_ ad + 258 + 0) 


= + 


a fundamental formula; and 


(34) — du (z — 
Putting u=w, 
(25) gw = 242" (d)= (ad? + 2b6 + c), 
_ ad® + 368? + 3cd +d 

(26) 
(27) g'w = — 

(28) (2 — dy 


and differentiating again 


_ 29'w (ad + b)2 + (ad? + 466 + 3c)z + ad? + + 6c) + 3d 


(30) = (ad + 2). 
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Then 
(31) 
and by Laguerre’s formula (16) 
(32) pu — = 
(33) pw —e, = ta(d — 8)(6—y), 


pu—e,__%—a 
so that 
pu—e, 
gu — pw pw —e, 
and by differentiation of (31) 
(gu — pw) 
= p(u — w)—p(u+ vw). 


(36) 


Proceeding with the differentiation 
Z 


az + 362 + +d=} 


(37) g' — w)— + w) 


Q/a 


az + 2bz+e= 


e(u — w)—p(u + w) 
w)+ + w), 


= a[p(u— w) + + w) + p2w] 
(u — w) + g'(u + w) 
= 


— 1 w)— + w) 


az + b=3[p'(u— + + w)] 

= — w) + 9'(u + w) 

= Ja[S(u + w)—f(u — w)— 


$3 
(39) 
(40) | 
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and with z=6,u= 0, 


(41) ad + b= — = 
From (25) and (33), by subtraction, 

(42) é, = + + y)— 2ad — 26y] 

and thence 

(43) — = ta(a — — ). 


With z,=2, and w=w in the Biermann-Weierstrass 
formula (2) 


(44) + w)= + 2bz +¢— 
(45) Po, + w)= + 2ba +c), 
supposing z = a makes uw = a,, a half-period; and then 

(46) + w)—¢, = tala — B)(a—y)5 
and by analogy with (41), 

(47) 


8S. Treating = in (30), §5, by analogy with le + Yi) or pe™ in(5),§5, 


(1) | 
| = az + 2bz +(mp + 

Now with 
(2) Z= az + 462? + + 4dz + 
and denoting the Hessian of Z by H, 
= 

while 
1 


so that 


(5) 2H Z 1 _av’+ 


SC 89 
| 12 
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and 


in which 

H dz _ 

(7) so that — 2 — 
while 

Z 
(8) du / du ~ * ep(u— w)— p(ut+w) 

= —f(u— w)— (uw + w), 

FrZ' (mpr + n'qr 


the form to employ when a= + 1, and w is a fraction of the real period. 
Otherwise with a = — 1 it is preferable to return to (6) and (7); and then, in 
the reduction to the Jacobian function of the II stage, where the roots 
€,, €, €; of the discriminating cubic (15), §7, are known, we find 


| +iv log (H+ )+ 2¢, 


(10) 


as is verified by differentiation. 
With the roots in the order e, >e,>e;, 


(11) H+e6Z 2Mu, YU = — &3, 


(12) — es) 2M fan 2Mudu =2M 


/ 
so that —_ is expressed by secular terms proportional to u or the time, by an 


u+ Man 2Mu, 


, log (H+ and by the zeta-function 2Mu, 


algebraical function 


functions which do not + ae infinite. 


9, Withu=y, forz=+ 1,—1, 


_ 


—e'w(gu — gry) 
(gv, — gw) (pu — gw)’ 


(2) J a(1 —z)= 
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and similarly 


(pu — 
3 
(3) va(l + 2)= — pw) (pu — peo)’ 
Also 
(4) = = 9(v, + w)— 
(5) 2in/a— — 9(v, — w)— + w), 
with 
(6) 
du 
du 
(8) 
( 1 
a — pw)? 
— g'w(pu — 
/a (gv, — gw) (gu — gw) 
(gu — pw) 
(9) (gv, gw) (gu — 
_ 
= = (r — w)+ 26 (v, + w)— 
+ (u — (u + + Cu}. 
Similarly 
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(10) = — w) + $0 (v2 + w)— Sv, + m)— (w+ + 


Integrating 
(11) = E[L(v, — w) + + w)] nt + Flog 
(12) dot = — w) + (v2, + w)] nt + Flog 


With v, + v, =», and the formula 
g(u — v,)— — __ (2u — v)o*(u + v;)0°(u + 
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2u — v) (u — — rv) 
14 t + = 3 Ont + log o(2 +—dlog 
* °F 9 (w + 2) 
(15) + + w) + + + wv). 
Introducing a standard form of the III elliptic integral from the memoir 
on the subject in the Phil. Trans., 1904, 


(16) 
low (24 + 


6(2u — v) 
= ds 
(17) 
then 
+ 


Another application of the Biermann- Weierstrass formula (2), §7, gives 


(a+ 2b+c)#/+ 2c4+ d)z+e+ Wd+e+t 


2(z— 1)’ 


(19) 


(a— 2b+c)2+ 2(b —%+d)z+e— 2d +et J/Z 


(20) 


(21) — %)_ Z 
A’ 

+ v,)— p(w + 

(23) A! = bz! + (a + 3c)2 + 3(6 + + 

fe? — We4+L 

— 

A further application of formula (44), $7, gives 


(22) Loe — — 9(u — 


$2 tan 


log 


(24) B' 


P 
—o)—3V7 —2 ‘its 
Qi 0) = 
Ga + fv) au 
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(27) p(y, + w) + + ct 


— w) + + w)=a+c— 
(28) 2 


diva 
while 
(29) g(v, + +jat+ 
a 1 2 Wk a 6 ’ 
and then 
L 
(30) P(r + w)+ — w) + + — Wk 
=(iy + v4) 
(31) w) + + wv) + — va), 


82) w)+ L(y — + Va, 


(33) C(v, —w)+ + (4 + — va, 


Q — 260 = + w) + — w)— C(x, + v2) 


(34) L 
= 21 

so that finally, 

(35) nt + $1 (2u,v) + tan! 

Putting 

(36) t= y—pt= 
i—P 
(37) oar n + M ’ 


6 
v= Ma — 2) M Vz 


38 J (L— +L+P 
BVZ 


= 
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and the right-hand side can be made the logarithm of an algebraical function 
of z when v is chosen as an aliquot uth part of a period, as shown already in the 
American Journal of Mathematics, XX, 1897; and for subsequent details consult 
the Phil. Trans., 1904, on the Third Elliptic Integral, etc.; to which references 
in the sequel are indicated by the page and article or section. 

For comparison with Halphen’s results the following table gives his notation 
in the left-hand column, and its equivalent on the right as employed in this 


Memoir. 


—i3(v%,— w 
3(% + 3) 
+ %) 
U3) + w 


— + 0 


10. Denoting Klein’s functions by «,, @,, 5, in Kirchhoff’s special 
case where q, q/ = 0, so that 


(1) 
then 


1 
(2) a, = ev 


v 2w 
a v,— w 
b Ww 
a—b v 
atb+v 
a+v 
b+ 
u—a u— 
ay 
by — Ww 
—at b, v 
3 (0; — w 
b’ 
w 
w 
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Toe a = + logy — 


= w) + + w)|u 
o(u — v2) 39'w (gu — 


(3) + + — gw)(pu — pw) 

| = (v2 — w) +O + w) — We. 

| — V2) — 39'w 

Sapa: — gw) (pu — gw)’ 

(4) : Jalon — gw)(gu — gw)’ 
where 
— 
Similarly 


—1+2 wi ver — tow 
(8) 2 oudr, — pw) (gu — pw) 


where 


(7) 1, = — | 

— Pw 
and 
(8) a(gv, — pw) (gu — gw) 

(9) Vy — gw) (yu — pw) 


When ux, or wer, is congruent to a period, and u is an odd integer = 2n + 1 
then a, @;, 71) or 4;, is the (2n + 1)th root of algebraical functions of the form 


(10) A+ iBy Z, 
such that 

+ 1 + Qn+1 
(11) A+ 


and A, B can be determined by the method of réduites (Halphen, F. E. II, 
Chap. 14) or else as explained in Phil. Trans., 1904. 

But when u is even = 2n, and nv, or nv, is congruent to a half-period then 
a, Bi, ¥1, OF 4, is the nth root of an algebraical function of the form 


(12) Auth 


. 
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such that 
9 
(13) AZ, + 


Z, and Z, denoting the quadratic factors of Z. 


In Clebsch’s case where g and q’ are not zero, then Klein’s functions are 


given in general by 

(14) ax e4q,, Boe yor“y,, I= 
where from equations (32), (338), $4, 

and introducing Halphen’s notation (F. E. II, p. 157) 


(q' QF 
6 
J an” /n( p' — p) 


Fqu 
2n ’ 


in which 


| = + w)+ C(u— w)—f2w] du 


’ 


loo 
o(u — w) 


so that 


(19) 


o(w— w) 


is the form of the result for A and for A’ also; and ifg=q', B= 0, A and A’ 
reduce to a multiple of the time. 
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11. As the simplest illustration, suppose v is a half-period, so that 


EL BL' _ 


(1) g'v = 0, yt 44a = 0, 
from (10), §7, and then from (8), §4, 
B La — L' Lz — L's? 
(2) Z=a(é (2 — — 
and 
(3) B(?—1P— + — + 4 
is made a square if 
(4) k — L 
Putting 
SZ 
(5) = L M 
| k(1 — 2) 
sin 2/ + aL’)(1 — 2’) 
L—Lz ‘ 
yw 
(6) dz ~~ (1— #)J/Z 
_ dy dt Indt 
(7) — nt =v. 
In Kirchhoff’s case of B= 0, a = — 1 is to be rejected, and 
Again 
B 
(9) a(z 4? 1+ 45,7): 
(10) 
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(11) 


B L' — Lz 2 L' — Lz 


is a square if 


(13) 


and then putting 


(14) of = = cos 


(15) 


da! _ 
dz 


(16) 


In this case the vector sin Se’ and pe”’ each describes the arc of a conic 
on a plane perpendicular to OZ, and the motion is algebraical except for the 


secular term g/t + 2 nt. and this can be cancelled by putting 


(17) qFM + In=0. 


Now suppose in addition that v’ is also a half-period so that 


(18) V1, Vp + $03, 305, 


(20) 


(21) 


Z=a(e—1)(2 + 4a 1 — 4a 


12 
L,L 
M’ 
aZ =(2 + + 1)? — 4(a® + a)(A” + 


(22) 


Writing 


(23) 


B 
ap 
kp” 
B\ Lz — L’ 
| =a 
D_L' 
LP L? LL’ 
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With a=1, puta, =sha, shad; then 


(25) + (26) — %wch(a—a@) + 1; 


and with a >a’, the roots arranged in ascending order are 


and denoting then by 2, 23, %, 2, 


(28) Z, = (2 — %)(z — 23), (29) Z,=(% — 2)(z, —2), 
and 
(30) — 1a x, 

With a = — 1, putting A, 2’ = cha, chad, 


(31) Wweh(at a')— 1, 


and arranged in ascending order 


(32) 
denoted by 23, 2, 2, Zo. 
(33) =(% — 2)(%—2z), (384) =(% — z)(z— 2%), 
(35) 

With a = 1, we can make 
(36) AZ, + ABZ, = | 


by taking 


sh (a+ or ch 3 (a+ a’) (38) A, = 


ch 3(a =< a!) or sh 3 (a — a!) 


and then put 


2/ ch a ch a’ 
$(a +a!) Z, + tsh (a — a’) 


Then Klein’s a, 8, y, 4, are of the form 


(41) a —elanti Gq, , (42) B , (48) y= hi'nti 


2/ ch a ch a! 


Psh3(« + + tcht(a— 


99 
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and 


(45) Se! = a8 = 
(46) ou! =e, = a! +}, 
pv = ¢, — + + 
(48) = — sh? a — }sh’a'— 2, 


(50) e,—e,=ch*a, (51) e—e,= ch’ a’, 


(49) 
(52) pw = + + + 


(53) p2w — e,=ch’ash’a’, (54) (55) p2w 


(56) gw—e,=sh(a + a')cha(cha'+shq’), 


(57) gw—e,=sh(a + a’)cha’(cha + sha), 
(58) gw—e;=chacha'[ch(a +a’) + sh(a+)]. 


Try 
(59) L=l, a=d, D=E=—4af, BM=—alh 
(60) a(z—1)| + + 4a 
representing a state of steady motion. 
Take a= + 1, 
(61) 4,=(¢—1), Wwch 2%+1, 
a, sha(z— 1) 2+1 
z—1\? _z—1 
69) 
Take a= —1, 
(64) 4,=(¢—1)7, Wwch%—1, 
(65) 
z—1\! z—1 
(6 


[Zo be continued. 


| 

a 

a 

# 
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12. Before proceeding to the general resolution of the quartic Z, we can 
utilise the preceding analysis to the construction of some cases of algebraical 
motion, in the manner explained in the American Journal of Mathematics , XX, 


§33, by taking a parameter 


(1) o= n+ 1, 
and putting 
(2) 2n+1 


and then determining the various constants of the problem. 

But the degree of the relation (2) can be halved by changing the variable 
from z = cos $ to¢ = tan 3S, a different ¢ from that representing time, hence- 
forth to be distinguished when necessary by an accent, as ¢’. 

This is equivalent to a change to the stereographic projection; and now with 


_1—? 

(3) T+?’ 

we can put 

making 

(5) dy 2P?+L—L 
dt T,T, 

where 


1,7, =34(@ + (L+L)F+L— Lf, 
(6) — — 1) + (a + D)(é + 
= —(L+ + 4bt + 6ett + 4d? —(L— L/’, 
suppose; and the troublesome determination of the homogeneity factor M is 


delayed, and does not hinder us. 
13 
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To obtain the factors 7, and 7;, write 


(7) 7,T, = —[(L+ 2? + L— 4° (CF + dy, 
so that 

(8) (L+L/)t + 288 + 27 + L—L', 
(9) T, =—(L+TL')t' + 288 — + 
and 


(10) b= Ly, 4y’— 2(L* — L”). 


Denoting the elliptic argument of the motion by u, such that 


dt? 
(11) 
and making use of the Biermann-Weierstrass formula (2), $7, with the argu- 
ment v, and v, corresponding now with ¢? = 0 and o, we find for vy, + v, =v, 
(12) 129v = — 6(L? — L”) = 805 — 4y* — — L”). 


The formula 


(ay? + 3by + 3ey + + 3ey” + 3dy +e 
(13) (ax? + + 3ca + d)y + + + 3dx + 


with x corresponding to # = 0, and y to t? = o, leads to 
(14) 
= —(L—L/) P—(L+ L/) P+ — L")y. 
The quadrinvariant 
J, = ae — 4bd + 
(15) = (Li — — —(L + —(L—L)y} 

+ {80d — 47° — 
so that | 
(16) = — g, = — + + 4yig'v =(y* + + 4yig'v, 
a quartic equation for the determination of y. 

A root of this equation is 


WA "(A 
17 = the others being 324% 


so that, taking 


(18) 


102 
| 
203 o= 40; 
2n + 1’ 2n + 1’ 
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and employing Halphen’s x and y, we can put (L. I. S., XXV, p. 198) 


(19) 8%, + 1); 
(20) ggv=a(y+1), 

and then 

(21) y=—2y+)), 

(22) + 39v = 2x, 

(23) 

putting 

(24) P— IP i.e. with ¢ = 0: 


=—(y + 1)s—ay, 
(26) + + + 1)s — ay = &, 


where 


(27) SS; = — 48(s + P+ + 1)s + = — 8; 

and then 
+ JS, — J 8, 
With s negative and 

(29) 

(30) —(L' — + (Li + + — zy, 
(31) [(L' — L) + (Li + L) 4p*(p’ — + [(y + 1) — ay) = p”, 
suppose, 

B_ Fly + — 
2(L' = L) 


Try, as a special case, 
(38) s+a2=0, B=Oor U+ 
(34) 


so that it should be possible theoretically to express a, @,, 71, 6), by the wth 
root of an algebraical function. 


4 
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13. Returning to the original variable z by putting 
(1 
MZ = — + — 2) + — 
+ 30 + 
= — [2(L— L2)—(L—y) — 
+(1— #)[6 + 6—(8 — 
+ (8 + + (8 — 


so that 
(4) — Ma =(8— + (L—y/’, 
implying a = — 1 and an oblate figure for real values, 
(5) 2aBM = — — 2L'(L — y), 
(6) M*(a + D)=(6 + 4L(L — 7). 
Now with a = — 1, 
(7) = 2% + Hy + 1) — 
(8) 2BM = 2LL + )— Lay 
(9) M1 —D)= 2 +4(y + 2a — 
(10) = )—Lay 477 
(11) M*E= 2 
= —d)z+ 6 + [((L—y)z+ 2 + 
[4 =| 26+ + 2a — + 

| 

(15) A =(L? + 39v)? + 4Lig'v — 


B=(L? + 3Lov + 


104 SSC 
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Putting 
7) L+4(y+ 1)=4, 


3 
(19) O, =s—8,. 
In Kircbhoff’s special case, considered in the American Journal of Mathe- 
matics, XX, B= 0, and therefore 


(20) 


4L?(L? + «)’—[(y + 1)L* + ay}? 


ALLL — + 1)?— 2x} L + ay)’ 
(22) = — + + 2x} L—ay, 
(23) = — 411? + xP + 1) 4+ ay)’, 
(24) LLM = aN,N,N;, 


as in the American Journal of Mathematics, XX (59). 


14. We can illustrate the preceding theory immediately for the simplest 
values of uw, utilising the analysis in the Phil. Trans., 1904. 
(1) 3, v = 303, x= 0, 
(2) B=L—L, B=(L+L)m, s=4—4, 


(3) L)t + + Li) me aye (L—L), 


and then 
m 


(4) a! = 2 cos—! J/ T, = al 
where 
(5) | + Lm? — ay + |, 
leads on differentiation to 

dt t/ 


and so provides an algebraical case. 
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For higher values of «= 2n + 1, the work is rendered more symmetrical 
by the use of a new variable q, defined by 


according as s is positive = p”, or negative = — p”. 

Now with s positive and 
(8) 


we have to satisfy the relation 
by an expression of the form 


(11) 


n+4 Ng" *? 
so that, differentiating, the coefficients A, B,...., K, LZ (the two L’s must be 
kept distinct), are obtained from the identity 
( [(2n — 3) + ....—(2n— 1) Kg —(2n+ 1)L] 
(13) 4 4 VS, + VSS, JS, — VJ 
(49 = q q+0) 


[ (2 + + 2¢° 


(2n + 1)P 
P 


+ In + 1]. 
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Hence 

A 2p} 2p! 

1) (VS. + S82)? (2n — 1)(y + 1) + (4n + 2)P 

A 4p” Ap 

VS) 1) ly + 1) + 2) P 

L Ap? 4p ’ 
and so on. 

Induction leads us to infer that 
L — AWS, + S, 
(16) A =e 2p" +3 ’ 
derived from the associated pseudo-elliptic integral 
(17) 
so that we may take A and ZL as reciprocal, and AL = — 1, 
and thence — 
K’ 


In the second case of s negative we have to change p” into —p*, and 


into and take 


T, 
20)” 4 +h pi—fk 
20 = + 9°+ + 
(20) q gy ay api 


where 
(21) R=—(y + 
Tested in this way for u = 8, 


ap 4 cos ~! (Ag 


22 
32) — igin-1 
3 N@q ’ 
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with 
(23) 


2 Pp 
(24) —pt+e, 
(26) N? = = 
leading to 
(27) dy! _ +¢ + 1 
dq 
Tested by u = 5, we find for 
= 1— 3x 
(28) Vv = 10 ’ 
(29) —(1 + + 2yp —y’, 
(P+ WVS F(—ptyVS 
(31) 
Qe, 
2 4y° 
(33) 
This can also be written 
/ 
34 2 
(37) _(ptyVvs 
A 2p? 
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Tested by u = 7 (Phil. Trans., $9), 


(38) x«=2(l—z), yo=2i-—z), P= 


b 


A FEI(v) 
39 


2p? 
and thence 
(40) B_ — +(1 — —2(1 —2)'W 8, 
—/ 2p} 


[— + 0 (52? — 42%) p? + + 2) 8, 


(41) CO _ +0 + (52 — 42) 
H 2p? 
in 
5 4 3 2 
(42) 
+ Hy + Kqg—L 
q 
42° (1 z)° 
(43) N= 


so that Q, and Q, must change sign when z is positive. 
Similarly for u = 9, Phil. Trans., §10, 
(44) v=ta, y=e(1—e), 
1isP=1+0— + 7’ 

(46) h, =C(1— 2c), 
and thence the remaining coefficients 

/ (—pithp + + Ss 
= (— p'— ky p+ p? — ke p + Sz, 


(47) B 
K 
(48) = — 2(1—e+¢)(1—e— ), 

14 
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and so on, in 
(49) + Bg’ + + Dg + Gq’ + Ha + Kq + Ng! 
= § sin—'(Ag'— Ba’ + Co? + Do + — Ag+ — L)W 
v= 2c" (1 — ete) 
Material for the construction of the case of uw = 11, 13, 15, 17, 
be found in Phil. Trans., §§11, 12, 13, 15, 


(50) 


15. With a parameter v a fraction of the imaginary period a, we must 
take a = — 1, as stated above in (4), §13; this is also evident from the graph of 
the quartic Z, which must now have all its roots included between z = — 1 
and + 1. 

At the same time as / is given in (2), §12, 7! = w — pt is given by a rela- 
tion of similar form, 


=—— sin~? — 


where, as in (7), §5, 


9 B B 
(2) k=1+ak4 4 


If & is positive, denote it by A’, and put 


4Avdv 
(3) | — 1) 


(4) 
where this new v must not be confused with the parameter v. 


The degree can now be halved, as before in §12 for W’, so that 


kv") +. in” * + VV, 


al cos 


(5) 


which is required to satisfy the differential relation, from (12), §4, 


n+4 
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(6) M 
— 
where 
(7) y= 
and thence 
(8) da! = _ + + + L— 
where 
40° 
(9) 


a relation similar to (6), §12. 


Writing the quartic Z in the form (3), §8, we saw in (14), 


elliptic arguments v;, v, corresponding to 


B 
= 
(10) p=0, 2 +1, 
were such that 
(11) 03 + + v2. 
But written in the form 
(12) Z= ald P)| (2 4(He — KY, 


the values z= + »/f' correspond to arguments v; and v,, such that 


Hquating the coefficients in the two forms of Z, 


(14) 4H? = —a(F—1)+ 44), 
(15) 4HK = — 2a(F iy + 
(16) 4k? =a(h— 1)(4 w—*) 


$7, that the 


9 
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and eliminating H and K, we obtain the equation for F’, such that, rejecting 
F—1=0, 


12 
(17) 


B Ln 
(18) He— 24) + 
Then 


(19) Z +4- 2 wt a(e— (2 —2 


and introducing an arbitrary a, 


Taking the second quadratic factor 


(a? + aA?) (z — 2 — 42 — —2 


(21) 
L 4aB 
—(a 


make it a square by the condition 
L + L" 
2 2 2 
(22) + + — +aP)4 — = 0. 
This quartic equation on putting 


(28) 
will be found to reduce to 
(24) + + 4yip'v — = 0, 
as before in (16), §12. 

Then we can write 


(25) 
| + + 
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of the same form as 7,7, in (7), §12, and the resolution is effected in the same 
way, so that the preceding algebraical results for y/ can be utilised with slight 
modification for o/ 


When £ is negative we must take 


(26) A — k, 
_,w+i 
(27) 


to effect the halving of the degree of the algebraical results in the form 


? 1 Au 14 


_; Kw" +. 
satisfying the differential relation 
(29) do! (L+ P)(w + 1? — 4L"(w — 8 
dw (w? + 17 2) 


We can however infer the result from the form when “is positive by putting 


w+ 
(32) 
when 


(33) do! _ (L + P)(w? — 4L" + w) + 
dw 


and then a change of 4 into Ai, L’ into L'%, and w into wi, with appropriate 
change in the coefficients will enable us to pass from positive to negative k. 


Now with positive &, and 
(34) Vi= 200? + + + «, 
(35) V, = — avt + — 2yv? + — 
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and with 

=au' + + 6cw* + 4dw+ e, 
we find 
(37) W, = — ew* — 4dw* — — 4dw — e. 


16. In the algebraical case 

— + Ay, + .... + 


Thus for instance, for u = 3, 


/— 


(3) (L+ + + ayo? + 2(L— L")” (L— 


leading on differentiation to 


dv vv (V, V2) 


and replacing v by the new variable w from (30), §15, 


_, Aw+ B 
(5) 1)! 


where 

(6) A=1+n, B=1—n, 

(7) W, = + + 6ew*? + 4dw +e, 
(8) W, = — ew’ — 4dw*® — 6ew* — 4bw — a, 


(9) a =2(L + y)—2AL + L")n— 2(L — L") 


Bu+A 


N(— wv + Wes 


W, = 


(10) AL ty) + AL+ Lyn + 


(41) b= OL" —(L4+ Ln +(L— 


(12) d= 20" 4+(L4 L"n—-(L— 


(13) c= 2L— #y. 
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Putting n = e*, we can write 


(15) a=L+y— 2Lcha — 2L"sha, 
(16) e=L+y + 2Lcha + 2L"sha, 
(1 7) b= i Isha L"cha, 
(18) d = £" + Isha + L"cha, 
(19) c= L—ty, 
leading on differentiation to (33), §15. 
Now to pass to negative k, replace w, a, L’, a, by wi, Ai, Lt, at; so we 
replace cha by cos sha, a by 2 sin a, and put 


(20) W, = aw' + 4bw® + 6ew*? + 4dw + e 
(21) W, = ew’ — + — 4bw + a, 
with 

(22) a=L+y—2L cos a— 22" sin a, 
(23) e=L+y+ 2L cos a + 2L" sin a, 
(24) b6=— L' —Lsina+ L" cosa, 

(25) d=+ L"—Lsina+ L" cosa, 

(26) e=—L+}y; 

and now 


_1 W COS — sin a _1W sin a COS 5a 
1 $a = = 2 sin 1 + 3 Wo, 


N(w? + 1)! + 1)! 
satisfying the relation 
(28)  (w cos $a—sin 3a)’ W, +(w sin 32+ cos 32)’ W, = + 1)°, 


(29) N*?=y — L cos 24— L" sin 2a; 
dw (w* + 1)/(W, W,) 
We can now infer that the general result in the equation (1), with k= — 2’, 
assumes the form 
(31) 
1 Ap, yw" — _2 vail — A, 
with W, and W, related as in (20) and (21). 
The details of the calculation for 4 = 22 + 1 = 5, 7, 9, ...-, can be left as 


an exercise. 


ij 
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17. With u even, = 2n, it is not possible to have 


2n—2 2n—3 


because, squaring and adding, 
consists of odd powers of ¢, and cannot be made equal to N*¢”". 
But in the case of uw even, T breaks up into factors quadratic in ?’, of the 
form 
(3) + + au (4) 7,=— — — Y2) 
and from Laguerre’s formula (16) §7, when 


(6) V pv = V8, — + VS a2) 
(7) Ve,— pv (VW Vay 72), 
0 
and 
(10) a,a,=(L+ L's, (11) 
(12) 2172 = L’— L? =s—o=s(v')— 8(v), 


where o or s(v) was replaced by zero in §12 with uw odd. 
Formula (13) §12 gives 
=4(V ay, + Va 72) + 0171), 


so that, from (6), 

(14) 8; — 6 = 43 (8, 

and similarly 

(15) a/ 8, — 8 . 8. — 8 = 4 
With one condition still at disposal we can make 


(16) = 72 = V8 —o, 
0.8% —o + 8.8,—8 
(17) Be /s—o 


(18) 


| 
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suitable for L’—L”=s—o positive; and then putting 


L+U _ 
(2 0) = /s,—8 4.24 + . 8,—8 4 + 
(L—L’y? /s—o S—o /3s—o 
a/s—o 


homogeneous in o and s, and so independent of homogeneity factor. 


An appropriate change of sign will serve for L’—L”=s—o negative. The 
same form of 7, and 7, will hold for parameters 


2r 
with an interchange of s, and s,. 
But with 
27 + 1 
(9 
s, and 8, change place, and s,—o , s,—s are negative, so that we take 
23 1=(L+L/ 24 
(25) Bin .0—83 + 
Be /s—o 
Finally, with 
2r 1 
(26) =a,+ , 


s, and s, change place again in (23), (24), (25). 
The discriminant of 7, in (3), (18) as a quadratic in # 


(/s,—o .8,—8 + V8,—8 


so that the roots can be expressed rationally by “s,—o , Vs,—s. 


When the shape of the body is such that p= p’, the quartic Z reduces to 
a cubic in z, and our equations connecting z = cos 3 and J become the same as 
15 
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those required for the motion of a symmetrical top (Annals of Mathematics, 
vol. 5, 1904); in this case ¢? + 1 is a factor of 7’, say of 7), so that 


(28) a, — 28, + 7,= 0, 

reducing in the case of v = a, +fa; to 

= —0.06 —8, + V5, — 8;), 

and then 

(30) + L(V s—s,— Vo — 
= 2(V 8, — 0.8 —8,+ V8, — 8.06 — &), 

whence Z and L’ in a case where the motion is the same as top motion. 


We can put 
(31) 
and then from (29), (30), 


8 — — V6 — 82) 
while 
(33) = + — v), 


denoting o and s by s(v) and s(v’). 


18. Before proceeding further, test by a simple case 


(1) da. 
so that we can take (Phil. Trans., §37), 
(2) = %, = 0, o=—1, 
1 

(3) 

and now put 
(4) 8, — s = 6’, —s= —s =o + 
(5) B= — + =(1 — 


(6) 4P* = 5s, —6.8 
(7) L® =s —o=1—6. 
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Try 
with 
(9) = a, =(L + LY, (10) 4, =(1+ y= (1—dy, 
2P+ 5 2P—B\(1—b 


and then to satisfy the differentiation 
dy _ 


= 7, T, 
we find 
(14) 2Phb+ B 2P6b6+B 


The results can be thrown into a more symmetrical shape by putting 


(15) f= a if requisite ), 


and writing 


( /—2Ph+B_ /2Pb+B 
—2Pb+B, /2Pb+B 
Na Xo, 
/1—b 2P +B 1+6 
fit 
leading to 
(19) 
da Qarn/ X, 
and, squaring and adding, we find 


implying that X, and X, should change sign to obtain a real result. 
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If Z? — L”,s —o, and 1 — & are negative, so that it is requisite to take 
2 
then we write 
| | B+ 
B+ 2Pb 
Nx Bes 
_ » |b—1 6+ 1 
b+1 B—2P b—1] 
34) 
leading to 
+ 2x 1 
dx X, 
and 
16P 
(26) N* = (& 1)? 
With a parameter 
(27) v= + 
8; — 0 and s;—s are negative, and we take 
(28) o=1, o—a=1, 
(29) 
30 B= s,—s.s—s= (> — = 4P°b? — — 1), 
(30) ) 
(31) = 
1 
(32) 
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Now, with 
L—TL' 
33) 
(34) 
(35) 1 ONG +1 — b— 1’ 
» |o+1 + q b—1 
36 A,= — — 
32P 
37) M=—., 
( ) 1)! 


leading on differentiation to 


(38) dy _ 


P 
1 


When L? — L” = 5 — a is negative, so that we must take 


(39) 
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VX, 


an appropriate change of sign must be made equivalent to replacing x by at 


in (16) where v = }a,, so that 


40 
( ) 


(41) — 1)! 


and 


(42) 


B-— 2Pb 

1 
wy’ = cos— 
2Pb 


y+ 1 


B+2Pb 


b+1 


“gfe? i. 


+ Nx 


| 
- 
| 
|| 
b? — 1 
dx X, 
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So also, replacing a by ai in (34) where v = a, + $0;, 


V1 +b 2 

44) = — 2 

2P +B yi _ 
45 

46) N?= — 


so that X, and a must change sign for a real result, when P is positive. 


19. Generally with u = 4n, and a parameter 


(1) On! 
and beginning with the case of 

(2) — [? =o —s positive, 
we put 

2 
(3) 
and can satisfy 

| 4-2 oil —1 
(4) dy _ 
da X, Xo 
by 


y= + .... + Kye + = Na” 


= + + Ky + Ly) (Xp) + Ne", 


n 

where 

wy o—8 o—s 

To simplify further we put 
(8) 8 — 8s = 8’, 


(9) 8; — 8)(8, — + + 
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(5) 


GREENHILL : The Motion of a Solid in Infinite Liquid. 


suppose; and this can be normalized to 
1] 9 9 


where o denotes the octahedron irrationality, defined by 


(11) == 
and with 
1 9 
(12) C =(5 (0 + ¢’), 
/6—e _ + JC b+e 
b+e v /b—e 
But with 
(15) [?— = s—o positive, 
we put 
L—L'. 
(16) | +L 
b and c must change place, and 
9 P 
(17) 
da XX. 
With a parameter 
(18) v=at 
we have to put 
(19) &— = o—s, =e, 
(20) B= 8,—8.8 — 8, =(s, — 8; — — s, + 83), 
or normalized 
1 2 2 
(21) B=(-, — 
] 9 
(22) 
and then 
b— J B—V/C b+e 
23 _ 
b+e VB+/SC b—e 
24 =—— — 
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or else 6 and c, B and C'change place, according as we have to put 


L— 
In the determination of the coefficients A,,.... Z,, As, ...., Z,,we can take 
_ 1 _ —e 
_ 1 */b—e b+c. 
(27) A, => te, 
(28) AL, = A,L, = — 1, 


and the value of 4 may be inferred by induction from the associated pseudo- 
elliptic integral discussed in the Phil. Trans. 1904 
Q db 
=f 
(29 B! E. 
2D) + 2B, — P/P’. 
= = log’ , &= 


from which we may take 
(30) A= = ~ 


The remaining coefficients are now determined readily from the differen- 


tiation in (17). 
Tested by uw = 8 (Phil. Trans., §38), 


(31) v= a, + 403, 


(34) 


= 3c’ + 1\(c’—1 


(36) Q 


and working with 


2 
(37) 


— [” =s—<c positive, 
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then 
2 
(38) dy” + @ 
dx X, Xo 
is satisfied by 
+ By? + Kye + + No? 
(39) + Ba’? + Ko + X, + Ne’, 


with X, and X, as in (23) and (24), 
and in addition to the values of A,, Z,, A,, Z,, we find 


(40) 


(41) b—c b+e 

(45) 


Tested numerically with 


+ + Net 
v( 


23 + V5 J5+1_ 


we find 


(47) J 


leads to the requisite differentiation (38) with 
P _ 1 — 2/5 


16 


y=} 
| 
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In this case, and also generally when bc = 1, 
(49) v =0,— =@,—t03, $03, 
so that a,, @;, 71, 6, can be expressed by algebraical functions. 
With = 12 (Phil. Trans., §40), v = a, + tas, 
(50) @=at+a’+ a’, 


(52) /O= —a'\(a + a’ + a’), 
(53) P = 72(1 —a)(5 + 3a 4+ 8a’ + a’), 
[+ (1—a)b—1 -a—a"] Bi + —(1 —a)b—1—a— 


— a — a’ — a’)! 


and thence the calculation can be completed. 


(54) A 


Material for the construction of cases corresponding to parameter 
(55) V= 0, +40;, @, 
will be found in Phil. Trans. 1904. 


20. With u = 4n + 2, the method of reduction given in §24, Phil. Trans., 
p. 251, must be followed ; choosing a parameter 


2r +1 
(1) v=o, + n+ 1 Q3; 
and using the new variable 

_2 
(2) a= 


implying that LZ’ — L” and s — o are negative, we can write 
1 Ae + Ba 
Na*** 


satisfying the differentiation 


P 
2 
(4) * 
dx 2an/ 
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and 
W/o — — Vs — 8, 
— + Vs — 8, 
(8) = = 1, 
(9) 8; _ + Vs, — 8 
Be 
Then 
(10) Ay L, = + a, 
(11) A, = = — Av 03 
and guided by induction we find 
1 — 8.8 —& + Fa/s — os, 
1 2 
(12) 52 (o —s)"t! 
derivable from the associated pseudo-elliptic integral 
n+ 1 (o—s)"*# (o — 
so that 
(14) Xx i = et(nt 
’ x 


Performing the differentiation of the cos~! and sin! in (3), 


(15) {de 
N. 


P 
dv + 1 
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and 
= — + (2n — 3)B + — (Qn — 1) —(2n + + 28,2 + 
(16) + (A,z™ + + ....+ + 2B," + 
+ + t+ L,)| (2n + + 22 — — 1], 
= ((2n — 1)A,2% + (2n — +....—(2n — —(2n + 1)L,(— — 28,2 — 7,) 
(17) 4 + + Ba®—-1+ + Kez + 30,2? — 26,2 — 
= + + Ket L,)[—(@n + Lat — + On + 1]; 


and more than sufficient equations are obtained by equating cofficients in (16) 
and (17) for the determination of the A, B, ...., K,Z, and for their verification, 
when 5, 8), 89, 83,0 and P are assigned for a given integer n. 


Thus we find the values of A,, A, and Z,, Z, given above; and further 


(18) (n + (n+ 

and so on. 

If in addition 

(23) X,= e+ 2% 


and we can take 


(25) Ayo A 


= 1. 


Thus, for example, utilising subsequent results in §22, we have the following 
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cases ; for u= 6, 


+0+ (# + 22 5 2x 
(26) 2a a 
In —l 2 — 
= 4a 
(2a — 1)?’ 
(28) 
dz ~ — 2a + 


and putting 
(29) 
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30 
=z 4 — y¥ — — = 
For 10, 
e—1 (e — 1)(e— 8) ec—1 
= cos + 4 (+1) 1 **| 
=} sin [2 + |e 3) 
c3 — — 5¢ + 1 +1] + wei, 
—c+4e+1 
or, puttin 1 
x 
C—4e+1 


(32) - 


(33) N? = — 


+ &—e’+ 3e41 


\|- 
(¢ + + 4ce+1 
128c* 
(¢ + + 4e + — 1)(—e + 4c + 1)’ 


2 


| 


| 
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leading on differentiation to 
+ 3)(— c2 + + 1) 


34) ayf _ (ec + 1) (ce? — 1)(— ce? + 4e + 1) 


Utilizing the results in Phil. Trans., §§31, 32, we could go on to the con- 
struction of the case corresponding to u = 14, 
= }sin7! + Fy’ + + B,- 
and corresponding to u= 18, 
=4tcos—! Cot + + Ev’ + Ew + + 
= }sin—! + Fy’? + Fw + + — — 


(35) 


(36) 


21. But if 2’ — L” =s —cis positive we have to use the new variable 


(1) 


and make the expression for in (3), §20, satisfy the differentiation 


2 
(2) 
da X, Xo 


’ 


Waety, = — aa” — 28.7 — yo, 


a, = 


V/s, — 6 — + 6.0 — 8; 


Be 


(7) A, = L, — (—-1)’ 
but now 


— 8, + — 8.8 —5 


3 — ee 
(s —o)"*} 


(9) 


and 
(3) 
— § 
(4) 
(5) 
(6) 
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derived from 
I(v)= P(s—o)+ ds 


/(— 8) 


In this case the degree can be halved by the substitution (Phd. Trans., §24)’ 
(13) 8;—8 
(6 — 83)q° — $3) 
(14) — 
(15) (4, — 0,9, 
— 1) 
(16) = Cg + Cg +1, 
2W/a(a — m+ 1) 
— 8» 8, — 85" 
1 
1 — 1 
(20) a +25 
(21) By _ — 8 8, — 857 + Vs, 
By o — 8, 
(22) 
1 
A, 
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Introducing the appropriate change of sign we have now 


1) Be __ (an + 1)P 
By _ 1 (2n + 1)P 
(25) =(n + 3) ae +(n — $) 
(26) =(n — 3) + (x + 3) 
2 
(27) 
and so on. 
Carry s up to s,, so that 
(29) 
By 


and we can write 


(31) x" (V/s, — — Vo — &)— — 8, — V8, — 5, — Vo — 83, 
(32) X, = — — 8, + Vo — 8,)— 0 — 8, + V8, — — Vo — 85. 


22. Tested by (Pail. Trans., §29), 


(1) u= 6, v=, + 303; 
(2) o= 2c, &=1, P=}(2c—1), 
(4) —0.0— 8; = c*(2c — 1), 
(6) — og +1, 
q—1 
(7) By VJ OW Qs — 1) 
/ 2c — 1 ’ 


B, _ + 


(8) /%—1 


| 
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in 
= (Aa? + By + L,)/X,+ Nx 
(9) =} + + L,)/X, + Nea}, 
(10) dy _ — 1)(q? — 1) + 
dx XX, 
with A, L, a, y as in (7), (8), (19), (20) $21, and 
2 

we (2c—1)3 

Tested by (Phil. Trans., §30), 

#=10, + 
(12) P= (e+ 3)(—e + 4c + 1), 
(13) =(c+ 1)(e — 1)(—e + 1), 
(14) (s,—o)(o —s;)= 16c*(c + 1)(c? —1)(— + 4c + 1), 
(15) —1)(—c? + 4c +1), 
(17) =(4 (2 L + 1) 
(e+ — QW Qe 4e(q?— 1) 
B. (e+ 
Putting 


19) (q —1) 8?’—e+ 1)qt(e+ (F+1)] =A, 
20) (q #1) [Role + 8) + (P+ 3E—et (e+ 


22) V7 (¢ — 1) (2e(e+ 3)g°+ (8+ &— 5e— 1)q4+ 2(e€4+1)] 
23) (q +1) [4eq’— 2e(e— 3)q— (e+ 1)(e— 3)] 
(24) (q — 1) [4eq’ + 2e(c— (€ + 1) (c—3)] 


(25) 1)*(e— + 4e+1)} 


( 
( 
(21) 1) [2e(e + 8) — + &— 5e— 1)g+2(e+1)] 
( 
( 


17 


=L,, 
= Ly, 


= M,, 
} 
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we find 

(26) DB, =(— a+ (+ t+ Ve; 
(27) DB, = (+ H,— L1)V + (+ — Le) Qs, 
(28) DK, = (+ A,— L)VQ+ (— 

= c— 1 

9 

= [(e@— 1)(—e& + 4e+1)]! 


A change of ¢ into — 1/e we give a parameter 


Vv = @, + Jo, in the region /5+2>c>1, 


with 

(33) P= }(8e — 1)(—¢ + 4c + 1), 

(34) — 8, = (e— 1)(c? — 1)((— + 4c + 1), 

(35) —o.6 16c(e— 1)(e — 1(— & + 4c + 1), 

: 1 qt+1 2cq_ 

(36) a, (- —1),/¢+ + 1), 
4¢¢° + 

B. + 4e+1) 

We can construct the special case in which 
(39) v=o, + =o, + $03, 
by taking 


(40) L?—LP=o—s= — 1)(—e’ + 4c + 1), 
and now 


e+1 


+ 1’ 
c+ 1 
(43) 
1 
(44) ag = 


(45) 1)(— + 4e + 1)’ ~ + + 1)’ | 
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and we find 
(46)! = i| VX, + Nei 


satisfying the differentiation (15), §20; at the same time @’ is also of a similar 


form, so that a, 71, are quasi-algebraical. 
A change of x into xi will give the case in which 


(48) — L” =s—o= 4c(c? — 1)(e’ — 1), 


is positive, as in the region 


where 
(49) V=Q, + $05, =a, + $033 
and now we take 
2 1 
(50) 
1) — 4e— 1) 
1 


51) = — a? 


(52), + (¢ 2)4/= e+1 JX, + Na 
2 = tsin-| (—e+ 1)(8e + 1) 
(c+ 1) /c? — 4c — 1 


—C + 3 

2(e+1)° 


—e(— e+ 4e— 1)?’ 


(53) N= 


| 
—V54+2>¢>—1, 
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satisfying, as in (2) §21, 


S49 €+3\(e— 4c — 1) 
(54) dy 1) (c?— 1) 
dx 
According to Phil. Trans., §31, 
(55) “=14, v=o0,+ to, 


we have 


+1 


ZX eH) 


56 1 
(56) = + Aig + + (Aig? — Aig + 1) 4/4 


—1 
9 


(57) Cg +1, 


and putting N; = 0 in Phil. Trans. (16), p. 248, 


__ m(1 — m)(2— 3m + 
2(1 — 2m)? 
thence 


M = 4m — 11m? + 8m; 


(1 — 2m)(— m+ 
4m(1 — m)? 


_ (1 — 2m)(3m — 4m? + / 
4m(1 — m)? 


— 2+ 


(59) 


(60) 


’ 


(61) 
(62) 


(63) 7P(v) = 


and here is material enough to build up the corresponding case of 
= + Bai + .... + Kya + L,)/AX, + Nai 
| = 7 + Bab + .... -+ Kyo + L,)J/X, + 
but A,;, A, and C,, C, are used here in a meaning different to that above. 
Similarly, from Phil. Trans., §32, or Archiv der Mathematik und Physik, 111, 
Serie 1, p. 73, for 
(65) “w= 18, v=o, + 


(64) 


136 
A, 
2m(1 — m)’ 
2m? — /M 
2m 
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the expression for A can be written down in the form 


e¥ 


(67) + Og +1, 


and the values of .4,, A,, A;, and C\, C,, are given in Phil. Trans., p. 271; and 
thence the construction of the case 
68) (Ay + Ba'+ .... + Ka + L,) + Nx 
=} + .... + + L,) /X, + Nez}, 
in which the two meanings of A,, A,, and (,, C,, must be kept distinct. 
So also theoretically for u = 22, 


23. For the determination of the motion of the centre O with u even, we 
proceed as before for odd uw, and the expression for y/ in terms of ¢= tan $$ 
will serve for a’, if L/ is taken to mean LZ”, when k = 2’ is positive. 


1 
= (w —1)'7 

= a,(w + 1) + 26,(w? — 1)? + ¥,(w — 1)! 
(1) = (a, + 28, + 7:)(w* + 1) 

+ 4(a, — 1)(w* + w) 

| (6a, — 48; + 00", 


in which we can take, as a typical case, 


Replacing this ¢ by , and putting 


— & — — 
— / 2 
(2) ay — (L + L’) ’ 
(3) —(L— + Vo — 
/s —o 
0. Oo — & 8 
/s—o 
so that | 
(5) 
/s—o 
L'/s — 8, — — 8, 
(7) a, + 28, +n= 9 Ls —s, 0 — 4, —6 8 — 
—o 


(8) 6a, — 48, + 6y, = 4% st 
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and so also for W.; and then 


(9) do! _ (LZ + P)(— w + + w) + 8. 8Lw* 
dw (— w? + 1)/(W, 


But for negative we replace w, L’, and — s, by wi, — ands, —s; 
and obtain a real form for a’, leading tu the differential relation 


doo! g (Lt + 1)?— 2L'(w* — w) — 
dw (w? + 1)/(W, 


(10) 


24. Returning to the original variable z, and considering the resolution 
of the quartic 


Z = az + 462 + + e 
a(z” — —4 —1 —aD)— 


(1) 


denote the roots by 6, a, 8, y, so that 


(2) 


(3) + a)(B-+y) + ba + By =—2—aD—4a = 


B 
(4) + ya +48) + aby =— 44 — 


(5) aby = 1+ aD — 4a =1+4 


Then if x, y, denote any two values of z corresponding to the values w,, u 
of the elliptic argument 


(6) 
Laguerre’s formula gives 


dz 
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Thus v, and v, denoting the values of w corresponding to z= + 1 and 


— 1, 


(8) 


= fa[i—(8 + a)(B + y) + da + By + daBy] = = 
= tal 1— + + + | 
L? 


Por IP 


and denoting v, + v, by v and v,— v, by v’, as before, 


(9) 
(10) 


(11) 


pv —¢, = + + y)— 


The factor M is at our disposal as a homogeneity factor, so put 


in accordance with the notation employed in Phil. Trans., 1904; then 


(12) + + y)= —aL? — a(o — s,), 
and 

(13) +a)+(8 + = B, 

so that 

(14) + + = B+ aL? + a(o — s,) = suppose 

(16) 2M(5 +a) = B- — N,, 

(17) IM(B+y)=B+N, 

(18) Mj = B—N,— N,—N,, 

(19) Ma = B—N, +N, 

(20) MB=B+N,—N,+ 


(21) 


My = B+N,+N,—N,. 


GREENHILL: The Motion of a Solid in Infinite Liquid. 


Then 

(22) 

and since from (19), §7, 

(23) 

therefore 

(24) 

w denoting the value of uw corresponding to z= . 
Thus v = 2w if aB’ + L? = 0, implying a= — 1. 
Denoting z—d.z—a by Z, and by 


(38) 9) + + 


and 


4=aZ,Z, 


 B 
(27) 4 = a (2 m) 
+ 
and, therefore, equating the coefficients of the powers of z, 


a = 6¢e = — 2a— E— 4 


so that 


(29) aq = + B+ 4 + = Opt, 


a verification ; 


Ni+ NZ+ NZ B NNN, 


N,N,N, B , Ni+.. 


add 


Bt 


140 
|| 
=e=a+H—4 | 
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From (10), §7, 
(32) 2aBLLI'M = iL — 3 EDM? = —>— ELM’, 
so that from (28), 
(33) 2aBLL'M = — > — + NY + aM? — — 3aB"), 
and from (30) 
(34) 2aBLL'M = — B’M* — (Ni + NY + BP — 2N,N.N,B, 


so that 
135) (B? + aL’) =(B* + aL’) N? + NZ + NZ)— BY — 3aBL? — 21! 
— 2B,N,N,N, 
Mt = + — — — + — 
(36) B+ aL 
‘ 2aBN,N,N; — Lv — 
= N? + + — B’— + 


and we should obtain the same value of M* by equating the coefficients of 
2 in (27). 

This determination of the homogeneity factor M* is essential in the appli- 
cations, when we build up a solution on arbitrary values assigned to B, LZ, and 
81, 83, aS will be seen in the sequel. 


The expression for M* appears rather complicated and inelegant, but not 
much more than the form required in the corresponding case of the motion of a 
top (Annals of Mathematics, vol. 5, 1904). 


The expression for M* can also be thrown into the form 


_ (BN, — N,N,) —(LV —o, + _ 


Putting 
(38) 2w)— 9(v)= s(2w) — s(v)= s' —o, 
and choosing s, = s,, we can now write 


(39) at? = —  — — (LV, — — V8, — 
s'—o 


18 


141 
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25. Going back again to the variable t, of §12, and working with the case 


of s, = s,, and 


V/s — 8, — — 5, 


4 
(b+ Vere, 
(1) _ 9 8 —8& +V7s,—o. 85 
—o 


1 Vs — & — Vo — 8, 
then put 
47, T, 
(4) MZ =aM*Z,Z, = 41)" 
and identify with 
27; 


(5) & —8& + V/s, 1) 
/s—o 
and 
(6) A= 7) — 


+ 
| 
= 
So 
t? 
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so that, equating coefficients of 2’, — 2z, and 2°, 
/s —o 
(8) B+ N, IWs—s,— — 8, 
Similarly, with 
10 
(1 =(2— BY 4 2) 4 
(13) B—N, _ — IVs —8,—L/V0 — 8, 
M — o 
2 _ o— 8—8,—/ 8,—0. 8 
Then 
(15) M+ 8, + /s,—o. 
/s —o 
(18) = 8 — V5, 8 — 8 
/s—o 
= = — 8, —V/s,—o .6 — 83)" —(L//s—s, + V8, — 8 8 — 85)” 
Lexy 
=— + + — 
analogous to the form in (36), §24. 
Also 
aM B + N,) = — 
(18) /s —o 
— D's —s,— — 8, — V8, — 8 — 83+ V5,— 0. o— 83 
V/s —o 
aM B—N,)= — — & 
(19)! /s — o 


143 
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and adding, 


s—o 


Subtracting 


2MN, = Ws—s,.0—% 
(21) IW/s — 8, V/s, 6.6 —8,—L/Vo — 8,073, —8.8 — 8 
8—o 
Again 


8—o 


s—o 


and subtracting 


while adding leads to an identity. 


From the two equations (24) and 


6 


squaring and subtracting 


(26) (aBM + LL')?—(BN, — N,N,= (s; — 8.8 (s; 
= +6 —s;), 


2a BLLM= — — LL" + (BN, — N,N, 
+ +0 — 4) 8) 
and eliminating / — S between (17) and (25) 
(28) 2aBLL'M= —aL?M* — Lt — L?(30 — s, — s, —s;)— LV — 
so that, eliminating 2aBLL'N, 
(29) aL’) M? =(BN, — — Vs, —6,), 


as before in (37), §24. 
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26. With aB’ + L? = 0, implying a= —1, equation (20), §7, shows that 


g2w— =0, w, 


and now, with 


+ + + 4dz + 
=—(# 
as B= + L, 


e=—i1+ B-(1 + 
6c fe=1— +“), 
— %)= —e—i(1 + 
+ v.)= —c— 


ig'(v, — = (e 


93(%) — %)= + 
+ %)= pw = 3(ad? + 2bd + c); 


p(u— w)= — 


2 


4(12— 


+ 
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(1) 
(3) 
(4) 
(5) 6c = 2— EF — 46’, 
(6) 
(7) 
(9) 
+d? 
whence 
(11) 
(12) | 
and 
(a3) 
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Now if we put 


cr 


— 2 + Qhz ad 
= cos b 


# + 1) (Sete + 1) 


we find on differentiation 


(16) dy _ 


(17) WA 


according as B = + L; and 


(18) — F)= + w)—L(v— — S20, 


so that 


zdz B o(v — w) 


and algebraical cases can be constructed by choosing w an aliquot part of a 


period. 


Now 
(20) N,? =s, — = —o, suppose, and 2N,N,N,; = / — >, 


21) 2BN,NLN; _ 0 _ — 
B* — — 2Big'v ’ 


(22) = B+ NP + + 


= BY + — + 


(23) 


146 
= 
— 2° + 2bz— — 
b 
(15) 
~* 
d 
| 
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and from (34), §24, 
= BM? + +(N? + NP + NZ)B— 2N,NN, 


(34) = — Bee + sig'v. 
ig'v 
With 
(25) N,= 0, aB’+L?+o—s,=0, 
_(,_ BY _(N, +N, _(,. BY 

(27) g2w —e,— 0, g'2w = 0, 
(28) 2b? — 3abc + = 0, 

(29) 4 = L? + 2aL +0, +6, 


On 
=(L 
0, 0, 


27. With uw = 2n, an even number, and a parameter 


(1) o=™, ora +, 


we can write 


n—1 n—2 


and determine the coefficients from the differential relation of (38), §9. 

It is of great assistance in the calculation to start with a knowledge of the 
the leading coefficients H and K, and these can be determined readily by taking 
z= o, when 


(3) A+ KV —a, 

(4) 

since 


(5) 


0, 
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But now at z= o, from (18), §9, 


(6) Vi = 2w, v)—4 log 


and from (25), (26), §9, 


(8) + w) — + w) = — = + 


so that 
fBJ/—at Lye 

(9) 


writing J for J (2w, v). 

With a parameter v as in (1), and 
(10) (92w — gv) =s —o = aB’+ L’, 
we have J given by an expression of the form (Phil. Trans., 1904.) 


1 1 ., 


(12) eli — GN, + F NW — 
oni. A N,N, + FN 
a. 
so that 


(14) H+ (By —a+Ly ’ 


/( GN, N, — —a) 


(15) H— K/—a= —a ’ 
whence H and KX, in the form 
(16) 8), K= (r+ 8), 
on putting 

C08 sin 
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When 
aB’+1?=0,a=—1, B=Ls=o, 
N,) (2L)*" 
1 
( 9) H+ K= (2L) yim Kk VJ (22 N,) ’ 
+ (2L)" + 2FN, 
2 
(20) 2(2L)" /(2FN,) 
From the differential relation (37), §9, we find 
(21) i= + nk K,=K nH 
+N, N, — N, » (L—P 
L' , 2B4+N, L—P 
22 
L' 2B—N, L—P 
and so on. 
28. Test by v= 40;, a= —1, as in $18, from which the result in terms 
of z can be obtained by putting 
1+ 2’ 


but independently, starting with z as the variable, 


| B+N, 
B—N, N, + 
(3) 4,=(2— 
so that 
(5) Nj= 


19 


= 
a4 
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suppose 
(6) , NZ = 6? + 
and with 

(7) 


(8) gn — MN, +2Pb_ V(N,N, + —1) + 1) 
(9) H+ k= B—L) ’ 


(10) H—K= 


whence H and K; and 
2 


Then 
(12) He+ H(2+ ) 


B—N, 
(13) Ke+K=K(2+ 


and the verification can be completed. 


With 
(14) B—L'=0, B=L, b=1, 


’ 


(15) Ni=1+0, N3=1, 


(16) LIP =(L—= ) (L—o) (L— — 0) =(L?— 2PL + 1) (L—2P), 


+? 

Try 

H=1,4=0, 

(19) M’=(L—1) (20—1) (2°+L+1), 

with 

(20) N,=0, 6=0, 6, 


(21) H=L, K=B, M*=(L—2P/y—1. 


| 

4 

3 
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In Kirchhoff’s case of 
(22) B=0, P=1, L=—1, L'=0, M=4P(P+1), H=1, K=0, 


= + sin 


-1 
satisfying 
(24) (P+ + 

dz M(—#?+1)VZ 


A change of sign of o° will change the parameter v from 3a, to a, + tas, 
still with a=—1; and now 
(6) 
1 
(26) —do= oP. 


As a special case, take 


(27) N,=0, B—L= 
Again, still further, take 
(28) L=@, =1, 
2P BY P?+1 


This case can be written, putting = 4 an B, 


+ in/(1 — b*)o/[—(z — 6)? + 1+ 387]. 


29. Next, with 


(1) V=0,+40;, a=1, 
(2) 
suppose ; so that 

2 
(3) 


(4) N3= B+ 
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Now we find, with 


(6s) H—Ki= 
(1 t)/(b°>— 2Pb — 1) 
(7) H+Ki= Li) — 
(8) —(- B+ + L) — 2Pb 
— 1) 
(9) + 2Pb—1)—(B—L) V(b —2Pb—1) 
— 1) 
B—N, N, 
Mt = — 21) — B+ Ni+ 4 
(12) | B+ 
— 1)? — — 2PL 


=— 


From the differential relation (38), §9 


B+ WN, > L—P 
(13) He+ H(2+ 
B—N, 9 L—P 
(14) Ke+ K,=K(2+ M ) + 2H 
As a special case, try 
(15) N,=0, 
—B+L)o (B+ L)o 
16 


(17) 


1 
M t+ 1—(L+o/; 


GREENHILL: The Motion of a Solid in Infinite Liquid. 


and then in Kirchhoff’s case 


1538 


—, 
(18) B=0, M=1—V1—o. 
(19) 2(—z*? + 1) 


) 


leading on differentiation to 


n/ 2(— 2° + 1) 


dz 
so that L/=0. 
But if L = 0 instead of B when N, = 0, 


1 1 1 
21 an = —— >— —_ 
9,1+/1—e , 1-0? +0!4 2,/1— 0? 
2 
2 
( ?) o? IE 432! — /1—0° 
5 
and 
(23) ay _ 1 2/14 0?—o8 
dz —24+ 1)JZ, Zy 
Replacing o” by & 
2 — 
1—k ip 1—k 
_ 


= 4 
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20. With a=1 and a parameter 
(1) v= + 
(2) N= with P+ L=s—a, 
and, as in §22, 
(3) o=2c, 6—&=2e—1, = 1), 
/ 2e(2c— 1), P=4(2—1), 
so that 
(4) Ni=s—s,=s—1, 
(5) Ni N?=(s —s8,) —83) = 8? + 2c) +e. 
As in §21 we can put 
S—8__» _ 2eq°—1 
(6) s s=— g—1 
and then 
q 2 A72 — — 
(7) = (2c Ni = (2c 1) 
with Q,, Q, as in (16), $21; and now for u= 6, as in §22, 
(8) 
(9) Q=—cqeeq+1. 


Now we have 
=}sin" 22); 


(12) M + — 1) + 1— 2B 


But with a= —1, 


/— ] 2 
(13) 3 COS ( 2 Z, 


1 1 2 
=} sin (—# +1) Zz 
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with 

(15) —B+P=s—o, P—L=o—s, 
(16) B=+/s—o sh@, or —s 
(17) L=%s—o or Vo —s 
and 


The determination of H,, K,, H,, K, can then be carried out by (22), (23), 
§24, and the verification effected, but the presence of M makes the expressions 
complicated, much more so than for the previous form of solution in $19, so we 
do not proceed further with this or higher values of n, with z as variable. 


31. <A similar procedure will determine the leading coefficient H and K 
when u is odd, and is expressed in the form of equation (2), §12, although there 
is no need to carry out the rest of the calculation now that the degree can be 
halved by changing to the stereographic projection with the new variable 
t= tan 4 6 in the place of z= cos 0. 


In this case a= — 1, and taking the parameter 
(1) , so that s(v) =0, 


and putting 
(2) — B+ =s(2w) —s(v) =’, 


we can write 


(5) — FW CO. + PWC, 
FWO,+ EWG, 
(6) H+ 


— C; C, 


% 


GREENHILL: The Motion of a Solid in Infinite Liquid. 


But if L = B,c=0, and 


Fiay = (2L) 
FW ay 


(8) H, K= 


9 9 — 
72 2 2 2 
M =L + Ni+ Big'v 


(9) 
= + 8; + 8, + 83 + 


Take for example 


S'= 4s*— (s — m)’, 
8,83 + 838, + 8,8, = 3m = 
8188; = = — igp'v =m, 


m ( 


or, since 
(11) m = 2L.M* —2L(L + 4)? 
L‘\ 1 
Z=—(2- om:( a) 
SLM? — dL(L +4)? L 
a | 
1, 4LM?—4L(L + 4) 


Putting z= + 1, 


M? 


| 
=. 
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so that 

(14) 

(15) 
L 


In the result of $14 we have now to take 


Try 
(19) m= —(2L)*, K=0, 
(20) M* =}3(1 + 6Z) (1 — 2L) 
(21) 2L)’ 
(22) 4M4+1+4L= (71+ 6L +1 — 2L), 
so that & is imaginary. 
Try 
(23) m=(2LY, 0, 
(24) M’=(L+ 3/4 40? 
(25) 4M? —(2L + 1)°= 
JS 2M + +1 4+/2M — 
(26) = k= ( 
Thus, as a numerical case, with 
(27) L=1, m=8, V=—!?, 
2 5 
22. 282, 759 


20 


157 


Lz — L'\? L 
(16) Z+4( y=—@—1) 2—1+4£) 
—1 
| (17) B= OM? + 2. 
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Z= 0 having two real roots between + 1; and we find 
(c+ 5)vZ 
=}cos! —=tsin” 
or changing to the stereographic projection, 
(30) = (t— + + 4¢ + 6) 
+ Ut + 3)/(— 4t + 240? + 50 + 4¢ — 6). 


For the motion of the centre 


(29) 


9 4 ‘ 3 
(31) +5 
and 
83 104 
(33) A, =1, 95, 


The degree is halved by putting 


4 3 307+ 1 
and then 

(36) W,= (4/5 + 8 104/300? + 8(A/5 +4/3)w 
— + 

(37) W, = — (40/5 — 10! — 8 0? — 104/300? + 8(4/5—a/3) 0 
+ 4/5 + 


A numerical application, such as inserted here and elsewhere, is useful in 
showing the existence of a real solution, and the region of its reality, as well as 
in settling a doubtful sign in the general algebraical case. 
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The Theory of Implication. 


By Bertranp RUvSSELL. 


The purpose of the present article is to set forth the first chapter of the 
deduction of pure mathematics from its logical foundations. This first chapter is 
necessarily concerned with deduction itself, 7. e. with the principles by which 
conclusions are inferred from premisses, If it is our purpose to make all our 
assumptions explicit, and to effect. the deduction of all our other propositions 
from these assumptions, it is obvious that the first assumptions we need are those 
that are required to make deduction possible. Symbolic logic is often regarded 
as consisting of two coordinate parts, the theory of classes and the theory of 
propositions. But from our point of view these two parts are not coordinate ; 
for in the theory of classes we deduce one proposition from another by means of 
principles belonging to the theory of propositions, whereas in the theory of 
propositions we nowhere require the theory of classes. Hence, in a deductive 
system, the theory of propositions necessarily precedes the theory of classes. 

But the subject to be treated in what follows is not quite properly described 
as the theory of propositions. It is in fact the theory of how one proposition can 
be inferred from another. Now in order that one proposition may be inferred 
from another, it is necessary that the two should have that relation which makes 
the one a consequence of the other. When a proposition g is a consequence of a 
proposition p, we say that p implies g. Thus deduction depends upon the rela- 
tion of implication, and every deductive system must contain among its premisses 
as many of the properties of implication as are necessary to legitimate the 
ordinary procedure of deduction. In the present article, certain propositions 
concerning implication will be stated as premisses, and it will be shown that 
they are sufficient for all common forms of inference. It will not be shown that 
they are all necessary, and it is probable that the number of them might be 
diminished. All that is affirmed concerning the premisses is (1) that they are 
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true, (2) that they are sufficient for the theory of deduction, (3) that I 
do not know how to diminish their number. But with regard to (2), 
there must always be some element of doubt, since it is hard to be 
sure that one never uses some principle unconsciously. The habit of 
being rigidly guided by formal symbolic rules is a safeguard against 
unconscious assumptions ; but even this safeguard is not always adequate. 

The symbolism adopted in what follows is that of Peano, with cer- 
tain additions and changes. I have adopted his symbol for implication 
(>), and his use of dots instead of brackets; also his plan of numbering 
propositions with an integral and a decimal part.* But although the 
symbolism is in the main Peano’s, the ideas are more those of Frege. 
Frege’s work, probably owing to the inconvenience of his symbols, has 
received far less recognition than it deserves. I shall not refer to him 
in detail in what follows, but whoever will consult his work will see 
how much I owe to him. MKEspecially I have adopted from him the 
assertion-sign (cf. *1°1 infra), the interpretation of ‘‘p implies gq” (cf 
* 1°2 infra), and the distinction between asserting a proposition for all 
values of the variable or variables, and asserting it for any values (cf. 
* 7 infra). The plan of taking implication and negation as our primitive 


ideas is also his. 


Primitive Ideas. 

Since all definitions of terms are effected by means of other terms 
every system of definitions which is not circular must start from a certain 
apparatus of undefined terms. It is to some extent optional what ideas 
we take as undefined in mathematics; the motives guiding our choice will 
be (1) to make the number of undefined ideas as small as possible, (2) as 
between two systems in which the number is equal, to choose the one 
which seems the simpler and easier. I know no way of proving that 
such-and-such a system of undefined ideas contains as few as will give 
such-and-such results.{ Hence we can only say that such and such 


* For an explanation of Peano’s symbolism, cf. Whitehead, ‘‘On Cardinal Numbers,’’ American Journal of 
Mathematics, Vol. XXIV, No. 4. 

+ Cf. his ‘‘Grundgesetze der Arithmetik,’”’ Vol. I, Jena, 1893; Vol. II, 1903. 

t¢ The recognized methods of proving independence are not applicable, without reserve, to fundamentals, 
Cf. my ‘‘ Principles of Mathematics”’, §17. What is there said concerning primitive propositions applies with 


even greater force to primitive ideas. 
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ideas are undefined in such and such a system, not that they are inde- 
finable. Following Peano, I shall call the undefined ideas and the un- 
demonstrated propositions primitive ideas and propositions respectively. 
These ideas are explained by means of descriptions intended to point out 
to the reader what is meant; but the explanations do not constitute 
definitions, because they really involve the ideas they explain. 

Assertion.—Any proposition may be either asserted or merely con- 
sidered. If I say “Caesar died”, I assert the proposition “Caesar died” 
if I say ‘‘‘Caesar died’ is a proposition’, | make a different assertion, 
and ‘‘Caesar died” is no longer asserted, but merely considered. Simil- 
arly in a hypothetical proposition, e. g. “if a= 6, then b=a”, we have 
two unasserted propositions, namely “a= 6” and ‘‘b=a” while what 
is asserted is that the first of these implies the second. In language, we 
indicate when a proposition is merely considered by ‘‘tf so-and-so” or 
‘‘that so-and-so” or merely by inverted commas. In symbols, if p is a 
proposition, p by itself will stand for the unasserted proposition, while 
the asserted proposition will be designated by 

The sign ‘‘-” is called the assertion-sign; it may be read ‘it is true 
that” (although philosophically this is not what it means). The dots 
after the assertion-sign indicate its range; that is to say, everything fol- 
lowing is asserted until we reach either an equal number of dots or the 
end of the sentence. Thus “Fi: p.).q” means “it is true that p im- 
plies g”, whereas “- .p.).q” means “p is true; therefore q is true’’. 
The first of these does not necessarily involve the truth either of p or of 
g, while the second involves the truth of both. 

Implication.—The meaning to be given to implication.in what fol- 
lows may at first sight appear somewhat artificial; but although there are 
other legitimate meanings, the one here adopted is, if | am not mistaken, 
very much more convenient that any of its rivals. The essential prop- 
erty that we require of implication is this: “What is implied by a true 
proposition is true”. It is in virtue of this property that implication 
yields proofs. But this property by no means determines whether any- 
thing, and if so what, is implied by a false proposition, or by something 
which is not a proposition at all. What it does determine is that, if p 
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implies g, then it cannot be the case that p is true and q is not true. 
The most convenient interpretation of implication is to say, conversely, 
that unless p is true and q is not true, “p implies q” is to be true. Hence, 
‘““‘p implies qg” will be a relation which holds between any two entities 
p and g unless p is true and gq is not true, @. e. whenever either p is not 
true or g is true.* The proposition ‘‘p implies g” is equivalent to ‘“‘if p 
is true, then gq is true”, t. e. “‘‘p is true’ implies ‘qg is true’”; it is also 


equivalent to. “if is false, p is false”. When pis in fact true, “implies” 


may be replaced by “therefore”, 7. e. in place of ‘‘p implies g” we may 
say ‘‘p is true; therefore g is true”. For “implies” we use the symbol 
thus 
means “‘p implies q” 
“p.)-q)r” means “p implies that g implies 7”, ete. 

The chief advantage of the above interpretation is that it avoids hypo- 
theses which are otherwise necessary. We wish, for example, to assert 
‘yn yp”. If implication can only hold between propositions, it is neces- 
sary to preface “p)p” by the hypothesis ‘‘p is a proposition”; and 
whenever we want to use “p )p” in a particular case, we shall have to 
prove first that what we are applying it to is a proposition.f But this 
is highly inconvenient. Again, paradoxes result from restricting the 
meaning of implication. For example, it will be admitted that “if p 
and q are true, then 7 is true” is equivalent to “if p is true, then if g is 
true, ris true”, 2. e. to “if p is true, then g implies vr”. Also it will be 
admitted that if p and q are true, then p is true. Hence, by the above 
admission, if p is true, then g implies p; and here q is not subject to any 
limitation; for, even if g is not a proposition, it must be admitted that if 
p and g were both true, p would be true. Hence, unless a true proposi- 
tion p is to be implied by every entity g, one at least of the above obvious 
propositions will have to be denied. 

The Variable-—A single letter, unless specially defined to have a certain 
constant meaning, will always stand for an independent variable. The 


tIn my ‘Principles of Mathematics”’ I adopted the interpretation ‘‘p and g are propositions, and p is false 


or g is true’’, instead of, as here, ‘*p is not true or q is true”’. 


Thus ‘‘p )q”’ was false if p was not a propo- 


sition, and ‘‘p )p”’ was equivalent to ‘‘p isa proposition”. The advantages of the present interpretation may 


be seen by comparing the primitive propositions of x 2 below with those of §18 of the above-mentioned work. 
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possible values of an independent variable are always to include all 
entities absolutely. The reason for this is as follows: If we affirm some 
statement about «x, where «x is restricted by some condition, we must 
mention the condition to make our statement accurate; but then we are 
really affirming that the truth of the condition implies the truth of our 
original statement about x; and this, in virtue of our interpretation of 
implication, will hold equally when the condition is not fulfilled. The 
“universe of discourse”, as it has been called, must be replaced by a 
general hypothesis concerning the variable, and then our formule are 
true whether the hypothesis is verified or not, because an implication 
holds whenever its hypothesis is not true. The old theory of the ‘“uni- 
verse” had the defect of introducing tacit hypotheses, thus making all 
enunciations incomplete, since a hypothesis does not cease to be an 
essential part of a proposition merely because we do not take the trouble 
to state it. 

In such a formula as (say) “‘a.=.p)q”, the x is still an indepen- 
dent variable, because we are not only concerned with the value of x 
that makes the formula érue, but also with all the other values that make 
it false. On the other hand, “‘p)q” is a dependent variable. 
Propositional Functions.—Any statement about a variable x will be 


expressed by 
(C iz) 


or by (A{ x), (Bf x), etc. Similarly any statement about two variables 
x and y will be expressed by 
(Cha, y) 
or by (Ata, y), (Bia, y) etc., and so on for any number of variables. 
Such expressions are functions whose values are propositions; hence we 
call them propositional functions. Thus ‘‘p)q”’ is a propositional func- 
tion of p and q; ‘“‘p)p” is a propositional function of p. There are 
other kinds of functions in mathematics, but they are not required 
for the theory of implication. 

When an expression of the form (C'{ x) is asserted, what is meant is 
that the expression in question is true for any value of the variable =. 
Thus, e. g. 

of p ” 
means: ‘‘For any value of p, p implies p”. But such an expression as 


* 2. 
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(C{ p)4q) does not assert that (C { x) holds for any argument, but only 
for such as are of the form p)q; ¢. g. if (C { a) is “x is a proposition”, 
then 

“B.(C ia)” is false, but 

“F.(C{p)q)” is true. 


Generally, “-.(C{(Afy))” means: ‘‘For any value of y,(C { (A fy)) is 
true”, or ‘‘For any value of y, (A { y) is a value of « for which (C {z) is 
true”. The C in (Ca) has no meaning by itself; all that its use 
assumes is that (C { a) and(C {y) are to have similarity of form, although 
this form is not always capable of separate specification apart from any 
argument a. 
Negation.—The proposition ‘‘p is not true” is expressed by 

Thus “~ p” will be true if p is not a proposition, and if p is a false 
proposition ; it will only be false if p is a true proposition. 

One other primitive idea will be introduced in *7. Two others, 
or perhaps three, complete what is required for the whole of pure 
mathematics. Thus, six are necessary for the theory of implication, and 
eight or nine for all pure mathematics. 


Primitive Propositions. 


Anything implied by a true proposition is true. Pp.* This proposition 
is used in every proof without exception; hence it will not be referred 
to in giving proofs. The very meaning of proof is demonstration of truth 
by the fact of being implied by a true proposition. It must be under- 
stood that the principle is not the same as: ‘“‘// p is true, then if p im- 
plies g, g is true”. This is a true proposition, but it holds equally when 
p is not true, and when p does not imply g. It does not, like the prin- 
ciple we are concerned with, enable us to assert q simply, without any 
hypothesis. We cannot express the principle symbolically, partly be- 
cause any symbolism in which p is variable only gives the hypothesis that 
p is true, not the fact that it is true.+} 


* The letters ‘‘Pp”’ stand for “ primitive proposition ’? as with Peano. 
+ For further remarks on this principle, cf. my ‘‘ Principles of Mathematics’’, $38. 
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When this principle is used, we write 
“bo. 
meaning ‘‘p, which is true, implies g, which is therefore true’’, or “p is 
true; therefore g is true”. Therefore is distinguished from implies by 
being only applicable to implications between true propositions. 
If a propositional function (C fy) is true for any value of y, it is true 


for such-and-such a value. Pp. 
This principle will be called the ‘principle of substitution’’, and 


will be referred to as “‘Subst.’”’ It allows us, for example, from “For 
any value of y, if y isa man, y is a mortal”’, to infer “‘if Socrates is a 
man, Socrates is a mortal’”’. The value substituted is supposed to be a 
definite constant value, such as Socrates, or the fourth proposition of 
Kuclid. This principle, like its predecessor, cannot be symbolized, be- 
cause any possible symbolic expression would deal with any constant, 
and we should need the principle itself to deduce, from such a statement, 
that it holds also concerning Socrates or some other definite constant. 
‘““Any constant’’ is, in fact, not distinguishable from a variable: it is 
like what is called a parameter, 2. e. a variable which we choose to 
regard as a constant. 
If a propositional function (C fy) is true for any value of y, then 
(C\ (A ¥2z)) is true for any value of z. Pp. 

This may be called the “principle of the substitution of a dependent 
for an independent variable”. It may be referred to as ‘‘Dep.”’, where 
“Dep.” is short for “dependent variable”. It is obvious that, since all 
our variables have an unrestricted range, the various values of (A { z) 
are among the values of y, since all entities are among the values of y. 
Hence what holds for any value of y holds also for any value of (A {2z). 
[This is not a proof, but merely an elucidation. | 

To symbolize this principle, we should need a symbol for the suppo- 
sition, as opposed to the assertion, that (C { y) is true for any value of y. 
Such a symbol is not afterwards needed, since our principle will only be 
applied when (('{ y) is asserted for any value of y. In any such case the 


principle becomes 


dF. (C f(A f2)). 
The use of this principle is constant. For example, it is needed for the 
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inference that, since ‘‘p )p”’ is true for any value of p, it is true if we 


substitute p)gq for p, so that ‘‘p)q.).p)q” is true for any values of 
pandg. (The principle is to be extended to two or more variables.) 
When this principle is used, the substitution effected will be indicated by 


(C hy) 


meaning that, in (C{ y), (A {z) is to be substituted for y. Generally the 
substitution is to be effected in a proposition referred to by its name or 
number. Thus, e. g. ‘“-.p)p” will be * 2°5; thus, 


means what * 2°5 becomes when “‘p )q’’ is substituted for p. Thus we 
write 


in which we use our present principle. In like manner, 


Afa,y), (Bia, 
Cina {a,y) 
means the result of substituting (A {a,y), (Bi az,y) forz,yin (Cia, y). 
Thus * 2°6 will be “Fi: p.).q)p”, 2. e. “If is true, then, if ¢ is true, 
pis true”. Hence 
+959 DP” 


denotes the result of substituting p)q.).¢q for p, and q )>p for g: thus 
we may write 


[In reading expressions of this kind, the first thing to notice is the 
arrangement of the dots, which gives the structure of the sentence. 
Thus the second line of the above reads: “‘If ‘p implies q’ implies g, 
then, if g implies p, it follows that ‘p implies q’ implies qg”’.] 
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In like manner, when a constant, say Socrates, is to be substituted 
to obtain an inference by * 2°2, we may indicate the inference by 


(Cy) 


6 Socrates tip. ). Socrates )p. 


Thus, * 2° 


But this is less often necessary, since the substitution of a constant is 


generally easily recognizable. 

The remaining principles of deduction are simpler. They are as 
follows: 

*2°5 F.p)p Pp. [‘Id’’]* 
This principle asserts that anything implies itself. We decided that 
“nq” was to be equivalent to ‘‘p is not true or g is true”; hence 
‘“‘n) p”’ is equivalent to “‘p is not true or p is true”’, 2. e. to the law of 
excluded middle. This principle will be referred to as “Id”, which is 
short for “‘identity”’; for the principle is a form of the law of identity. 
Pp. [“Simp”] 
This principle asserts that if p is true, then if q is true, p is true; it is 
equivalent to “if p and ¢g are true, then pis true”. On this account it 
is called (following Peano) the “principle of simplification’’, which is 
abbreviated into ‘Simp.’ This principle asserts that a true proposition 
is implied by anything, for it may be read: “If p is true, then g im- 
plies p”’. 
Pp. [‘Syll’’] 

This principle asserts: ‘If p implies g, then, if g implies 7, it follows that 
p implies r”’. This principle is called the “principle of the syllogism” 
(shortened to ‘‘Syll’’), because it is the source of the syllogism in 
Barbara.t 


* A name in inverted commas, enclosed in square brackets, is the name of the proposition after which it 


occurs. I have given names toa few of the more important principles, for convenience of reference. When 


there are no inverted commas, the enclosure in square brackets refers to the proposition or propositions by 
which the one in question is proved. 
+ This occurs, in outline, as follows: 
“Alla is 6” is equivalent to ‘for any value of z, zis ana, ),visab”. 
“All bis ec’ is equivalent to ‘‘for any value of «, xisab, eis 
By the above principle, if these both hold, it follows that for any value of z,xzisana,), risa, i.e. 
‘“Allaisc’’. The complete proof is more elaborate, but the above is only intended to justify the name. 
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Pp. [Comm’’] 

i. e., given that, if p is true, then, if q is true, r is true, it follows that, 
if is true, then, if p is true, r is true. Roughly, if r follows from p 
and vy, then 7 follows from qg and p. This is called “the commutative 
principle” (shortened to ‘‘Comm”’’). 

Pp. [‘Neg’’] 

i.¢., if itis false that p is false, then pis true. This is the “principle 
of double negation” (shortened to ‘‘ Neg’’). 

Pp. [Abs’’] 

t. e., Whatever implies its own untruth is untrue. This principle is very 
useful in philosophy, where many widely-held positions sin against 
it. EH. g.the principle ‘‘no truth is quite true” implies that itself is 
quite true, and therefore that some truth is quite true. Hence it implies 
its own falsehood, and is therefore false. It is called the “ principle of 
the reductio ad absurdum”’ (shortened into “Abs’’).* 
Pp. [“Transp’’] 

i. e., if the truth of p implies the untruth of g, then the truth of g im- 
plies the untruth of p. In other words, if p is incompatible with g, then 
q is incompatible with p. This is called the ‘‘principle of transposition” 
(shortened to “Transp’’). 

In * 7, three more primitive propositions will be given. For the 
present the above completes the list. In what follows, a few of the 
more important propositions will be given names, but the rest will be 
referred to by their numbers. 

Elementary Properties of Implication and Negation. 

The propositions that follow are all such as are actually needed in 
deducing mathematics from our primitive propositions. I shall omit 
proofs of some of the less important, and shall sometimes only briefly 
indicate the proofs where they are very obvious. But in most cases 
I shall give the proofs in full,f because the importance of the present 
subject lies, not in the propositions themselves, but (1) in the fact that 
they follow from the primitive propositions, (2) in the fact that it is the 


* There is an interesting historical article on this principle by Vailati, «*«A proposito d’ un passo del Teeteto 


e di una dimostrazione di Euclide ’’, Rivista di Filosofia e scienze affine, 1904. 


¢Certain abbreviating processes will, however, be gradually introduced. 
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easiest, simplest, and most elementary example of the symbolic method 
of dealing with the principles of mathematics generally. Later portions 
—the theories of classes, relations, cardinal numbers, series, ordinal 
numbers, geometry, etc.—all employ the same method, but with an in- 
creasing complexity in the entities and functions considered. 

ts. 

Dem. 


Id POT. (1) 


fF. Prop. 

In the above, Dem. is short for demonstration. The proposition 
proved may be stated: “If p is true, then, if p implies g, q is true’’, 
This differs from * 2°1 by the fact that it is not only concerned with the 


case when p actually is true, and does not end by asserting that q 


actually is true. Thesymbol “Id — ” has been explained in connec- 
) 


tion with * 2°3. The passage from (1) and (2) to the conclusion is 
effected in accordance with * 2°1; (1) asserts the hypothesis of (2), and 
the apodosis in (2) is the proposition to be proved. In future, instead 
of Prop.”’, I shall write “-.(1).(2).) . Prop.”. 
The numbers (1), (2), ete. refer to everything to the right of the last 
assertion-sign in the line in which they occur. ‘Prop.’ always means 
the proposition to be proved; thus every proof ends with “‘) }. Prop.”, 
which takes the place of “‘Q. E. D.”’ 


Dem. 


f.(1).Simp. )f. Prop. 


Dem. 


fF. (1). Syll. > F. Prop. 
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Dem. 


-. Transp (1) 


f.(1).Id. Prop. 
The above is the converse of the principle of double negation 
(* 2°9); it asserts that if p is true, the negation of p is false. 


Dem. 

(2) 
F.(1). (2). ~ 3. ~p>~(~g) (3) 
(5). 2°9. GIP (6) 


F. (3). (4).(6).Syll. Prop. 

Note. In the last line of the above proof, ‘‘(3).(4).(6).Syll.” is 
an abbreviation for a process which occurs constantly, and which is 
tedious to write out. It will be observed that (3) is of the form -.a)0, 
(4) is of the form -.6)c, and (6) is of the form -.c)d, while the 
proposition to be proved is a}d. The process of proof, in full, is as 


follows: 


Syll. Je (7) 
f.(3).(7). (8) 
f.(4).(8). ade (9) 
F. Syll. (10) 
F.(9).(10).) (11) 


and ‘‘a )d”’ was the proposition to be proved. [In the above, ais ~ p)4q, 
bis~p)y~(~q), cis ~qyd~(~p), dis ~q)p.] 
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The above proposition is a second form of ‘“Transposition”’; the 
two following (* 3°22 and * 3°23) are two further forms. All four may 
sometimes be referred to as “‘ Transp”’. 


Dem. 

3°92. (2) 
(3) 
F.(2).(3).Syll. F. Prop. 

Dem. 

(1) 


(2).%2°9. (3) 
F.(1).(3). Syll. Prop. 

~prg 

v. €., if p is true, then ~ p implies g, whatever g may be. 

Dem. 


. Simp (1) 


F.(1).(2).Syll. F. Prop. 
v. e., if p is not true, p implies g, whatever g may be. 
Dem. 


Prop. 
[%*3°31°21] 

Note. Here *3°31°21 is short for * 3°31°%* 3°21. When a proof is 
very obvious, as in the present case, I shall merely indicate the proposi- 
tions employed in it by enclosing the references in square brackets, as 
above. 
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[Simp. * 3°22] 


*3°34 


Dem. 


(1) 
f.(1).%* 3°33. Syll. Prop. 

[%3°32°3] 


| «3:32 ~ 4] 


q 
Dem. 


f.(1).(2).Syll. > Prop. 
Note. It follows from * 3°36°37 that when ~ (p)~ q) is true, 


| p and q are true, and it follows from * 3°38 that when p and g are true, 


~(p)~q)istrue. Thisjustifies the definition below ( * 4°1) of the joint 
assertion or propositional product of p and q. 


Dem. 


F.(1).(3).Syll. (4) 
b.Comm PIT 5 
P; r 


(5) 


f.(4).(5). fF. Prop. 
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Dem. 


w~ 
(2) 
29. E~(~p).d-p (4) 


f.(2).(3).(4).Syll. Prop. 
The above is the first use of * 2°91. It asserts that a proposition 
must be true if it can be deduced from the supposition that it is false. 


Dem. 
bow 

P; r 
-.(3).% 3°41. DEE. (4) 


F.(1).(2).(4).Syll. >. Prop. 
3°42. Comm. ] 


Dem, 
3°22. (1) 


P; q; 
(3) 
f.(1).(2).(4).Syll. . Prop. 
Dem. 
3°31. yf. Prop. 
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Note. In all formule concerne! only with implications, p may be 
substituted for ~(~ p), in virtue of *2°9 and *3°2. In future, this 
substitution will be made (as it has been in proving * 3°46) tacitly; it 
would be justified, in each case, by exactly similar steps, and it is not 
worth while to repeat them explicitly on each occasion. 


bs. 


Dem. 

3°45. PI (1) 
3°21. (2) 


f.(1). (2).(8).Syll. Prop. 


PIG 

Dem. 

f.(1).*% 3°31. Prop. 
| 


Dem. 
+. Comm. (1) 


q; r 
(3) 


—. >i. (4) 


q 
F. (3). ( 


4 
f.(1).(2).(5).Syll. >. Prop. 


4 


3°61 


3°62 


* 4. 
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Dem. 
(1) 


(3) 

(2). (3). Syll. Prop. 
Dem. 
f.Simp. (1) 
(3) 

P; q; r 


pyr (4) 
f.(3).(4). > Prop. 
Multiplication and Addition. 

In this section we shall be concerned with the fundamental proper- 
ties of the propositional product and the propositional sum of two entities 
pand gq. The propositional product is practically ‘“p and q are both 
true’”’. But this, as it stands, would have to be a new primitive idea, 
and it is desirable to avoid primitive ideas whenever we can. Now we 
have seen (* 3°38, note) that ~ (p})~q) is true when and only when 
p and q are both true. Hence we may take ~(p)~q) as the propost- 
tional product of p and gq, since this implies, or is implied by, anything 
that ‘“‘p and q are both true” implies, or is implied by. 

The propositional sum of p and q is practically ‘‘either p is true or g 
is true”. We avoid a new primitive idea by taking as the propositional 


* 
°12 
°13 
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sum ~ p )q, t.¢., “if p is not true, then qg is true’”’, which is obviously 
equivalent to “either p org is true’. There are some advantages in 
taking the propositional sum as a primitive idea instead of “p)q’’; we 
then define “pq” as the propositional sum of ~p+q. The choice 
is a matter of taste. 

Both the propositional product and the propositional sum of p and ¢ 
are propositional functions of p and g. They are significant for all values 
of p and q, t.e., even for values which are not propositions; but they 
are not important unless p and q are propositions. 

In a definition, we write the term, or combination of terms, to be 
defined to the left of the sign of equality, and the defining combination 
of terms to the right; at the end we write “Df.” The sign of equality 
and the “Df.” are to be considered as together forming one symbol, 
meaning ‘‘is defined to mean’’. A definition is not properly part of the 
subject, being concerned with the symbols, not with what they sym- 
bolize; nevertheless, practically, the definitions are usually the most 
important part in a study of principles. 

The sign of equality not followed by ‘Df.’ will be used to express 
identity, and must not be confounded with the sign of equality followed 
by “DL” 


=.~(p)~gq) Df. 
PV =.~ Df. 
p=¢- Df. 
prqyr- Df. 

Df. 


Definitions have no assertion-signs, because they are not expressions 
of propositions, but of volitions. Of the above definitions, * 4*1°11 have 
been already explained. %*4°13°14 are merely convenient abbrevia- 
tions. * 4°12 defines equivalence: ‘‘p=q’’ is read ‘‘p is equivalent to q”’. 
This holds when and only when p and ¢ are either both true or both not 
true. In the theory of implication it plays a part analogous to that of 
equality in ordinary mathematics. 
When it is necessary, the propositional product of two terms will be 
expressed by placing several dots between them. Thus, e. ¢., 
will express the propositional product of p)q.).g and g Dp; 
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will express the propositional product of 
where g.s.): pip )q-)-r expresses that the propositional product of 
q and s implies the propositional product of p and p)q.).r. 
[*3°38] 
[*4°2.Comm.] 
Dem. 
2920? pyr~ (1) 
q q 


(2) 
-.(1).(2).) Prop. 
Fipvg-d-qvp [3°21] 
b.~(p.~p) 


Dem. 

-.*%3°2. (1) 
F.Id. (#491) fp) ~(~p)}]-d-~(p-~p) (3) 
F.(1). (4). Prop. 


The above is the law of contradiction, in the form “nothing is both 
true and not true”. When a definition is referred to, as in the third 
line of the above proof, it is adduced in round brackets, because it is not 
logically relevant, but only symbolically. 

Proofs may be made both shorter and easier by the following plan. 
Suppose we know some proposition (C'{ p,q), and suppose that some 
previously proved proposition (a) gives 


9). 
We may then write the proof of (D{ p,q) in the form 
F.(Chp,q)- 


where the proposition by which the transition is made is indicated in 


. 


4°25 
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square brackets on the left. Thus in * 4°24 we should write 

S°2. 

[* 3°2] ~{~ 

[Id.(%4°1)] 
Another similar abbreviation is got by the use of * 4°18. Suppose we 
have 

Fe(c). kp, 
and we wish to prove (A{p,q).).(D\p,q). We write 

[(4)] 

[(o)] (1) 
where “(1)”? means “(A {p,q).-)- (Di p,q)”, which follows from the 
above by means of Syl/. This abbreviation is of very great convenience. 
py~p E 

This is the law of excluded middle, in the form “everything is 
either true or not true”’. 
[ 3°36] 
[ 3°37] 
[ 3°3] 
)-pvg | Simp | 
[“Exp”] 
This is an important principle of inference, called by Peano “expor- 
tation’”’, because the g is exported out of the hypothesis. It will be 
adduced as ‘‘ Exp’’. 


Dem. 

Id. 
[ * 3°21] 
[Comm ] 
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In this proof we use the second of the abbreviations mentioned in 
*% 4°24 note. The fact that there are two dots, not three, at the ends of 
the lines (except the last line), indicates that it is not the whole of the 
first line, but only its consequent, that implies the second line, and so 
with the transition from the second line to the third and from the third 
to the fourth. Thus, by Syl/, the hypothesis of the first line implies 
each successive subsequent line. The three dots before ‘) |. Prop.” 
indicate that now the hypothesis of the first line is again to be taken 
into account. 


[“Imp”] 

This principle is of equal importance with * 4°3, and is called by 
Peano “‘importation”’, because q is imported into the hypothesis. It 
will be adduced as “‘Imp’’. 


Dem. 

[Comm] 

[* 3°21] 

[( 4°1)] Port. Prop. 


Dem. 


4° Exp, Imp | Exp. ):Imp.). Exp. Imp. (1) 
f.(1). Exp. Imp. ). Exp. Imp. (2) 
(2). Imp. ) Exp. Imp.: 

(Id. (* 4° 12)] (3) 
-. Comm. pyr (4) 
-.Comm (5) 
$(4). e492. (6) 
+. {Imp. (7) 


Prop. 


4°33 
°34 


°35 


*36 
°37 
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Note. The use of * 4°2, which is given at length above in proving 
-. Exp. Imp., will in future be assumed, as it is above in passing from 
(4) and (5) to (6), and from Jmp and Exp to (7). By *4°2, when 
two propositions have been proved, it follows that their propositional 
product is true; but it would be unnecessarily lengthy to go through the 
steps each time this principle is used. Observe that (1), in the above 
proof, is obtained from * 4*2 by the use of *% 2°2, not of * 2°3. 


[Syll. Imp.] 
[*3°12.Imp.] 

These two propositions will hereafter be referred to as “‘Syll’”’; they 
are usually more convenient than either * 2°7 or * 3°12. 
[‘Ass”] 

3°1. Imp.] 

This is an important principle of inference, which I shall call the 
‘principle of assertion’’, and refer to as ‘‘Ass”’. 
~p [%*3°:22.Comm. Imp. ] 
Dem. 
3°22. 
[x 3:12] ( 
(2).(1).(3).Syll. F. Prop. 

This is another form of transposition, and is a principle constantly 


employed. 


| ~ 4] 


41 [% 4°26. Syll.] 
42 [% 4°27. Syll.] 
43 [“Comp’’] 


This is called by Peano the ‘“‘principle of composition’’; it asserts 
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that if p implies each of two propositions, it implies their propositional 
product. It will be referred to as “‘Comp”’. 


Dem. 


f.(2).Imp. )Ff. Prop. 


[“<Alt.’’] 

- This principle is analogous to * 4°43; I shall call it the “principle 
of the alternative’”’ and refer to it as “‘Alt’’. The analogy between 
* 4°43 and * 4°44 is of asort which generally subsists between formulz 
concerning products and formule concerning sums. 


Dem. 

fF. Syll. 

[ 3°43] (1) 
-.(1). Exp. 

[Comm. Imp] per) (2) 


-.(2).Comm. 
[(*4°11)] Prop. 


pdqe [“‘ Fact.’’] 

This principle shows that we may multiply both sides of an impli- 
cation by a common factor; hence it is called by Peano the ‘principle 
of the factor’. I shall refer to it as “‘Fact”’. 


Dem. 
f.Syll —". 


[(%4°1)] Prop. 
23 
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[“‘Sum.’’] 
This principle is analogous to * 4°45; it may be called the “ prin- 
ciple of the summand’’. [I shall refer to it as ‘‘Sum’”’. 
Dem. 
3°22. 
[Syl] 
[(* 4°11)] Prop. 
This proposition, or rather its analogue for classes, was proved by 
Leibniz, and evidently pleased him, since he calls it ‘“‘praeclarum 


theorema’’.* 


Dem. 

[ Fact] 

[ 4°22] (1) 

Fact] 


f.(1).(2).% 4°2. 


[Comp] 
[Syll] 

This theorem is the analogue of * 4°47. 
Dem. 


[Sum] 

[ 4°23] (1) 
Ww 4°27. > ds: 

[Sum] 

[ 4°23] digvr.d-rvs (2) 


f.(1).(2).%* 4°2.Comp. ) 


[Syl] Prop. 


*Philosophical works, Gerhardt’s edition, Vol. VII, p. 225. 
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Fs. [ 3°43°45 | 


5 


‘51 | 3-47. 
6 


Dem. 

4°22, (1) 
Syll. (3) 


f.(2).(38). 4°47.) 
f.(1).(4).Syll. Prop. 
“61 Fs. [Similar proof. | 
Formal rules. 

In this section, we shall be concerned with rules analogous, more or 
less, to those of ordinary algebra. It is from these rules that the usual 
‘calculus of formal logic” starts. Treated as a ‘“‘calculus’’, the rules 
of deduction are capable of many other interpretations. But all other 
interpretations depend upon the one here considered, since in all of them 
we deduce consequences from our rules, and thus presuppose the theory 
of deduction. One very simple interpretation of the “‘calculus”’ is as 
follows: The entities considered are to be numbers which are all either 
0 or 1; ‘pp )q”’ is to have the value 0 if p is 1 and q is 0; otherwise it 
is to have the value 1; ~ pis to be Lif pis 0, and 0 if pis 1; p.q is 
to be 1 if p and ¢q are both 1, and is to be 0 in any other case; pyq is to 
be 0 if » and q are both 0, and is to be 1 in any other case; and the 
assertion-sign is to mean that what follows has the value 1. 

To show that our primitive propositions are sufficient for the propo- 
sitional calculus, we may compare our propositions with the first set of 
postulates in Huntington’s ‘Sets of Independent Postulates for the 
Algebra of Logic’’.* In making this comparison, observe that his class 
K is replaced by the class of all the entities, so that postulates concerning 
membership of K are necessarily satisfied by everything. His two rules 
of combination are our addition and multiplication; his A is our (s).s 
[see * 7], and his V is our ~ (s).s. Then his postulates la and Id are 


*Trans. Amer. Math. Soc., July, 1904, p. 292. 


184 


*5°1 
*11 
°12 
°13 
°14 


RussELL: The Theory of Implication. 


satisfied because the class K is the class of all entities; his equality is 
replaced by our equivalence, so that Ila is our *7°3, and IIb is * 7°31, 
and IIId are respectively *5°31 and *5°3. IVa is * 5°41, and 
IVé is *5°4; V results from *7°34°35, and VI results from * 7°26. 
Thus our material (together with the additions to be made in *7) is 
sufficient to found the propositional calculus. Symbolic logic considered 
as a calculus has undoubtedly much interest on its own account; but in 
my opinion this aspect has hitherto been too much emphasized, at the 
expense of the aspect in which symbolic logic is merely the most 
elementary part of mathematics, and the logical prerequisite of all the 
rest. For this reason, I shall only deal briefly with what is required 
for the algebra of symbolic logic. 

[ & 3°22°23] 

2°92, 3°21] 

}.p=~(~p) [*%2°9, 

Observe that if p=q, gq may be substituted for p, or vice versa, in 
any formula involving no primitive ideas except implication and nega- 
tion, without altering the truth or falsehood of the formula. This can 
be proved for each separate case, but not generally, because we have no 
means of specifying (with our apparatus of primitive ideas) that a com- 
plex (Cf p,q) is to be one that can be built up out of implication and 
negation alone. 
4°22, #%&5°13°14] 
[Id. 4°2] 
[ 


bk: p=q¢q-q=r.)-p=r 

Dem. 

[ 4°26] (1) 
4°27. 

[ 4°26 | (2) 
-.(1).(2).Comp. Jk: 

[Syll] (3) 


"15 
“21 


5°24 
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[ 4°27] (4) 

[ 4°27] (5) 
f.(4).(5).Comp. Jk: 

[Syll] (6) 


-.(3).(6).Comp. Prop. 

Note. The above three propositions show that the relation of equiva- 
lence is reflexive (* 5*2), symmetrical ( %* 5°21), and transitive ( 5°22). 
Implication is reflexive and transitive, but not symmetrical. The prop- 
erties of being symmetrical, transitive, and (at least within a certain 


field) reflexive are essential to any relation which is to have the formal 


characters of equality. 


pep 

Dem. 

(2) 


f.(1).(2).% 4°21. Prop. 


b:p.=-pvp 

Dem. 

b. 4°28. p-d-pvp (1) 

[ 3°41] (2) 


f.(1).(2). DF. Prop. 

Note. *&5°24'25 are the two forms of the law of tautalogy, which is 
what chiefly distinguishes the algebra of symbolic logic from ordinary 
algebra. 
bip.q-=-G-P [ 4°22] 

Note. Whenever we have, whatever values p and g may have 


we have also 
(Clp,q)-= (Ciq,p)- 
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pvg-=-qvp [ 3°21] 


Dem. 
5°15. 
[ 5°12] =:p.).-~(q-7) (1) 


[(*%4°1)] Prop. 


Note. Here “(1)” stands for “-:.p.qg.)-~ri:Sip.).~(q.7)”, 
which is obtained from the above steps by * 5°22. The use of * 5°22 
will often be tacit, as above. The principle is the same as that explained 


in respect of implication in * 4°24 note. 


Dem. 

[* 5:1] Pde: 
[ 4°32] =t~p.}.~ 


Prop. 


4°61] 
[ 


The above are the associative laws for multiplication and addition. 
To avoid brackets, we introduce the following definitions: 


Df. 
Df. 
bs. [Fact. 4°47] 
[Sum. * 4°47] 


[ &4°48°47, 5°32, 4°22] 
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This is the first form of the distributive law. 


Dem. 

(1). Imp. (2) 

«4°27. pies Pi ave. 

f.(3).(4).Comp. (5) 
F. (2). (5). yf. Prop. 


pvg-pvr 

This is the second form of the distributive law—a form to which 
there is nothing analogous in ordinary algebra. By the conventions as 
to dots, “‘p.y.q.7” means “py(p.7)”. 


Dem. 

f.%4°26.Sum. (1) 
-.%4°27.Sum. (2) 
f.(1).(2).Comp. (3) 
F.Id.(% 4:11). 

[Comp] p. 

[Id. ( 4°11)] (4) 


F. (3). (4). Prop. 

Dem. 

4°21. 

[% 4°25] (1) 
F.(1).(2). p.=ip.qv~q: 


[ = p.q.V.p.~q:. Ff. Prop. 
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Dem. 
4°28. 


[Comp] 


[Imp] 
[( 4°11)] 


F. (1). (2). 


4°28. 


Prop. 


Id. «4°26. 


[ 4°44] 


F.(1).(2). 


p.y.p.g:).p 
Prop. 


bip.=.p.pvq [*4°26°28] 


The following propositions are important. 


(1) 


(2) 


They show how to trans- 


form implications into sums or into denials of products, and vice versa. 
Compare * 1°2. 


~(p.q)-=-py~q [ *5°12.(*4°1)] 
~pvy~q. [ «5°13. (*4°11)] 
~(~p. ~ [* 5°13] 

PYG. [ 5°2] 

~(p.~q).=-p)q [ *&5°5°13] 

~Pvq. [ 5°13] 


From the above we obtain De Morgan’s formule, as follows: 


Fs: ~(p.q).-=-~pv~q [*5°5°51] 
=-pvq [ 5°52°53] 
~p.~q. =.~(pv@ [ 5°62°12] 
~(p~q). pvg 5°54°55] 
~(~p.q).=-pv~q [ 5°56°57] 
~p.q. =-~(pv~q) [ 5°66°12] 


— 
— 
Dem. 
(1) 
= 
&5°5 
7 53 
"54 
°56 
°57 
| 62 
°63 
*64 
°65 
°66 
°67 
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Dem. 

4°26. 3°12.) 

Comp. 

[Exp] 

[1d] 

F.(1).(2). 
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De q 


2. gs i (1) 

(2) 
Prop. 


‘71 


Dem. 

[ 4°26] 
4°26, 
DF. 


yi ( 


Pode Po (2) 
Ped (3) 
Prop. 


The above proposition enables us to transform every implication 


into an equivalence 


, which is an advantage if we wish to assimilate 


symbolic logic as far as possible with ordinary algebra. But when 
symbolic logic is regarded as an instrument of proof, we need implica- 
tions, and it is merely inconvenient to substitute equivalences. 


w5°72 Fs. 


Dem. 


| «5-71 

[ 5°12] 

[ 5°62] 

[ 5°31] 


ps 


== Gy ps 
=:q.=.pvq:.)F. Prop. 


73 [Simp. * 5°71] 


This proposition is very useful, since it shows that a true factor may 


be omitted from a pr 


oduct without altering its truth or falsehood, just as 


a true hypothesis may be omitted from an implication. 


Ft. ~ Pig. 3°31. 5°72] 
24 
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17 [Alt. 4°28°29] 
"78 Fi. 
Dem. 
DES. PvG-V-~ pvr: 
[ 5°33] 
[ 5°31°37] 
[ 5°33] 
[ 5°25] =3~p.y.qyr: 
[ 5°55] =:p.).qvr:. DF. Prop. 
"79 Fi 
Dem. 
51°39. = =~ PI~Q-V-~pPI~r: 
[ 5°78] =:~p.).~qv~r: 
4°61] =:~p.).~(¢.7): 
[*5°1] =:q.7.).p:. Prop. 


Note. The analogues, for classes, of *5°78°79 are false. Take, 
e.g., * 5°78, and put p= English people, g—=men, r=women. Then 
p is contained in q or 7, but is not contained in g and is not contained in r. 


Fipyr~p.=.~p [ 2°91. Simp. ] 
81 [:~p)p.=.p [ 3°41. Simp. ] 
82 [ 3°44. Imp. * 3°31. Comp. ] 
°83 Fi [ 3°42. Imp. Simp. Comp. ] 


Note. %*5°82°83 may also be obtained from * 5°43, of which they 
are virtually other forms. 


*6° Miscellaneous propositions. 


The following are mainly propositions inserted on account of their 
subsequent utility. They are all easy to prove, and I shall therefore 


* 6° 


* 6° 
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either wholly omit the proofs, or merely indicate the propositions used 


in the proofs. 


bip.v.prq [ 3°31] 

kip [3°35] 
[3°34] 
[ * 3°32. Simp.] 

p=q.=.~(p=~9) [ & 6°15°16°17] 


b:~(p=~p) | 


bs. 


[ 4°4°22] 
[*6°2.% 5°11] 
[ 5°6°54] 


| 6-294 


[ & 6°22°23] 


5°76. 4°32, 6°3] 


This proposition is constantly required in subsequent proofs. 


tip. p=q.-=-q-p=4 


[Simp. * 3°5] 
[ 3°62°6] 
p. paper [| Exp.) 


*1 
"11 
°12 
°14 
°15 
°17 
°18 
Fis~p.~q.).p=q 
°22 bs. 
“24 
“32 
"33 
°34 
°35 
°36 
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bi. [5°77] 


Propositions Concerning All Values of the Variables. 


In this section, we have to introduce a new primitive idea, namely, 
the idea “(C{ax) is true for all values of «”’ Our formulse hitherto 
have concerned any value of the variable, not a// values, and what we 
may call the range of the variable has always been the whole of the 
sentence (?. ¢., the whole of one asserted proposition, or of as many 
asserted propositions as enter into a single chain of deductions). The 
point of the new primitive idea may be illustrated as follows: Consider 
3°31, ~p.).p)q. This means: ‘For any values of p and gq, 
not-p implies that p)q’. Here although g only occurs at the end, its 
‘“‘range’”’ is the whole proposition. But suppose we wish to say: ‘‘Not-p 
implies that, for any value of g, p implies q’’. Here gq has as its range 
only ‘‘p implies g’”’, not the whole proposition. We may proceed a 
stage further, and say: ‘‘Not-p implies that p implies that, for any 
value of g, q is true.” Here the range of gq is confined to q itself. 
When the range of (say) gis not the whole of an asserted proposition, 
we indicate the fact by putting (q) before the beginning of the range, 
followed by as many dots as occur at the end of the range, or (if the end of 
the range is the end of the sentence) by one more dot than occurs anywhere 
between the beginning of the range and the end of the sentence. Thus 


“Es~p.).(q)-p)q” means: “For any value of p, not-p implies 
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) 


that, for all values of g, p implies q’”’. Similarly, “-:.~p.):p.).(q).q 
means: ‘For any value of p, not-p implies that p implies that, for all 
values of g, gis true’. When the assertion-sign is absent, any complex 
(C\x), containing x, is a function of x, which in general has different 
values for different values of x. But the proposition “(C'{2) is true for 
all values of x’ is not a function of x; the result, so far as x is con- 
cerned, is a constant. [The case is more or less like that of the x in 


b 
fifo) dz] Hence we may, following Peano, call the x only an 


apparent variable in such a case. A variable which is not apparent is 
called veal. [The sense of real which is opposed to complex cannot well 
occur ina context in which the above sense might be meant.] We denote by 


(x). (Cha) or (x) 3 (Cha) 


(or by a larger number of dots, if necessary) the proposition ‘‘(C{z) is 
true for all values of x’’. Thus the ‘‘range”’ of an apparent variable 
becomes that proposition (whatever it is) whose truth for all values of 
the variable is being considered. 

The utility of the above idea and notation arises when the proposi- 
tion (x). (Cf x) is not itself asserted, but is part of an asserted proposition. 
Thus in the above case, in 


(q).q is not itself asserted, but is a constituent of an asserted proposi- 


tion. Note that (q).q is an absolute constant, meaning “everything is 


true’. Thus the formula 


may be read: “If p is false, then p implies that everything is true.” 

In (C fx), where the a is undetermined, the z is supposed to have 
some value, but not this or that definite value. Thus, when we assert 
(C\ a), we assert an ambiguous proposition; this assertion is true if all 
the values of (C'{x) are true, but not otherwise. This is what is asserted 
in *&7°1°11 below. For the sake of definiteness, we may say that 


“b.(C Xa)” means ‘‘(C fx) is true, where may be anything’. 
(a). (Ci means “(C is true for all values of 2’. 
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The necessity for this rather subtle distinction arises from certain diffi- 
culties concerning deduction with variables, which need not be here 
considered, as well as from the necessity of a notation for the case 
where the “range” of a variable is less than the whole of one asserted 
proposition.” 
We may now proceed to the formal development, which will make 
the above points clearer. 
Primitive idea: ‘(x).(C Ya)” means ‘the truth of (Cx) for all values 
of 
(x,y) x,y). =3(x)s(y). (Cha, y) Df. 
t.e., y) (Cha, y)” means ‘the truth for all values of 2, of the truth, 
for all values of y, of (C{a,y)”; te. practically, ‘‘the truth of (C{a, y) 
for all values of x and y’’. A similar form will be used, when required, 
for more than two variables. 
(Ata). ). (Bia): =: (x): (Afa).). (Bia) Df. 
Peano employs exclusively the notation (A{az).).(B{ ax), which 
expresses what I call a “formal implication”. He has no means of 
expressing .(C{ a) except when isof the form (A {a).). (Bia). 
In this respect Frege is preferable. But the above subscript notation is 
shorter, and often convenient, where implications are concerned; it may 
therefore be retained with advantage for use on suitable occasions. 


(Afa,y).).(BYa, y)s=3 (a, (Ata, y).). (Bia, y) Df. 
A similar form may be used for more than two variables. 
~ (a) .(C ha). =.~ (x). (Cha) } Df. 


This definition serves only for the avoidance of brackets. A similar 
notation will be used for several variables. 
Pp. 
This proposition may be read: ‘‘ What is true of all is true of any.” 


What is true of any is true of all. Pp. 


*The possibility of taking ‘‘all values’’ of a variable, and the nature of the total set of values concerned, 


are subject to some rather complicated restrictions, not here considered. 
the Cretan who said that all Cretans are liars, from Burali-Forti’s paradox, [‘‘Una questione sui numeri trans- 
finiti’?, Rendiconti del Cirecolo Matematico di Palermo, Tomo XI, 1897], from the paradox considered in my 
“Principles of Mathematics”, chap. X, and from other analogous paradoxes. 
tions, ‘“‘all values of C’’ in a statement about (Ck ax) would be meaningless. 


This results from the paradox of 


As an example of the limita- 
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This proposition is the converse of *7°1. It cannot be symbolized 
without inventing a new symbol for the purpose, which seems not worth 
while, as this symbol would not be afterwards required. It might be 
supposed at first that what we mean could be expressed by 


(a). (CY ax)”. 
But this would mean: “‘(C{ y) implies that (C’{ x) is true for all values of 
x, where y may be anything’’, which is not what we mean, and is not in 
general true. What we mean is: “If (Cy) is true whatever y may be, 
then (C fx) is true for all values of 2’. When (C{y) isasserted, we have 


F.(Chy). dF. (x). (Cha) 


but we cannot adopt this as our formula, because we must only put the 
assertion-sign before what really is true, and here (C{y) is to be only a 
hypothesis, which may or may not be true. 


Fs. (x). (x). (Cia) Pp. 
v.e., “If it is true, for all values of x, that p implies (C{ x), then p im- 
plies that (C'{ x) is true for all values of x’’. 

We now have all the apparatus necessary for deductions such as 
occur in the ordinary syllogism, e. g., for proving 

“Tf all Greeks are men, and all men are mortals, then all Greeks 
are mortals’’. 
The symbolic statement of ‘‘all Greeks are men”’ is 

).xisaman”’. 
Thus the general form of Barbara is 

This can be deduced from the above premisses; but for the present 
[ shall confine myself to cases in which there are no undetermined com- 
plexes, such as (Aa), (Bia), (C{a). The additional apparatus now 
available leads to certain further propositions, of great importance, in 
the theory of implication, and it is only these that concern us now. 


If a is any constant, |(x).(C{a)| implies (Cf a). 
This is not a primitive proposition, but a consequence of * 2°2 and 
*7*1. On the impossibility of expressing it symbolically, the same 


remarks apply as were made concerning * 2°2. 
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s(x) .(C fa). 2°38] 


Although * 2°3 could not be symbolized with our symbols, * 7°14 can 
be, because we are now able to indicate the limited range of the a. 


bs. (x) py(C hax). p.). (x). (Cx) 

Dem. 

712, (x). (Cha) (1) 

ha): 
(2) 


[7°11] >. (Cha): dip. >. (Cha):. 


(1). (3). 


Note that in the last two lines of the above proof two different x’s occur. 
In the last line but one, the x which has come down from the previous 
line has (C'{a) for the whole of its range; the other x replaces the y of 
the previous line, in accordance with * 7°11, and has the whole proposi- 
tion for its range. The practice of using two different z’s in one propo- 
sition is not in general commendable, for in practice it is liable to cause 
confusion; but the system of dots makes confusions theoretically im- 
possible, @. ¢., the meaning is never ambiguous, tho’ it may be a little 
difficult to discover. TI shall, however, in future avoid using the same 
letter for different apparent variables, except where doing so conduces 
to clearness. Different real variables must never be represented by the 
same letter. 

The effect of the above primitive propositions may be stated in 
certain rules. 

1. Given any asserted proposition containing a real variable x, we 
may put an « in brackets at the beginning, with a sufficient number of 
dots to cover the whole proposition. £.g., given }:rx=y.y=z.). 
x2=z, we may infer 

bs (2) 


2. Given any proposition beginning by an a in brackets, followed 
by a sufficient number of dots to cover the whole proposition, we may 
infer the proposition which results from omitting the x in brackets. 


| 
j 
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3. Given an implication which begins with an 2 in brackets, 
followed by a sufficient number of dots to cover the whole proposition, 
then, if the hypothesis does not contain «, we may remove the 2 in 
brackets to the beginning of the apodosis. 

4. Given an asserted implication, containing a in the apodosis, but 
not in the hypothesis, we may insert at the beginning of the apodosis 
an x in brackets, followed by a sufficient number of dots to cover the 
whole of the apodosis. 


This proposition states that p implies and is implied by the propo- 
sition ‘‘for all values of s, s implies p”’; 2.e., p implies and is implied by 
the proposition “‘everything implies p’’. 


Dem. 

(1). 711. (2) 
714, 


[ 3°41] (5) 
F.(4).(5). Prop. 

i. €., the falsehood of » implies and is implied by the proposition ‘‘for 
all values of s, » implies s’’. 


Dem. 

[ 7°12] (2) 
bi Dk 

[ 2°91] (3) 


F. (2).(3). Prop. 


Note. *& 7°11 and *7°12 are constantly being used together. They 
enable us, from any asserted proposition of the form 
[wand y being undetermined] 
to infer 
25 
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In order to apply * 7°11, it is necessary, in such a case, to take the 
whole proposition not only (Afa,y). For y) 
is unasserted, and therefore does not necessarily imply (y).(A{z, y). 
For this reason it would be a fallacy to write 


y).(Afa,y). 
[* 7°11°12] ).(y). (Aka, y) 


although our conclusion, namely (C{zx).).(y).(Aa,y), would be true. 


Dem. 
7°15. (s). Htp.).(s).8 (1) 
f.(1).%& 7°21. DF. Prop. 
Thus p is false when, and only when, p implies the proposition 


“everything is true’’. 


Dem. 
(s).8.).p: 
[ 5°73] ks.p.).(s) (s).8 (1) 


f.(1).% 7°22. Prop. 


[ 5°12] Prop. 


Thus both p and not-p may be replaced, in implicational formulz, 
. by equivalences. The above propositions * 7°23°24 may be read as 
follows: To say that p is false is equivalent to saying that p is equiva- 
lent to ‘‘everything is true’; and to say that p is true is equivalent to 
saying that p is equivalent to “‘not everything is true’. 


24 
Dem. 
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wK7°25 ~ (8) 
‘“‘not everything is true’’.* 


+ . Id.) :(s).s.).(s).82 
(8) .8 
| |>t ~ (s).8:) f. Prop 


26 (s).8.=.~(s).8} | «6-19 


Note that *2°2 is used here, not *2°3. 


28 Fi:p.).~(s).8 [ & 7°25. Simp. | 


Note. (s).s and ~ (s).s are absolute constants, which play a part 
analogous to that of 0 and 1 in ordinary algebra. The analogy is illus- 
trated by *& 7°3°31°33 below; but * 7°32 makes ~ (s).s analogous rather 
to « than to 1. 


“31 }:. 5°73. 7°25] 
°32 (s).8 [ 5°72. 7°28] 
“33 fs. (8).8.= (s).8 5°71. 7°27] 
34 p.~p.=.(s).8 | 
Dem. | 
7°11] 
[* 7°12] (1) 
7°14. 
| #3512 | (2) 


The above proposition may be stated in words as follows: p is true 
when and only when everything that p implies is true. 


* Everything is not true’’ would be ‘(s). ~s”’. 


| 
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Dem. 

[Comm] 


[e712] itp. (1) 
[ 4°2] (2) 


F.(1).(2). >. Prop. 


Dem. | 
b.%5°79, 
[Comm] 
[*&7°11°12] (1) 
bi we 7°14, 

Pe De Pe Pegi (2) 
(3) 
F.(2).(3). pig (4) 


(1). (4). F. Prop. 
5°77] 


The proof proceeds on the same lines as the proof of * 7°42. 
bi. [* 7°5] 


Note. Instead of taking negation as a primitive idea, as was done 
in * 1, it is possible to regard the property stated in * 7°22 as giving 
the definition of negation, 2. e., we may put 


~p.=ip.).(s).8 Df. 


This requires that the primitive idea (x) .(C should be introduced in 
* 2, and not postponed till *7. Instead of the definitions in * 4°1°11 


°43 
“51 
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it is now simpler to take * 7°41 and * 4°5 as the definitions of ».q and 
Pvq respectively, putting 


Df. 
Df, 


Instead of % 2°9°91°92, we can now substitute a single primitive propo- 
sition, namely 

p)q.)-p:).p Pp.* 
(which is * 3°51 in the above), 

This method is more artificial and much more difficult than the 
method adopted above, but these disadvantages are more than out- 
weighed by the fact that we have one less primitive idea and two less 
primitive propositions. 

My reason for not adopting this method is not its artificiality or its 
difficulty, but the fact that it never enables us to know that anything 
whatever is false. It enables us to prove the truth of whatever can be 
proved true by the method adopted above, and it does not enable us to 
prove the truth of anything which in fact is false. It even enables us 
to prove, concerning all the propositions which can be proved false by 
the above method, that, if they are true, then everything is true; but if 
any man is so credulous as to believe that everything is true, then the 
method in question is powerless to refute him. For example, we get 
the law of contradiction in the form 

bKip.~p.). (8).8; 
but this does not show that p.~p is false, unless we assume that (s) .s 
is false. Now in the system considered, falsehood is not among the ideas 
that occur in our apparatus; hence we cannot assume that (s).s is false 
without introducing a new primitive idea. But when once we have 
introduced this new idea, it is economical to make all possible use of it; 


and this leads us to the method adopted above. 
The above propositions give what is most important in the theory of 


material implication, 7. e., of propositions of the form 


* This is the principle called ‘‘ reduction” in my ‘ Principles of Mathematics ’’, §18, (10), p. 17. 
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The subject which comes next in logical order is the theory of formal 
implication, 2. ¢., of propositions of the form 


(Biz). 


These have been touched on in *7, but are not there considered on their 
own account. It is only after these have been considered that we can 
advance to the theory of classes, and thence to the theory of relations. 
The necessity of avoiding the contradiction of Burali—Forti concerning 
the greatest ordinal, and a class of contradictions of which the simplest 
is discussed in my ‘Principles of Mathematics’’, Chap. X, necessitate 
certain distinctions which render the subsequent development somewhat 
less simple than it would otherwise be. By distinguishing different types 
of variables, and confining the notion of ‘‘all values of the variable ”’ 
to all values within the type concerned, these contradictions can, I 
believe, be all satisfactorily avoided. 


The Geometry of Differential Elements of the Second 
Order with Respect to the Group of all 
Point Transformations. 


By Epwarp KASNER. 


A simple and familiar example of an expression which is unaltered by arbi- 
trary point transformation of the plane is given by the anharmonic ratio of the 
tangents to four curves passing through a common point. It is understood that 
the functions defining the transformation 


A= y), Y=Vv(a, y) (1) 
possess first derivatives and that the Jacobian 
J = 62%, — 9, (2) 


does not vanish at the point in question. The invariant property here results 
from the fact that, whatever the form of @ and 4, the lineal elements at a point 
undergo linear transformation, namely 


yuo “+ 
+ y' >, 


In this paper we obtain absolute invariants involving the curvatures as well 
as the directions of curves passing through a point, 7. e., invarianfs of differential 
elements of the second order. The transformations of y’, y’ are no longer linear, 
but cubic, and give rise to the eight-parameter group discussed in §1. The 
invariants are obtained from the infinitesimal generators of this group in §5. 
They may also be obtained synthetically by means of a fundamental relation, 
established in §2, between the geometry of differential elements considered with 
respect to arbitrary point transformations and projective geometry in space of 
four dimensions. This relation suggests a rational classification of diflerential 
equations of the second order (§3). It also furnishes a geometric interpretation 
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for the new invariants obtained (§6). In the last section (§7) the invariants 
for conformal transformation, which are not all expressible as angles, are obtained 
by a very simple relation to similitude transformations, 


§1.—The Group 


Consider a bundle of elements, 7. e., the «” differential elements of the second 
order at a given point. An element is determined by the values of 7’, y”. By 
a point transformation the bundle is turned into a bundle and the coordinates of 


the new elements are 


yn By t+ yy" + dy" + Jy" (3) 


where a, 8, y, 6 involve the second derivatives of @ and y.* The coefficients are 
numbers since the point a, y is fixed and only 7’, y vary. It will be convenient 


to use the simplified notation 
u=y,v=y"; U=Y', V=Y". 
Our transformation is then of the form 


But yu’ + dui + (ad — be)v (4) 
This cannot degenerate since it is assumed that 
J = ad — bc $+ 0. 

The constants a, b, c, d, a, 8, y, 6 are arbitrary and essential. 

The infinite group of arbitrary point transformations thus induces on a bundle 
of elements the eight-parameter continuous group (4), which we shall refer to as Gy. 

The eight infinitesimal generators of the group are found to be 


§2.—Representation in Four-dimensional Space. 


It will be noted that the numerator and denominator of V in (4) are linear 
with respect to wu, u*, wu’, v» This suggests the representation of each element 


*It is assumed that these second derivatives exist and that J does not vanish at the point considered. 
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(uw, v) of our bundle by means of a point in four space 2, with the homogeneous 


coordinates* 


The o” points in &, representing the «” elements then constitute the manifold 
defined by 


This is a cubic cone S; with its vertex at the point (0, 0, 0, 0, 1); its section in 
the space z,= 0 is a twisted cubic. 
The transformation (4) now may be written in the following linear form : 


4,=d*z, +3 cd*z + 8c'dz, + cz, 

Z, = edz, + dad + 2be)z, + e(be + 2ad)z; + ac%, 

Z; = bd*z, + b(be + 2ad)z. + a(ad + 2be)z3 + (8) 
Z,= 082, + + + 


+ + Yes + dz, + (ad — 


This leaves the relations (4) invariant. 

Thus to each transformation (4) of the bundle of elements corresponds in Ri, a 
collineation for which the cubic surface S; is tnvuriant. 

It is easy to show in fact that a cubic cone in FR, admits no larger continuous 
group of collineation. The general collineation of A, involves 24 constants. 
Since the vertex of the cone must be a fixed point, these are reduced to 20. 
Furthermore, the twisted cubic in the plane z;= 0 must be converted into one of 
the o‘ twisted cubics on the cone. Since the total number of twisted cubics in 
R, is 1, this imposes 16 — 4= 12 restrictions. Hence the automorphic group 
in question contains precisely 20 — 12 = 8 parameters. 

We have thus obtained the following principle: 

The geometry of a bundle of differential elements of the second order in a plane, 
with respect to arbitrary point transformation, is equivalent to projective geometry on 


a cubic cone in a space of four dimensions. 


*The z’s may of course be considered directly as a system of redundant coordinates for defining an 
element of a bundle. This is the natural system for the group of all point transformations. For the 
projective group of the plane, an appropriate system has been introduced by E. Study (Leipziger 
Berichte, 1901). 
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§3.—Classification of Differential Equations of the Second Order. 

This principle suggests the classification of differential equations of the 
second order which are algebraic in 9’, y’, that is in u, v, according to the degree 
of the corresponding equation expressed in the z coordinates. To an equation of 
first degree 

A, % + Ay % + As % + Ay + A; % =, 
corresponds in terms of uw, v an equation 


A,+ A,u+ A,u’?+ A,u?+ A, v = 0. 


If now the coefficients are taken as arbitrary functions of x, y, we have the 
differential equations of the form | 


Ey! = Ay® + By” + Cy! + D. (9) 


This is the type which has been extensively studied by Lie, R. Liouville, and 
Tresse. It includes the differential equation of the geodesics on any surface. 
The next case, corresponding to an equation of second degree in the 2’s, 


leads to the equations 


Ay!” + (Bb, + + B, 
+(C+ Qy'+ Cy? + + + Cy” + Gy") = 0 (10) 


where the coefficients are arbitrary functions of a, y. 

In general we define the rank of a differential equation which is algebraic 
with respect to y' and y” as the degree of the corresponding z equation. 

The rank of a differential equation is invariant under arbitrary point trans- 
formation. 

The equations of second rank, given by (10), involve 11 arbitrary coefficients 
instead of the 14 contained in a general quadric in R,. This is of course due to 
the three quadratic identities (7). The most genera] equation of rank 7 involves 


, 
1.2.3.4 1.3.3.4 


arbitrary functions of z, y. 
Equality of rank is necessary, but not sufficient for the equivalence of two 


differential equations under point transformation. Thus, among the equations of 
second rank there is an invariant species defined by 4 = 0; this arises when the 
quadric manifold in #, passes through the vertex of the cone. Subspecies may 
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then be distinguished according to the number of generators of the cone which 
lie in the quadric. Thus for two generators we find the type 


(B+ By’) (C+ Cy’ + Cry” + Gy? + Cy")= 0, (11) 


which is thus invariant under point transformation. 

In order that two differential equations of the second order shall be equivalent 
under point transformation, it is NECESSARY that the corresponding curves on the 
Jundamental cone in R, shall be projectively equivalent.* 


§4.—The Transformation of Centres. 


To interpret the equations of various ranks geometrically, without leaving 
the plane, consider for each element (wu, v) the corresponding centre of curvature 


u(1 + wu?) (12) 


— Z 
0 v » Yo v 


A point transformation, operating on the elements according to (4), induces the 
following transformation of the centres: 


= — Bayi + Yo — + (ac — bd) (a5 + 
Y.= 
— Bay ys + Yo — + (ae — bd) (a5 + 


The centres thus undergo a group of cubic Cremona transformations. 
An equation of first rank (9) establishes a relation between «x, and y, of the 
form 
+ yi) = — + - (14) 


In case of equations of first rank, the locus of the centres of curvature of the o' 
integral curves passing through a fixed point is a cubic curve of type (14).T 


*The invariants of differential equations of the second order have been determined by Tresse in the 
Preischriften Jablon. Gesell. zu Leipzig, vol. 32, 1596. Even the equations of first rank have invariants, and 


are therefore not all equivalent. 
+ Such a cubic curve is characterized by the fact that the fixed point (the origin) is a double point and the 


two tangents are the minimal lines. 
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For the general equation of rank 7, the central locus is a special curve of 
order 3r. Ifthe central locus in the general curve of order n, the corresponding 
differential equation is a special equation of rank n. 

As remarked above, the differential equation of the geodesics on any surface 
expressed in arbitrary Gaussian coordinates is of first rank. Therefore 

If a surface is represented point by point on a plane, the geodesics through a 
point are pictured by curves whose centres of curvature at the common point lie on a 


cubic curve of type (14).* 

In particular, a pencil of straight lines is converted by a point transformation 
into a system of curves for which the central locus is one of cubics considered. 
$5.—Absolute Invariants. 

Consider any number of elements 


A function of these 2n arbitrary quantities is an absolute invariant for all point 
transformations provided it admits the group G; of §1, or, what is the equivalent, 
the eight infinitesimal transformations (5). We thus have the following system 


of linear partial differential equations : 
Of _ 
Ou, 0, Sok Ov, Ou, 0 
+ SU; UE (15) 


where the summations are extended from k= 1 tok=n. 

The first two of the equations (15) show that / involves only the differences 
of the w’s and the differences of the v’s; while the next two show that / is 
homogeneous in these differences. Hence / is expressible in terms of the 2n — 4 


quantities 

Uy Vi— Y 
= - 4, . «++ 16 
Uy it Ve Vv, ( ) ( ) 


StS 


*If the representation is conformal, the central locus is a straight line. This holds indeed for a more 


extensive class of representations. See Bull. Amer. Math, Soc., vol. 12, 1906, p. 430. 


) 
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If we introduce these as the independent variables, the last four equations of 
the system (15) become 


— 1) fe, + — = 0, 
—0, — 1) A, =, (16) 


Integrating the first of these equations, we find that / is a function of the 2n — 5 
quantities 


&(&;— 1) 
4, ...., 8) 


The remaining equations (16) then become 
4 


3 4 


The first of these equations shows that we may take as the independent 
variables the 2n — 6 quantities 


(6204, (18’) 


The other equations then reduce to 


S(o,— 0, 
(18) 


>(6,—ri) 0. 
4 


The next step in the solution brings in the independent variables 


n 
n 
| 
| 


210 KasneR: The Geometry of Differential Elements of the Second 


and reduces the system to the single equation 


(19) 
Integrating this, we find that / is a function of 
(t= 4, ....,n) 
Our result then is that 


All (absolute) invariants, with respect to the infinite group of point transforma- 
tions, of n arbitrary differential elements of second order V4), ++, (Uny Vn) may 
be expressed as functions of 2n — 8 invariants, namely: n— 3 anharmonic ratios 


Tey Thy Try 
depending upon only the directions of the elements, and n — 5 of new type 
Qs, Q, 


which involve the curvatures. 
The new type presents itself then only when there are six (or more) 


elements.* 
The system of invariants given is complete not merely in the general 


functional sense, but also in a special algebraic sense. A detailed discussion, by 
means of a canonical representation, yields in fact the conclusion : 

All RATIONAL invariants, i. e., all invariants which involve Wy, v,, Uny Un 
rationally, are expressible as RATIONAL functions of the fundamental invariants of 
types rand Q. 

§6.—Geometric Interpretation. 


In order to obtain a geometric interpretation for our absolute invariants, 
we make use of the corresponding projective geometry in R,. 


*In his “Théorie des Invariants Universelles’? (Jour. de l’Ecole Polytechnique, ser. 2, vol. 4, 1898), 
P. Rabut attempts to determine all the invariants (relative as well as absolute) of differential elements in general. 
His method, however, seems to be special, as he does not obtain the above type Q. In fact, one of his conclu- 
sions is that elements whose tangents are all distinct have no absolute invariants beyond those of the familiar 


type 7. 
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If the group considered is the general projective group of A, and points are 
taken in arbitrary position, then no absolute invariant occurs for fewer than 7 
points. In the case of 7 points, we may pass 3-flats through each of the qua- 
druples 1234, 1235, 1236, 1237; these are members of a pencil and thus have 
an anharmonic ratio which is, of course, an absolute invariant. Our problem, 
however, is to find the invariants of points situated on the cone 8; with respect 
to the special collineation group (8). Here invariants arise for four points, For 
these determine four generators of the cone, which have an anharmonic ratio, 
namely, the anharmonic ratio of the four points in which these generators 
intersect any one of the twisted cubics on 83. This invariant is of course 
equivalent to 7. 

Consider now the case of six points on the surface. If we adjoin to these 
the vertex, (0, 0, 0, 0, 1), of the cone, which is of course invariant for G,, we 
have seven points, and so the general projective geometry applies. If the vertex 
is one of the three points through which 3-flats are passed, we obtain simply one 
of the 7 invariants. But if this is not the case, the invariant is of new type. 

We can now transfer these results to the plane. Any four elements of a 
bundle determine an equation of first rank ; hence the four centres of curvature 
determine a cubic curve of type (14).* If now we have six elements at the 
common point C, with centres denoted by (Cj, C,, C3, C,, Cs, Cs, we may construct 
the proper cubics determined by the quadruples 


G 
and the degenerate cubic determined by 
C, G, C; O, 


the last consisting of the straight lines connecting C,, C,, C; with the fixed 
point.O. These cubics are members of a pencil, and hence have an anharmonic 
ratio J, which may be represented concretely by the anharmonic ratio of the 
tangents at say C, to the proper cubics and the line C, O. 

This absolute invariant J, is equivalent to Q,; either one may be expressed 
as a rational function of the other and of invariants of type r. The explicit 
expressions may be obtained by means of a canonical form, but are not of any 


*The cubic degenerates only when two of the elements have a common tangent, or when one of the 


elements is cuspidal. These cases are explicitly excluded, 
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particular interest. The complete system obtained in §5 may be replaced by 
that composed of the types r and J. 


§7.—Conformal Invariants. 


If the point transformation (1) is conformal, the coefficients appearing in 
the element transformation (4) are connected by the relations 


a—d=0, b+c=0, 
a—y=0, B—d=0. 


Hence the conformal] transformations give rise to a four-parameter sub-group G;: 


p_ (at pu) + (e+ (21) 


=a — bu’ (a — bu)? 


U 
The infinitesimal generators are 


The invariants of any number of elements with respect to conformal trans- 
formations might be calculated directly from these infinitesimal transformations ; 
but a simple principle, now to be established, will yield them synthetically. 

We observe first that if (21) is expressed in terms of the corresponding 
centres of curvature, we obtain instead of the cubic transformations (13), the 
linear transformations 

(a? + b*) (axy— by) Y= (@ AF) + ayo) (23) 
— Bay + ayo + a? + — Baty + ay +a? + 

This projective group is composed of those collineations of the plane which 
leave invariant the origin and the minimal lines passing through it. 

If we take the dual of these transformations with respect to the unit circle 
about the origin, the new transformations leave invariant the line at infinity and 
the two circular points upon it, and hence are similitude transformations. 
Hence the conformal group (21) may be related to the similitude group. 

We thus obtain a correspondence between the «* elements of our bundle and the 
oo” straight lines of the plane. The line corresponding to any given element is the 
polar of its centre of curvature with respect to the unit circle. If the differential 
coordinates of the element are (u, v), the corresponding straight line is 
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When the elements are operated on by any conformal transformation, the induced 
transformation of the straight lines is simply a similitude transformation. 

Hence the conformal invariants of any number of elements may be obtained 
from the similitude invariants of the same number of straight lines. 

For two straight lines, the (absolute) invariant is their angle. This of 
course is also the angle between the elements. For three lines no new type 
occurs. For four lines there are only three independent angles, while the number 
of independent invariants is four; the new type is say the ratio of the segments 
formed by the intersections of three of the lines on the fourth line. For n lines 
we have n— 1 angles and n — 3 independent ratios.* 

With respect to the infinite group + of conformal transformations of the plane, n 
arbitrary curvature elements of a bundle have 2n — 4 independent absolute invariants ; 
of these n —1 are the angles between successive elements and n — 3 are of new type. 

The latter may be expressed either as ratios, by means of the corresponding 
straight lines, or as cross-ratios by means of the centres of curvature. If four 
elements at the common point O have the centres Cj, C,, C3, C,, the new invariant 
is equivalent to the anharmonic ratio of the lines connecting say C, with 
C., C;, C,, and O: 

The classification of differential equations given in $3 of course remains 
valid for the conformal sub-group. Equations of the same rank may furthermore 
be divided into species according to the order of the central loci. When the loci 
are straight lines, the equations are of the type 


(M+ (1+ (24) 


which is conformally distinct from the other equations of first rank, though not 
distinct in the general point group. It may be shown, indeed, that the con- 
formal transformations are the only ones leaving the type (24) invariant. 
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*It has been assumed that the conformal equations are of the direct type (not reversing angles) so that 
the groups considered are continuous. In the reverse type we obtain, instead of (23), a projective transforma- 
tion which interchanges the minimal lines at 0; the corresponding similitude is then also of the reverse type. 

¢ An examination of the six-parameter group of circular transformations yields the same results. Cf. the 
author’s paper ‘‘A relation between the circular and projective transformations of the plane”’ (Annals of 
Mathematics, Vol. 5, 1904, pp. 99-104). The invariant described in the closing sentence on page 104 is inde- 
pendent of the angles between the circles. 


Gyroscopes and Cyclones. 


By F. J. B. Corpetro. 


The most familiar form of gyroscope is the top. The motion of such a 
body, spinning about an axis of symmetry and actuated by no other force except 
that of gravity, is easily derived from equations expressing the conservation of 
the living forces and the conservation of the momental areas about a vertical 
axis passing through the point of support. 

Two equations can thus be obtained by which the angle S—the inclination 
of the axis to the vertical—and the angle ~—the azimuth of the plane passing 
through the axis and the fixed vertical line—can be found by quadratures. 
These equations were first obtained by Lagrange in his Mecanique Analytique, 
and were afterwards given by Poisson in his Traite de Mecanique. The former 
passes them over with but slight notice and proceeds to discuss the small oscilla- 
tions of a body of any form suspended under the action of gravity from a fixed 
point. The latter limits the equations to the case in which the body has an 
initial angular velocity only about its axis, and applies them directly to 
determine the small oscillations of a top (1) when its axis is nearly vertical, and 
(2) when its axis makes a nearly constant angle with the vertical. After these 
necessarily limited results no effort seems to have been made for many years to 
get a clear conception of the nature of the forces at work. In the preface of 
Barnard’s “Rotary Motion” we find “For some time the impression prevailed 
in the popular mind that the phenomena exhibited by the apparatus (gyroscope) 
could not be explained by natural laws. This idea was perhaps strengthened by 
the name applied to it by Prof. Olmstead (of Yale College), who called it “The 
Mechanical Paradox.” 

Quoting further from the same author, ‘‘After reading most of the popular 
explanations of the above phenomena given in our scientific and other publica- 
tions, I have found none altogether satisfactory. While with more or less suc- 
cess, they expose the more obvious features of the phenomenon and find in the 
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force of gravity an efficient cause of horizontal motion, they usually end in 
destroying the foundation on which their theory is built, and leave an effect to 
exist without a cause: a horizontal motion of the revolving disc about a point of 
support is supposed to be accounted for, while the descending motion, which is 
the first and direct effect of gravity (without which no horizontal motion can 
take place) is ignored or supposed to be entirely eliminated. Indeed, it is 
gravely stated as a distinguishing peculiarity of rotary motion that, while gravity 
acting upon a non-rotating body causes it to descend vertically, the same force 
acting upon a rotary body causes it to move horizontally. A tendency to descend 
is supposed to produce the effect of an actual descent; 
7 as if,in mechanics, a mere tendency to motion ever 
produced any effect whatever without that motion 
actually taking place.” 

It was Major (afterwards General) Barnard of the 
army engineers, who first translated the cryptic, 
oracular meaning of Poisson’s equations into clear 
everyday English, so that the motions of a gyroscope 
became clear to the everyday intellect. This was in 
1858. 

r In the rotation of a gyroscope about a fixed axis, 
centrifugal forces must be developed. This Barnard 
did not consider in his discussion of the problem. As 
in the case of a gyroscope with a very rapid rotational 
motion, the precessional motion is slow, this force will 
W be very small and it can be neglected. But in the 
theory of the gyroscope in general it must be con- 

sidered. 
; Let us consider a gyroscope of the-form shown in 

Vv Fig. 1. 

7 The gyroscope @ is counterbalanced by the weight 
W, so that the centre of gravity of the instrument always remains fixed at O. 
It can turn about a vertical axis VV’, and a horizontal axis HH’. Under these 
circumstances whatever motions are imparted to it, it will not be influenced by 


gravity. 
If an impulsive spin be given to the gyroscope setting up an angular velocity 
w, and if it be given an impulsive turn about the axis VV’, setting up an 
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angular velocity Q, its subsequent motion will take place under the action of no 
external applied forces. Intrinsic forces will be set up, however, modifying its 
motion continually. Ifthe wheel were not rotating and it were to turn about 
the axis VV’, the centrifugal forces would shortly bring the axis GW to a hori- 
zontal position. But if the spin and the turn are both counter-clockwise, a 
deflective gyroscopic force is set up tending to bring the axis GW into coinci- 
dence with the axis VV’. If at the outset of the motion, the component of the 
centrifugal forces normal to the axis GW, which tends to depress the axis, and 
the gyroscopic force normal to the axis GW, which tends to raise it, are equal; 
since they are opposite, there will be no motion of the instrument about the 
axis HH’. 

Let us imagine the equimomental spheroid (Poinsot’s momental ellipsoid) 
at O, with its major axis coincident with the axis GW, rigidly attached to the 
instrument and rolling on a tangent plane perpendicular to the axis VV’. Such 
a body will revolve about a line OJ connecting the fixed centre O with the point 
of contact of the spheroid with the tangent plane, as an instantaneous axis. 
Let the axis GW make an angle y with the vertical fixed axis OV and an angle 
7 with the moving instantaneous axis OJ. Now if the instrument is moving 
with a uniform angular velocity Q about the axis OV, and with a uniform 
angular velocity o about the axis OG, it will be in the condition of a body mov- 
ing under the action of no forces, to which an original impulsive couple about 
the axis OV has been imparted, and one point of which O is fixed. It is shown 
in treatises on dynamics that under these circumstances certain conditions must 
hold between the angles in question, y,7, and the angular velocities about OV 
and OG. The motion of such a body is exactly represented by causing its 
momental spheroid to roll on the tangent plane, and the following condition 


must hold: tan y = tan?. 


Consequently when our gyroscope revolves uniformly about the axis OV, 
its motion can be represented by causing its momental spheroid to roll upon a 
perpendicular tangent plane, while its centre is fixed at O. 

But we have found another condition requisite for such motion. The cen- 
trifugal and gyroscopic forces must balance each other in their turning effort 
about the axis HH’. Let us see if these conditions are identical. Drop a per- 
pendicular GM from G to OV. The centrifugal force (exerted in the direction 
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MG) is SmrQ?. Now the rotation of the gyroscope can clearly have no effect 
upon this force. Therefore the centrifugal force = M. OG.sin yQ’. 
The component of this force perpendicular to the axis OG is 


M.OG.sin y.cos yQ’. 


The gyroscopic force (exerted at right angles to the axis OG) is 


.Q. sin y 


These forces are opposed and must be equal. Therefore OG’. cosyQ= Fa. 
But Q sin y =o tani from the conditions of the motion, where in the above 
equations M is the mass and A and © are the principal moments about the axis 


OG. Therefore tan y = = tan 7; and we see that the reason that a body under 


the action of no forces moves about its invariable line at a constant angle is 
because the centrifugal and gyroscopic forces are in equilibrium about its axis. 
Now if at the outset of motion, the angular velocities Q and o do not fulfil 


the condition Q cos y = in these forces will not be in equilibrium and the 


gyroscope will tend to raise or lower itself until such condition is satisfied. The 
excess of one force over the other will give it a decreasing angular acceleration 
until it reaches the position of equilibrium. But it will be carried beyond this 
by its inertia and an increasing acceleration in the opposite direction will bring 
it to rest and finally back through the position of equilibrium. It will thus 
oscillate continually through the position of equilibrium as a centre. 

The above discussion is of importance in connection with the theory of 
cyclones. With the establishment of a cyclone and its invariable rotation in a 
counter-clockwise direction in the Northern Hemisphere, we have nothing to do 
here. That can be found elsewhere. (See “‘The Problem of the Cyclone,” 
Monthly Weather Review, November, 1903.) We shall regard a cyclone 
dynamically as a rigid rotating body—in other words as a gyroscope. That 
this is permissible is evident from the fact that a stream of water (or air) when 
directed through a tube curled into the form of a spiral, so that there is a rotating 
mass, exhibits all the properties of a gyroscope, which is nothing more than 
rotating matter. Wecan therefore substitute for any given cyclone a dynamically 
equivalent gyroscope. For the properties of a gyroscope are derived eventually 
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from the inertia of matter, and whether solid, liquid or gaseous, all matter pos- 
sesses this essential property of inertia. Now we have used above a coiled spiral 
tube simply to direct the stream lines, while in a cyclone no such artificial con- 
straint is necessary, since the forces at work in the body of a cyclone preserve 
the stream lines in a constant relation to each other. We can resolve the motion 
of the inflowing and outflowing air into two components—one of motion to and 
from the centre—and the other of circular motion about the centre as an axis. 
For every component directly towards the centre there is a component away 
from the centre, so that they eliminate each other. We therefore simply sub- 
stitute for the circular motion a dynamically equivalent gyroscope—all that is 
necessary being that the moment of inertia of the two should be equal. And in 
fact we shall find that the calculated motion of such a gyroscope corresponds 
with the actual motion found in cyclones. 

Let us suppose that a cyclone exists at some point of the Earth’s surface and 
that there are no frictional forces, In other words it is free to preserve a con- 
stant rotational energy and to move over the surface of the Earth without 
resistance. Let us suppose that the rotational and azimuthal angular velocities 


o and Q, are so adjusted that tany = = tanz, where y is the angle the axis 


of the cyclone makes with the axis of the Earth. 

In such a case there will be uniform azimuthal motion about the axis of the 
Earth and the cyclone will preserve a uniform latitude. If the velocity of the 
Earth at the point underlying the centre of the cyclone is equal to that of the 
cyclone, the cyclone will remain stationary with respect to the Earth. 

If less or greater, then there will be a corresponding motion of the cyclone 
relatively to the surface of the Earth, but it will move along a parallel of lati- 
tude. If wand Q do not fulfil the above condition, since the cyclone originally 
started revolving about the axis of the Harth—z. e. the elements of which it is 
composed had a definite moment about this axis, —it will have to conserve the 
original moment of momentum about this axis. In order to obtain stable motion 
therefore, it will strive to put itself in such a position that the invariable angular 
velocity and the variable velocity Q will assume such a relation that the con- 


dition tan y = . tan t holds, 7 being the inclination of the instantaneous axis 


to the axis of the cyclone which varies in the adjustment referred to, Since the 
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relation aA cos y = “holds, if w is too large relatively to Q, the axis of the 


C Q 
cyclone will move to the North until it adjusts itself; if too small, the axis will 
move to the South. Now in the great majority of all cyclones @ is too large 
relatively to O, and the general movement is to the Northward. Still there are 
a very few cyclones which move along a parallel of latitude—at least during the 


first part of their motion—(Piddington has charted such a cyclone—) and very 


\ 


Fria. 2. 


fewer still move to the Southward. It is evident that these latter can have very 
little energy and such we find to be actually the case. A very violent cyclone 
is apt to move rapidly to the North. 

The position of equilibrium of most cyclones is apt to be in high latitudes. 
As we have seen before, in our experimental gyroscope, this position is apt to be 
overshot and a succession of oscillations backwards and forwards over this lati- 
tude generally occurs. If such an oscillation were developed upon a plane mov- 
ing surface, the shape of the path would be a series of waves as in Fig. 2. 


But the actual path of a cyclone is developed upon the moving surface of 
the Earth, and the velocity of the cyclone in higher latitudes is relatively much 
greater to the velocity of the Harth’s surface than it is in lower latitudes. The 
path therefore will assume the form in Fig. 3. 

This is a prediction from purely theoretical considerations. Now on ex- 


amining the charted paths of cyclones crossing the Atlantic in high latitudes, 
we find many that exactly execute such a path. Ifa cyclone could preserve a 


Fia.. 8. 
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constant rotational energy, after finding its latitude of equilibrium, it would 
continue forever circling around the Earth and oscillating about this latitude, in 
such a path as is pictured in Fig. 3. Abercrombie states that he has traced a 
cyclone which, starting in the Philippines, went up North to Japan, crossed suc- 
cessively the Pacific, the American continent and the Atlantic Ocean, and then 
passing over Russia, died out finally on the Steppes of Siberia, having thus 
almost completely circled the globe. ) 

The writer has previously in a popular article (Bulletin of the American 
Geographical Society, No. 8, 1900) called attention, he believes for the first 
time, to the fact that the motion of cyclones is due chiefly to their own intrinsic 
forces, among which the gyroscopic forces developed are most important. In a 
later article (‘‘The Problem of the Cyclone,’’? Monthly Weather Review, 
November, 1903), he sketched out roughly a method of attacking the problem, 
taking into consideration the effect of frictional forces on the Earth’s surface. 

The previous explanations of the motions of cyclones, if they can be con- 
sidered explanations, have been grossly inadequate. Weshall mention here only 
two of these and afterwards consider carefully to what extent, howsoever slight- 
ly, they can modify a path which we have shown is due to other and greatly 
preponderating causes, viz.—the causes we have just discussed together with 
friction. The first of these explanations is that they are blown along with the 
prevailing winds. Tropical cyclones usually start out in the doldrums where 
the winds are few and uncertain. It is pointed out that the general circulation 
of the atmosphere has a westward component in lower latitudes and an eastward 
component in higher latitudes. These blow the cyclones first west then east, 
but how they work up to the northward is not made clear. It is hardly worth 
while to rebut by serious proof—which can be done—such an explanation. 

The second is that cyclones are governed in their motions by the existence 
of some distant High or Low. The gradient may be almost imperceptible, 
but according to this theory, should a cyclone arise on a line between a High 
and a Low, no matter how far apart, it is considered that it ought to move 
towards the Low, 7. e. after a fashion. But very often it does not do so, not 
even after a fashion. 

We shall now attempt to analyze the motion of a cyclone taking into con- 
sideration the frictional forces developed. The writer had hoped that some one 
else with greater facilities and ability might have taken up the problem as indi- 
cated in the article mentioned above in the Monthly Weather Review, but the 
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possibility of predicting the path of a cyclone, if not for its complete run, cer- 
tainly for a few days ahead, does not seem to have aroused any interest. There 
was a time when the electrician did not need to be a mathematician, but that day 
has passed. So with the study of Meteorology; the meteorologist of the future 
will have to be a mathematician first. In the cyclone, the grandest phenomenon 
by far, the Chef d’Oevre of his specialty, he will find a complicated problem of 
forces which can only be unravelled by the calculus of mathematics. 

A cyclone rotating about its axis experiences a certain amount of friction as 
its under surface passes over the surface of the Karth. If the initial momental 
energy were not added to, it would soon come to rest by reason of this resisting 
couple. Now this friction couple exerts a force contrary to the original mo- 
mental energy about the axis of the Earth and is therefore continually decreas- 
ing it. The original moment of momentum about the Harth’s axis is expressed 
by the quantity Me asin3 + MR’ cos’S .Q. where $ is the latitude of the 
cyclone. Since we shall suppose that by added energy the moment Mk’ a is kept 
always constant throughout the period that we are studying, it follows that the 
retarding frictional couple will be continually reducing the term MR*cos’3Q. 
This at first will affect chiefly the velocity Q, and the cyclone will tend to lag 
further and further behind the position it would have occupied if there were no 
friction. In a certain sense it can be considered to be continually screwing 
itself backwards. Now if the cyclone is urged backwards along a parallel of lati- 
tude this motion is opposed by frictional forces, so that the moment of the force 
opposing the original momental energy about the axis of the Harth, will be re- 
duced by this amount. IfJ/is the moment of the frictional force about the axis 
of the cyclone, which we suppose to be kept constant, and 2a is the arm of this 
couple and fis the force it exerts on this arm, and iff, is the force urging the 
cyclone backwards, then’ =/.2a=/,.Rcoss. 

Now if f, is the frictional resistance opposing the sliding of the cyclone 
bodily, we have for the effective backward moment /,; = / —/f\, Rcos. 

We can write the equation therefore 


t 
MR? cos*3.Q + Mit osinS = K—M fiat (1) 


where /f is the moment of momentum about the Earth’s axis at the beginning 


of the period under consideration. 
Now the gyroscope will in general be urged away from its parallel of lati- 
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tude (in the great majority of cases, to the North, as already explained) and the 
normal effective deflecting force will be 
YR sin 9. — My. (2) 

We can consider that the last two forces are in the nature of constraints and 
the remaining effective force is given by the expression (2) so that the body 
moves northward under this force without friction. 

The total moment of momentum given in (1) will not be diminished there- 
fore by this northward motion of the cyclone.* The term Mk’ wsin $ will be 
increased to be sure, but this will be made up by a loss in the first term. In 
other words the northward acceleration is at the expense of a certain amount 
of the momental energy of the cyclone about the Earth’s axis. 

We can write therefore 


— MR cos $ .sin $ Q? — Mf, = (3) 


It is usual to write 2 instead of QO, J being the azimuth at any instant of 
the plane passing through the axis of the cyclone and the axis of the Earth. 
The two following equations eepeee therefore the whole motion of the 


cyclone. 
R? cos* 3 = K Ldt . 


ka dd 
R di —Rsins. © fy sec d = 


fu of course changes sign with the direction of the azimuthal motion of the 
cyclone with respect to the Karth’s surface. If the cyclone moves to the east- 
ward, =/+ /, Reoss. 

We shall not here discuss whether f, is a constant, or a function of the 
velocity, or a more complicated function. That probably can be determined by 


observation. We may write (4) 


ReosS + = K— (6) 


where », is the actual azimuthal velocity of a cyclone. 


*Since these northward forces act in a plane passing through the axis of the Earth, it is clear that they 
cannot influence the total moment of momentum about this axis. 
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In finding the position of the cyclone relatively to the Earth this actual 
azimuthal velocity will have to be compounded with that of the Harth’s surface 
at the point where the cyclone happens to be. If this compounded velocity 
happens to be zero, as is usually the case at some point or points of the cyclone’s 
path, this marks a point where the cyclone is changing from a relatively west- 
ward to a relatively eastward velocity or vice versa. In the ordinary 
parabolic paths of tropical hurricanes the point of recurvation is such a point. 

The equations (4) and (5) are not in general susceptible of direct integration. 
But if we consider in Equa. (6) f,, to be a constant, and if the cyclone is in a low 
latitude, so that the term /*@sin3 can be neglected without any great error, 
then we can easily use the equation. The values A and f, will have to be de- 
termined by observations. For short periods 7, might be considered constant, 
and there would then be only the two values XK and /, to be determined. 


Having determined an approximate value for se at some time ahead, this 
may be substituted in Equa. (5) and assuming the most probable value for 3, 
the northward velocity - might be determined to a certain degree of approxi- 

a 


mation. 

Using an approximate formula = 3) — A’(S— S)? where 3, is 
the latitude in which the cyclone originated, and v, is the polar velocity, the 
writer has found a close agreeinent in the cyclones to which it was applied. 

We have hitherto supposed that the cyclone was moving in a still and 
isobaric atmosphere. The chief and vastly preponderating forces which shape 
the path of the cyclone have already been considered. We shall now consider 
how far a deviation of the general atmosphere from the normal condition we 
have supposed can modify the shape of this path. ’ 

Let us suppose that the cyclone lies on a gradient between some general 
High and some general Low. We suppose here merely a gradient without any 
general motion of the atmosphere (wind) towards the Low. As far as the writer 
can gather from observations of vortices on the surface of water they are not 
influenced by ripples passing by them. Their shape is distorted, but unless a 
wave breaks over them, filling up the funnel, their motion continues as if the 
ripple had not traversed them. ‘The eflect of an existing gradient is merely to 
cause a slightly greater pressure on one side than the other. Now a cyclone 
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rarely has the same pressure on all points of its rim. A slightly greater centri- 
fugal force on one side will cause a greater barometrical height at this point and 
will tend to distort the shape of the cyclone and its stream lines. But no 
cyclone is a perfect circle. Our equivalent gyroscope is merely the dynamical 
equivalent of an oval or irregular mass of rotating air. To the extent then that 
a gradient may modify slightly the shape of a cyclone and therefore its equiv- 
alent gyroscope, it may alter the path of a cyclone, but this effect must be 
extremely slight. 

The effect of the prevailing winds, as has been stated before, has been given 
as the cause of the motion. Now it is true that a cyclone imbedded in a mass of 
moving air would be carried along with it, but as soon as motion ceased to be 
parallel, 2. e. as soon as the plane of the cyclone were turned, gyroscopic forces 
would be developed. Friction also would divert it from the general surrounding 
motion. 

But a cyclone is a very thin, wide disc of air extending often over hundreds 
of miles. As it is moving with tremendous force, with its thin edge against the 
surrounding atmosphere, a wind on one side can have no great effect. True it 
may crumple up and distort the extreme exposed edge, but in a large cyclone 
the effect would be inappreciable. Certain it is that cyclones work constantly 
through the trade wind zones and their paths in general do not seem to be 
appreciably distorted. In the case of a tornado, which is an extreme form of 
cyclone, where the diameter may be only a few yards, though the height is con- 
siderable, there are no gyroscopic forces set up and its run is extremely limited. 
Such a whirl is governed simply by the motion of the surrounding air. We see 
this in a whirl of leaves on a gusty autumn day. 

It remains to consider a few of the effects of the motion of a cyclone upon 
that of the Earth itself. We have seen that the friction couple tends to drive the 
cyclone backwards around the Earth’s axis; but the reaction against this also 
tends to accelerate the Harth’s rotation. Now since these accelerations are 
always in the same direction for every cyclone, both in the northern and 
southern hemispheres, the effect must be cumulative. It is possible to compute 
approximately this effect from the energies and frequencies of cyclones. It must. 
be extremely small. Still as it is cumulative, it might amount to a fraction of a 
second in the length of the day in a century. 

The frictional couple of a cyclone tends to cause the Earth to revolve about 
an axis directly under its centre, and would do so if the Earth were at rest. The 


CorDEIRO: Gyroscopes and Cyclones. 225 


combination of this tendency and the actual rotation, causes the Karth to revolve 
about some axis on the meridian of the cyclone and between the actual] axis and 
the axis of the cyclone. Naturally the forces of the friction couple are so small 
compared with the energy of rotation of the Earth about its axis, that this 
deviation of the instantaneous axis from the normal axis must be very minute. 
As cyclones are pretty regularly distributed over the Earth, both in the northern 
and in the southern hemispheres, their effect in changing the direction of the 
Karth’s axis will, in a long period of time, be apt to be self-eliminatory. The 
West Indies and the Philippines—the homes of the cyclone—are 180 degrees 
apart. Still it is possible that they are a factor, even though to a slight extent, 
in a small (not more than 100 feet) periodical variation which has been observed 
in latitudes. 


On the Primitive Groups of Class Ten. 
By W. A. MANNING. 


Let s,, 5, ...- be a complete set of conjugate substitutions of prime order 
(p) in a primitive group G. They generate a transitive group. A certain 
number (4) of these conjugates may generate an intransitive subgroup J. We 
wish to prove, before taking up the groups of class 10, that a substitution can 
always be found in the series 8, 8, ... which connects the letters of any given set 
of intransitivity of I, with the letters of some other set. 

Suppose that the theorem is not true. Take a particular transitive set of 
{s,, in the letters a,, a,,.... Choose from the series s,,....a 
substitution s,,, which connects a,, .... with new letters, and which, of all the 
substitutions connecting the letters a, .... with new letters a, has the fewest 
new letters in the cycles with a,,.... There may be a number of such substi- 
tutions. Select that one which connects the fewest new letters 3 with the letters 6. 
Now consider , = jf, 8.41. If no substitution of the series s,, .... connects 
the extended set a,, .... with another transitive set of /,, we take s,,,as we did 
8,4 1, and continue in this way until we have an intransitive subgroup J,_, and a 
substitution S, which connects the extended set a,, ...- with some other set of 
[,_,- It is now essential to consider closely the substitution s,_, by which we 
pass from J,_,to ,_,. Let the letters of the first set be a,, a,, ..-. a, and let 
the remaining letters of J,_,, which may or may not form a single transitive set, 
be denoted by 4,, b,, ....; we shall speak of the letters a and the letters 5. 

Letters a, new to /,_,, are connected with letters a by s,_,. Since s,_, is 
of prime order, any power of s,_, connects a’s and a’s. If s,_, has two a’s in 
any one cycle, x can be chosen so that in s?_, these two new letters are adjacent. 
Then unless s?_, replaces all the & letters a by a’s, one of the generators of the 
group s,_”, ,_, 8?_, will connect a’s and a’s and displace fewer a’s than does 
8-1, contrary to hypothesis. Suppose that s?_, replaces every a by an a, but 
has two a’s in the same cycle with two a’s, thus: 
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We can choose y so that 


and proceed as before. It is now evident that if one cycle of s,_, displaces p — 1 
letters a, all the cycles containing a letter a displace »,— 1 a’s. In this case 


8,9 == (@, ajay! ...- af?) (a,ajas .... .... 


and all the substitutions of the series s,, s,, ...., not in J,_,, and which connect 
a’s and new letters, are of this form. Since G is a primitive group there is in it 
some substitution ¢ which replaces an a by an a, and an a by some other letter w. 
Consider the group ¢~'Z,_.f. One of its generators o connects an a and 
a letter w. This w cannot be a letter 6. Then 


is of the same type as s,_,, with the & letters a found in & different cycles. 
This gives 

Then ¢/,_,¢~1 leaves at least one a fixed and has a generator, similar to s,, which 
connects letters a with other letters. We can at once conclude that s,_, has not 
two letters a in any cycle, and further that when p = 2, s,_, replaces ana by an a. 
We may write 

8, — a,2 

where £ is connected with the 6’s by s,_,, and w is arbitrary. Ifs,_, has two 
letters a, as a, a, 41, adjacent in one of its cycles, 


—] 
Or if s,_, leaves an a fixed, we can make a, that letter and have 


Hence the theorem as stated is true. 

All the primitive groups of class 10 which contain a substitution of degree 

10 and order 5 are known.* It remains to determine those which do not contain 

such a substitution. It is convenient to determine first the diedral groups of 

class 10 which are generated by two substitutions of the form 
Ay B, Dg Cy Cy . Dy dy 


* Transactions of the American Mathematical Society, Vol. 4 (1903), p. 351. 
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For brevity D shall be any diedral rotation group. Only one of these groups D 
is transitive. It is a primitive group of degree 11 and order 22, not contained 
in a larger primitive group of class 10 of the type we are considering. We neg- 
lect it entirely in what follows. 

Let s, and s, be the two generators of a D. The product s, s, = S is a posi- 
tive substitution. 

If the degree of S is less than the degree of {s,, s,}, s; and s, have one or 
more cycles in common. They cannot have three cycles in common for then S 
would be of degree 8 at most. If s, and s, have two cycles in common, we have 


the group 


D, = {8, = a, ay dy == a az. b, a2. B, By. 


If s, and s, have just one cycle in common, S is of degree 12, 13, .... 16. Neg- 
lecting the two letters common to s, and s, we have to do with a positive 
intransitive D of class 8 and degree 12, 13,....or 16. S, if of degree 12, isa 
regular substitution of order 2, 3, or 6. There are two groups: 


Ds = }81, % By. 


Corresponding to S* = 1, the D of class 8 cannot be constructed. A substitution 
of degree 13 contained in G is necessarily regular. If S is of degree 14 and 
regular, it is of order 7 and there isno group D. If Sis not regular, it is of 
order 4 and {s,, s,| has three octic constituents. These cannot be so arranged 
as to give, with the other two constituents, a D generated by two negative sub- 
stitutions of degree 10. Again no isomorphism can be set up when JS is of 
degree 15. When Sis of degree 16 we have 


Dy = 82 = A, A, - by}. 
We can now assume that S is of the same degree as }s,, s,|. 


If S is of degree 12, it is regular and is of order 2, 3, or 6. We have at 


once 
Ay by . 


A, Cy - 
Oc, 


Ay . by de. c, d, 


81, =a, b, b,c, S=1; 
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The product S cannot be of degree 13. If Sis of degree 14, it must be non- 
regular, and is then of order 4. We have 


D, = {s,,% =a, Cy Ay Cy - Ay ds . dy a}, M = 


— { 
Dy = S» — a, by Cy d, Oy As 


If S is of degree 15: 


Dy = 481, 8 = 4,4, . 5 By. 
If S is of degree 16: 
= 181, 82 = Ay by Uy by By Bo - 


The degrees 17, 18, 19 give no groups D. 

When S displaces 20 letters, we have, 

Note that D; and D, contain D; and D,, and that D, and D, contain 
D, and D,. 

The D,, and hence D,, which is the same group, can be thrown out very 
quickly. It has two transitive systems of 6 letters each. There is a substitu- 
tion s; of the series s,, s,, .... which connects these two systems and brings in 
at most 4 new letters, one in a cycle,* so that H=}s,, s,, 8, is a transitive 
group of degree not greater than 16. We can write s; so that it has a cycle new 
to s,, is not commutative with it and has more than 4 letters new to s,. Hence 
E is of degree 15 at most. If # is of degree 12, it is of order 24 and the only 
substitutions of degree 10 found in it are the 6 belonging to }{s,, s,{. If His of 
degree 13, its positive subgroup is of class 12, and contains just one subgroup of 
order 13, which must then be invariant in the group £. But s, cannot transform 
a group of order 13 into itself. If # is of degree 14, the positive subgroup is of 
class 12 and of order 14° 6. By Sylow’s theorem this subgroup has a character- 
istic cyclic subgroup of order 7, which is then invariant in #. Again s, cannot 
transform a group of order 7 into itself. If His of degree 15, the positive sub- 
group is transitive of class 12, and contains no substitutions of degree 13 or 14; 
hence the subgroup leaving one letter fixed leaves three fixed. Now a group of 
order 15° 6 has a single invariant subgroup of order 5. In £ this is impossible. 
We can now strike D, and D, from our list. 


* Transactions, &c., l. c. 
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The next to go is the group D;. The three substitutions of degree 10 in D, 


are 
8, = a, . 6,b,. 


= a,€,.5,8 
83 = 8B. coy . 


According to the theorem established in the beginning of this article, there is a 
substitution s, similar to s,, in the group G, which connects the set a, a, with 
another set of D,. Wewrites=a,b,.... Ifs leaves a, fixed we have s; ss, ss;= 
a,6,.a,y.--. Then putting s=a,b,.a,y...., we see first that y cannot be 
new tos,. For now that D,; and D, are thrown out, a group of the type {s,, s! 
is not found in the list D,,...., D,;. For the same reason y must belong to s, 
and not to s;. Hence y= c¢,,d,, ore,. Without loss of generality we can say 
that y=c,. Now }s,,s} and |s,,8} are both D,. Hence from {s,, s} 


a,b, 


But (bd, c,) is a cycle new to s, and on that account {s,,s} cannot be D,. Hence 
D,; can be dropped from our list. 
D, is next in order of difficulty. The three substitutions of order 2 are 


8; = A, a, . b, dy dy . &, 
Sy = a, b, Ay Cy Ae, 
83 = Ag be . A, Co . dy ay Gy 


There is a substitution s similar to s,, which connects the set a, .... with 
the set d,d,a,, and brings in at most 4 new letters, one to acycle. Suppose first 
that H= | D,, s} is transitive. If H is of degree 12, it has 4 subgroups of order 
3 and is an imprimitive group isomorphic to the symmetric group of degree 4. 
In (abcd) all we get a transitive representation of class 10 on 12 letters only by 
taking as a new element in the multiplication table of the group a subgroup 
1, (ab). This substitution (ab) is contained in one subgroup of order 4, in two 
of order 6, in one of order 8, and in one of order 12. Hence by Marcerarr’s 
extension of a theorem* due to JorDAN, this group Z£, if contained in a primitive 
group, is contained in a doubly transitive group of degree 13, of order 13° 12> 2. 


*MARGGRAFF, Dissertation, Ueber primitive Gruppen mit transitiven Untergruppen geringeren Grades. Giessen 
(1889), This point is made clear in a paper soon to appear in the Transactions of the American Mathematical 
Society under the title On Multiply Transitive Groups, by the present writer. 
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This G” would by Sylow’s theorem have to have an invariant subgroup of order 
13. This is here impossible. It is clear that # cannot be of degree 13, 14, 15, 
or 16, if we keep in mind the reasoning in the case of D,. 

Now s does not connect more than two systems of D,. By means of the 
conjoin of the regular constituent of D, we can write without loss of generality 


Looking over the non-Abelian groups in the list D,, ...., we see that s can 


have 2, 4, or 5 letters new to s,. 
If s has just two letters new to s,, }s,, 5} is D, and 


=, a, . ...- (Ae) (6), 


with all the 6 letters 6,c, d displaced. We now arrive at a contradiction. If 
by st, and by {s;,s8}, ee; there is a similar contradiction 


if e, = &. 
Next let s have just 4 letters new tos,. Here 
§ = A, . x a 
2° @ “3° bd? 


Comparison with s, and s, shows that these forms for s have to be rejected 
because of the number of new letters. 

Ifs has 5 letters new to s,, 

Clearly x, a,. Then neither }s,, 5} nor {s;,s{ is possible. This clears D, out 
of the way. 

D,, and with it Dy, goes out quickly. There are 4 substitutions in D, of 
order 2: 

8; a, As by Cy d, d, 8» — ay b, Cy Co d, Ag. dy A, 

83 == A, be ay b, A, Ay Ag - &, = a, Cy Ay C; As dy ay. 

The substitution s may have two forms: 

(1) s=eq,..-., (2) s=e,¢. 

Consider s=e,a,.... The groups {s,,s{ and {s;, 8} are D, or Dy. In either 


case 
=H, & + (Ay) (€) (2). 
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If {s,, is Dy, {s3, s} is also D,, and . dal’, with only 

one letter, e,, new to s.; {s, s,} is not in our list. If {s,, s} is Dy 


where x isacord. But {s,s} is also Dj, and «is ana. Consider the second 
case,s=e,c,.... Ifss;—= s,s, we have uniquely: 


The group }s,, 5, 8} has three sets of intransitivity. We now have, going one 


step further, either 
(1) s'=e,d, €y Uy b, b, 


an impossibility on account of {s, s't, or 


(3) 
Now s’ must either add new letters to the seta,.... or connect d,.... anda,.... 
In neither case can s'/=e,(@,.... be constructed. Hence D, and D, can be 


dropped from our list. 

Only one non-Abelian D is left. It is D,. Ifa substitution s of the series 
8,,.--- connects two cycles of another substitution s!’ of the series, s and s’ are 
commutative. 

We now take up D,. It is generated by 


8, = a, a, . . 0, dd, 


and 8g == dy b,c, aya, . Be. 

There are two substitutions, (1) s =a,b,...., (2) s =a,d, .... to be considered 
in extending D,. Lets=a,6,.... Neither ss; = s,s nor ss, = s,s is possible. 
Ifs=a,d,...., then ss; =s,s. But {s,, a,d,.a,d,....{ is impossible. Hence 


G never includes D,. 
The generators of D; are s, and 


8, = a, b, . Ay Dy . C, Cody 
There are again only two substitutions s to be examined. The first, 
we reject at once. But the second, 


= 4, CA, 0, . dy . . Be, 


Mannine: On the Primitive Groups of Class Ten. 233 


requires that the next group }s,, s,, s,s’ be considered. Now s’ must be 


a,a,.---, animpossibility. D, is rejected. We throw out PD, also. In it 
Sy = A, bb, aya, By Bo. 
Obviously we cannot have s = a,¢,.dgc,.... If 


we pass step by step by means of the substitutions 
s) =a, 6,. bd, 
=a, 4, . . ca! . . ey’, 
=a,0, . 5,0, . ca! . dB! . ey’, (a! = a, or ay, Xe.) 
to an intransitive group }s,, .... s!’t, with which we must stop. Then D, may 


be rejected. 
It is now clear that D, also may be struck from our list. 


Only D,,, Dy, and D,; are left. 
Consider D,,. It leads to two primitive groups of class 10. The substitu- 


tions of order 2 in D,, are s,, 
= Ay dz . by by . Cg dy dg . 3, 
83 As as by bs Co C3 d, €3 
There must be in s,, .... a fourth substitution s, non-commutative with two of 
these three, non-commutative with s, and s,, say. This follows from the fact 
that }s,, ....{ is transitive. There are only two forms we need assume for s,: 
= a, . dy. OG, (1) 
8, dg Dy . Gg be . Cy . Aydy . (2) 
Consider (2). The group H= }D,,,5,} has in all 6 substitutions of degree 
10. The two not yet written down are: 
= ay Dg . . Cy dg dy eG, 
There is in £ a set of intransitivity of 6 letters, a, .... , so that we may extend 


E by means of 


Bq = Ag Cy . Ad, . 
or Cy Ag « . dy . 
These two substitutions are conjugate under 
t= ay by . Cy . Ca . dy . dg dy . CoG, 


which also transforms s, into s,, 8, into s,, and s, into s,. Hence only the first 
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form of s, need be examined. Beside the substitutions already written down 
E' = }E, s;} has the following three substitutions similar to s,: 


Sy = b,c, Ay Cy by . dy ds y 


839 == . Cy . Agcy, . dgdy - 


In extending EZ’, two substitutions s,, are to be considered. The one, 
= a,d,.... is impossible. The other 


8, = 4d, . a, asd; . yds. 
gives the group #”’, in which the other substitutions of order 2 and class 10 are 


= a, d, . d, . by ds . cds . & 
815 = d,d, . . ds . C26, 
844 = b, d, Cs ds €3 6, 
C, d, . Cody . . Cy dy 


Finally 


isunique. The transitive group {6}, 8, 54,7, 511, iS primitive of degree 21, 
and is isomorphic to the symmetric group on 7 letters. The subgroup leaving 
one letter fixed is H’, 8448) 8, = . . . dye, This subgroup 
has two sets of intransitivity. It is of order 2(5!). Hence the isomorphism 
between {H’’, s,,| =H" and (abcdefq) all is simple. 

This group Z’” cannot be contained in a doubly transitive group, for then 
we should have a substitution 


similar to s,, which cannot exist at the same time as s,. This also means that 
no group containing /’” can have other substitutions similar to s,. Nor can £’” 


be invariant in a larger group of degree 21. 
There remains the first form of s,: 


&, = .d,d, 


Only one form for s, is possible: 


8, = a, a, . . Cy. ds 
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Continuing as before we get the unique set of generating operators, 8,, 52, 84, 87, 


and 
ay 6, As by ° As bg b, a, bs, 


&, = d, . dgdy . . 


These give an imprimitive group H of order (5!)*, and of degree 5%. It is 
not possible to form another substitution s similar to s,. Hence # is invariant 
in any primitive group of class 10 containing it. Adjoining the substitution 


t = dz b, . dg . Ay dy . Ase, . bg ey. 


we have a primitive group G= /}H, t} of class 10, degree 25, and order 2 (5!)?. 

For all integral values of & greater than 2 there exists a primitive group G 
of degree #? and class 2% with an invariant subgroup 4 of the same type as H™. 
Thus the imprimitive group H is generated by 


8g = (A, dz) (5; by) (Jide) Ae), 
83 = (@, a3) (b; 55) ¢3)--- (JiJs) (4; 
8, = (a, (5, By) (Fide) 
Oy = (4, (ay by) (ag bs). ++ by), 
O, = (a, (ay Cy) (Ag (a;¢;) (Ay ex), 
O;, = (a, (ay hy) (aghs) (a; k;) (a, hy) 


If now we adjoin to H the substitution 


t = (a) (a, b,) (Agcy) (A, - (a; 1) 
(bz) (53 C2) (By de). «(Bj Jo) (Dx ke) 
(C5) (C4 d5)- (593) As) 
(He); 
the group G= } H, t} is primitive since the subgroup 


85, 83, 8}, Oj, ty, 


of order 2[(4 — 1)!]? and omitting %,, is maximal when / is greater than 2. 
This group G is the only transitive group in which H 1s invariant. 
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If a second transitive group (G’) exists in which # is invariant, there is a 
primitive group = }G, G'| of order greater than in which is invariant. 
Let G,, H,, ...- be the subgroups of G, H, .... respectively, which leave one 
letter fixed. Since systems of imprimitivity of H can be chosen in only two 
ways, G” is simply transitive.* Then Gj! is intransitive, and since it includes 
G,, the two sets of intransitivity of the latter are also the sets of intransitivity 
of Gi!. Now the larger set of intransitivity of G, is exactly that group of the 
system we are considering which corresponds to the value k— 1 of &. Hence if 
the theorem is true for one value of &, it is true for the next succeeding value. 
But it certainly holds for k= 3. Therefore the theorem is true in general. 

The transitive group generated by the complete set of conjugates s,, .... 
cannot be Abelian. Then our task is completed. There are three primitive 
groups of class 10 which do not contain a substitution of order 5 on 10 letters: 
the diedral G3}; the G7 isomorphic to the symmetric group on 7 letters; and the 
new group G%’,,.. We recall the four groups found in a previous paper: the 
metacyclic + Gij.y, the Mathieu + Gj.,,.., and their positive subgroups. 
Two of these groups, the G*! and the G”, are omitted by Jorpanf and one group 
is in his list for class 10 which does not belongthere. All of these groups belong 
to infinite systems. The system to which G” belongs is that of the symmetric-k 


group written on - letters. These groups are of class 2k— 4 (not 


2k — 2 as JoRDAN has it) and are primitive if & is greater than 4. 


PaRIs, 19 Jan., 1905. 


*On the Primitive Groups of Class Hight. Bulletin of the American Mathematical Society (1904), 2nd Ser., 
v. 10, p. 286. An invariant imprimitive subgroup of a multiply transitive group is at least three-fold 


imprimitive. 
+ Transactions of the American Mathematical Society, 1. c. 
{Comptes Rendus. Vol. 75 (1872), p. 1754. 


On Certain Unicursal Twisted Curves. 


By Snyper. 


1. When the tangents to a twisted curve belong to a linear complex, the 
curve must be self dual. Ifit be of order n, the class of the osculating develop- 
able is alson. Let P be any point not on the curve c,. From P can be drawn 
n osculating planes, the points of osculation being P,, P,....P,. Since PP; 
passes through P;, and lies in the polar plane of P; as to the complex (osculating 
plane of c, at P;) it belongs to the complex, hence the polar plane of P con- 
tains P,....P,. If through any point the osculating planes be drawn to a twisted 
curve contained in a linear complex, the points of osculation will lie in a plane pass- 
ing through the given point. 

2. Let c, be projected into a plane curve from P. The » osculating 
planes from P will cut the plane of the projected curve in inflexional tangents, 
and the points of inflexion will be in a straight line. Whena plane curve >, = 0 
as the projection of a twisted curve of the same order which belongs to a linear com- 
plex tt must have n points of inflexion on a straight line. This necessary condition 
is not sufficient, as ¢, = 0 exist having four collinear inflexions, and no singular 
points, but a twisted quartic of genus 3 does not exist. 

For a unicursal ¢, however, the condition is easily proved to be necessary 
and sufficient. Such a curve 9, has 3(m—2) inflexions. The 2(n—3) 
inflexions of @, which are not included among the x collinear ones, are also 
inflexions on the twisted c,. In general, the tangents at the points of a twisted 
curve at which the osculating planes have four point contact are ordinary, but 
in this case the stationary planes coincide in pairs, forming 2(n— 3) points of 
linear inflexion.* 


* The theorem of §1 was proved analytically for x = 4 by Appell, Grunert’s Archiv, vol. 62, p. 175 (1878). 
The second theorem was proved analytically for unicursal curves and a particular projection by Picard in 
Annales de 1 Ecole Normale (1877). 
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A unicursal twisted curve of order n which belongs to a linear complex and has 
no point singularities has 2(n— 3) points at which the tangents have three point 
contact. It has no stationary planes except those containing the inflexional 
tangents. 

3. The points of c, in the osculating planes form a symmetric (n— 8) 
correspondence which is in general not an involution. The branch points of the 
correspondence are the points of tangency of the inflexional tangents. Hence 
it follows that if the osculating plane at A cuts c, again at B, then the osculating 
plane at B will contain the point A. The lines joining the points of osculation 
to each of the n — 3 residual points of the curve in the plane are therefore prin- 
cipal secants. In particular, ifm—=4, we see that the quartic belonging to a 
linear complex has an infinite number of principal secants. The general uni- 
cursal quartic has three, and they meet in one point; in the present case no three 
can intersect in one point, for they all belong to a linear complex, and the polar 
plane of the point would have to cut the quartic in six points. 

4, Two kinds of curves will now be discussed, one having a pair of maxi- 
mum line singularities, the other having a pair of maximum point singularities. 

Consider the curve 

It lies on the R, whose equation is n?aw = yz, and hsx=0,y=0;z=0, 
w = 0 for tangents having n — 1 points of contact, the former at (0, 0,0,1), the 
latter at (1,0,0,0). These points correspond to the values 0,«,of 4. The 
equation of the osculating plane at / is 


(n— 2) (A*w—ax) + (2) 
The plane (2) will meet c¢, in points « defined by 
(n — 2) (A* — nau —p"~*) =0, (3) 


which has the factor (A—j)*. The residual factor is a homogeneous symmetric 
correspondence between 4 and uw, which is therefore composite. When n is an 


even integer, A + wu is also a factor, each of the 3 — 2 remaining factors being 
of the form 
(A+ +a; Au. (4) 


When n is odd, each of the ”— 8 tactors is of this form. If the ruled surface be 


constructed by connecting the point @ to each of the n— 3 points u, it will 
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break up into factors. The expression (4) equated to zero is also factorable, but 
each factor will define the same scroll. The scrolls arising from the different 


factors of the form (4) are entirely distinct. 

5. When 7 is even, the lines joining each point 4 to—A form a surface on 
which c, is a simple curve. The points ~2,—A form a quadratic involution 
having 0, « for double elements. The equation of the scroll is 


(5) 


i.e. a scroll of order n—1, havingy=0,2z=0, the line joining the points of 
inflexion, for = -fold directrix, and x=0, w=0, the intersection of the 


stationary planes, for G — 


lines with regard to R, on which ¢, lies, and also with regard to the complex to 


1 )-fold directrix. The two directrices are polar 


which it belongs. The linesx=0,y=0 andz=0, w=0 are each () — 1) 


fold generators. There are no pinch points on «= 0, w=0, and the only ones 
on y=0,z=0are at (1,0, 0,0), (0,0,0,1). The osculating planes at A and 
at —” form with the planes through 4 and the directrices of the scroll a 


harmonic pencil. A general plane section has an = -fold point on one directrix, 


and an (4- 1)-fold point on the other directrix and on each inflexional tan- 


gent. The singularity on the latter lines has the defining terms f°’ =x. , 


hence it counts for = — 2cusps. There are no other point singularities, hence 


the class is”. Finally, it is evident that, is an asymptotic line on the surface, 
since a generator at 4 always lies in the osculating plane of A. It is the lowest 
order that a scroll of order » — 1, contained in a linear congruence can have, 
when each generator is a bisecant of the curve. 

All the asymptotic lines on the scroll (5) are of the same form as ec, , each 
having the same lines for n — 1 point tangents atthe same points. Forn = 4 we 
have the most general c, contained in a linear complex. Two orthogonal projec- 
tions of a series of such curves, as asymptotic lines on a cubic scroll, are drawn in 
the Bulletin of the American Math. Soc. vol. 5 (1899), p. 349. 
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6. The other scrolls are all of the same nature, all being defined by (4). 
The two values of « corresponding to a given value of A are of the form x4 and # 


If we consider a projective relation ¢ between A, u, having 0, » for selfcorrespond- 
ing elements, the equations will be of this form. Associated with every point 2 
are two points tA and uw such that tu =A, hence the two factors (u — xA) (xu — A) 
will define the same scroll. Since two generators issue from each point A of ¢,, 
the curve is a double curve on the surface. If in (1) we write the equations of a 
line joining 4 to xd, the result will be a scroll of order 2(n— 1). Moreover, in 
the present case both generators lie in a plane containing the tangent, hence c, is 
tacnodal, and every point of it is a uniplanar point on the surface, instead of a 
biplanar point, as in case of an ordinary double curve. Moreover, all the genera- 
. tors lie in the osculating planes of c,, hence the curve is an asymptotic line on 
the surface, and indeed for each of the two branches. From the equations of a 
generator it appears that the inflexional tangents are each 3(n — 3) (n — 2)-fold 
lines on the surface. If x is an (n—1) root of unity, the n—1 points 
A, xa, xA.... are all collinear. The surface is now R,. 

7. Finally, if a generator be defined by the value ¢ of A, and another be 
defined by s, the condition that the generators s and ¢ intersect is a symmetric 
correspondence between s,?¢. Lets+¢—=o and st=+7. The equation F(o, 7) =0 
becomes in our case factorable, one factor of the form (4) being squared, and 
2n — 4 other factors of the formo® + 6,7. From the theorem recently proved by 
Mr. Sisam it follows that each nodal factor is a unicursal curve of order n, having 
each generator as a bisecant, and the points of intersection define a projectivity 
having 0, » for selfcorresponding elements. Hence every component nodal 
curve passes through both of the points of inflexion. 

8. The curve (1) will project into a plane curve having two tangents of 
(n — 1) points of contact, and n collinear points of inflexion. For points on the 
line joining 0, », the two former points coincide at a node. For n= 4, the 
lemniscate belongs to this type. 

9. The curve 


has a similar property. It belongs to a linear complex and lies on a quadric 
surface. It has two n-fold points, all the tangents at each being coincident. 
The locus of the lines joining a point 4 to the 2n — 2 points uw in the osculating 
plane breaks up into n — 1 surfaces, each one rational, of order 2(n + 1), and 
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having the original curve for a tacnodal component of the nodal curve. The 
scroll has no multiple generators. The residual nodal curve on each component 
consists of m — 2 other curves, each one rational, each of order 2n + 1, each cut 
by every generator twice. The points of intersection of a generator with each 
component determine a projectivity having the singular points 0, » for self- 
corresponding elements. 

The condition for a tacnodal curve is also satisfied when u =aA, a being a 
(n + 1)th root of unity. The points A, aA, a’A,.... are now collinear; they are 
the points of intersection of the curve with the generators of the &, on which 
the curve lies. The points form an involution of order n + 1, and R, is counted 
(n + 1) times. As in the preceding case, every point of (6) is a uniplanar point 
on each of the scrolls, and the curve is an asymptotic line for both branches. 
The simplest case for which these scrolls have a meaning is whenn=2, The 
equations of a generator become 


+ 


and the equation of the scroll is 


2yw zy + 
22° aw = 0. (7) 
zytow Qarz 


An arbitrary plane will cut a sextic curve from this surface, having five tac- 
nodes ; a plane containing a generator will cut a quintic curve having three 
tacnodes and having the generator for bitangent. A plane containing two 
generators (osculating plane of c, at A) will have a cusp at 4 and a node at each 
of the residual points x. The scroll (7) is not included in Wiman’s list of sextic 
scrolls. He overlooked the entire possibility of such configurations. It is my 
number 50, but the equation is not derived.* A plane projection of (6) will be 
a rational ¢,,,, with two points that are n-fold, all the tangents coinciding. It 
also has n” double points, and 2n + 1 points of inflexion, all collinear. When the 
center of projection is taken on the line joining the two cusps the apparent 
double points all coincide with the cusps, the tangents at which are in different 
directions. When the cusps are real, part of the points of inflexion must be 


* JOURNAL, Vol. 27 (1905), p. 188. 
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imaginary. The simplest curve of this type is the nodal cubic. For c,, compare 
types 143-145 of Field’s enumeration of unicursal quintics.* 
10. The curve 


lies on an /2,, has an (n — 1)-fold point at (0, 0, 0, 1) with coincident tangents, 
and a stationary plane having n-point contact at (0, 0, 0, 0), the plane being 
w=0. The curve does not belong to a linear complex, but has some properties 
analogous to the preceding ones. The lines joining” to the n — 3 points u gen- 
erate n— 3 different scrolls, each of order n+ 1, and of type [2, n— 1], z.e. 
it is generated by the line of intersection of a tangent plane to a quadric cone 
and that of a planar developable of class m —1, when the planes are in (1, 1) 
correspondence. The curve (8) is a double (not tacnodal) curve on each, but is 
an asymptotic line on one of the branches. When is even, n= 2m, c, lies 
on a cone x,,2"~'w=2z", forming the complete intersection of x,, and 
x2, y’= az. The nodal curve of each £,.,, is of the same form for each com- 
ponent scroll; it consists of m — 2 distinct curves besides (8), each one having 
the generators for bisecants. A similar projectivity («4 = */) is defined on each 
component double curve. The line joining 4 to its harmonic conjugate with 
regard to 0, « (cusp, stationary plane) will generate x,,.. The factor correspond- 
ing to it will always appear in the criterion for the factorability of the nodal 
curve. The simple factor defines another nodal curve which is cut but once by 
each generator. The order of this curve is m. When n is odd, the harmonic 
conjugate does not lie in the osculating plane of A. For n= 5, the scrolls are 
of type 19 in my list (1. c. p. 177). 


CoRNELL UNIVERSITY, September, 1905. 


*P. Field, ‘‘On the Forms of Unicursal Quintic Curves,’’ JouRNAL, vol. 26 (1904), p. 149. 


Functions of Three Real Independent Variables. 


By Henry Livineston Coar. 


CHAPTER I. 
SIMULTANEOUS LimITs. 


1. Definitions.—Let u = f(x, y,2) be a function of the three real independent 
variables x, y, and z, and let wu be completely defined and single valued for all 
values of the variables, that is to say, wu shall have one and only one definite value 
for each set of values of the variables x, y, and z. If (a, y, %) is such a set of 
values of the variables, then these may represent the coordinates of a point in 
space of three dimensions. For such values (x, Yo, z) the function f(a, y, z) will 
have a definite value which we shall denote by f(a», y, 2). It will be convenient 
to call f (a, Y, %) ‘‘the value of the function at the point (ao, Yo, %)”’. 

We must now define limiting values and limits. We say that a is a limiting 
value of the variable z, if there exist values of x in every neighborhood of ap. 
This may also be expressed by saying that the values of «x are dense at 2. 
Similarly, if x, y, and z are dense, respectively, at a, yo, and 2, then (2p, Yo, 2) is 
a limiting value of (x,y,z). In this case (a, y,z) may approach (a, yo, %) in 
any one of three different ways, or, to use the language of geometry, the point 
(x, y, 2) may approach the point (a, yo, z) in any one of three different ways. 
First, we may let each of the variables vary by itself, that is, we-may regard 
any two of the variables as constant and let the third vary. Secondly, we may 
let two of the variables vary simultaneously while we regard the third variable 
as constant. Lastly, we may let all three variables vary simultaneously. These 
three different kinds of variation of the variables give rise to three different 
kinds of limits. 

Before defining these let us recall briefly the different kinds of limits we 
may have in the case of a function of two real variables, namely, single limits, 
double limits, and simultaneous limits. These are defined as follows, x and yp 


32 
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being in every case the limiting values of x and y, respectively. We say that 

the single limit lim f(a, y) exists and equals A, if having chosen an arbitrarily 
By 

small o > 0, we can then find a § > 0, such that | f(a + 6,%)—A|<o. We 

say that the double limit lim lim (f(a, y) exists if each of the following 


limits exists: lim and lim F(a, = F(x, y). Lastly 
we say that the simultaneous limit lim (f(z, y) exists and equals A, if having 
Y= 


chosen an arbitrarily small o > 0, we can then find a 6 > 0, such that | f(a +4), 
Yoto.) — A|<o, for every pair of values (6,, 6,), where 6, and 4, are indepen- 
dent of each other and satisfy simultaneously the inequalities | 6, | = <4, |6,,= <6. 

We shall now define the different kinds of limits for a function of three 
variables. In what follows the values x, y, and z are supposed to be dense at 
Lo, Yo, and %, respectively. 


(1) We say that the limit lim lim lim  (/(za,y,z) exists if the 
Y = Yo 
following single limits exist: lim y,z)=F(a,y,%), lim F(a, y,%)= 
F, (x, Yo, %), and lim (a, Y, %) = Fy (%, We call the limit lim 

lim lim (f(a, y,2) the triple limit. 


(2) We say that the limit lim lim  (/(a,y,z) exists, if the single 
% 
limit lim f(z, y,z)= F(a, y,%) and the simultaneous limit lim F(a, y, 2) 
= Ho 
= F,(xo, %, %), both exist. The limit lim lim (f(a, y,z) is defined in an 
ky My 


analogous manner. LKach of these limits is called a double simultaneous limit. 
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(3) Finally we say that the limit lim (f(a, y,2z) exists and equals A, if 


Y= 


having chosen at pleasure a o > 0, we can then find a > 0, such that 
| (xo + 51, Yo + % +43)—A| <o 


where 6, 52, and 63, are independent of each other and satisfy simultaneously the 
inequalities |d,!<d, |d.|<6,|d;| <6. The limit lim /(a, y,z) is called the 


simultaneous limit in three variables. 2 mm 


In any discussion of limits we must distinguish clearly between the value 
of a function at a point (x, yo, 2) and the limiting value of the function as (a, y, z) 
approaches (a, Y%,%). The former is dependent simply upon the value of 
(Xo, Yo, %), While the latter depends only upon the values of the function in the 
neighborhood of the point (a, y, %) and not upon the value of the function at 
(29, Yo, 2), 28 iS apparent from the following example. 

Ezample.—Let f(x, y, 2) 2 for all points the origin, 
where the value of the function shall be unity. Then lim y, z)=0, while 


x=0 
y=0 
f(0,0,0)= 1. z= 0 


2. Properties of simultaneous limits.—It is evident that we may let (a, y, z) 
approach (2, ¥, 2) in an infinite number of different ways, and, moreover, that 
we may let it do so simultaneously. We must therefore meet the question as to 
whether we shall always obtain the same limiting value of the function if we let 
the variable approach the limiting value in different ways. The following 
examples show that different approaches may give rise to different-values of the 
limiting function. In every case we suppose that the approach is a continuous 
one. 


Example 1. Let f(a, y, 2) =" 


+ 
Now let «= 2t, y= 3t, z= 4t, so that a, y, and z will approach zero simulta- 


neously, if we let ¢ approach zero. Then 
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so that in case of this approach lim f(2,y,2)=—S. Again let «=#, 
y=—t, and z= 2t, so that 


2 


so that lim /(z, y, z)=— 4 
t=0 
We see from this example that for the two different linear approaches in 
question we obtain two different values of the limiting function. In this case 


we can therefore evidently not say that the simultaneous limit lim (/(z, y, z) 


¢ 


exists. But even if we should obtain the same limiting value of the function 
for every simultaneous linear approach of (a, y, z) to (a, y, %), We cannot say 
that the simultaneous limit will exist, for it may be possible that we shall obtain 
other limiting values for approaches of higher order. This is illustrated by the 
following example. 


Example 2. Let f(a, y, z)= oa 


Now let x =at, y = bt, z= ct, where a, b, and c may have any values whatever, 
so that this will give us any linear approach. Then we have 


_abt?+ct_ abt+e 
9,2) = abt? — ct” abt —c’ 


so that lim f(x, y, 2) =—1, which is the limiting value for every linear approach. 
t=0 
Now let x =1, y =t, z= ?, so that 


t? 


f 


so that this quadratic approach gives us an infinite value of the function. 

The reason why we obtain different limiting values of the function in the 
above examples is to be found in the fact that the limiting value of the function 
depends only upon the values of the function in the neighborhood of the point 
(0,0,0) and not upon the value of the function at the point (0,0, 0). We are 
now in a position to state and prove the following theorem. 
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Theorem 1.—The necessary and sufficient condition that the simultaneous 
limit lim (f(z, y, 2) shall exist is that we always obtain the same definite 


¥Y¥=Yo 


limiting value A of the function, no matter in what manner (a, y, z) approaches 
(2, Yo) %) Simultaneously and continuously. 
The condition is necessary, that is to say, if the simultaneous limit lim 


% 


f(z, y, 2) exists and equals A; then, no matter how a, y, and z approach (2 , Yo, 2) 
simultaneously and continuously, we always obtain the same limiting value of 
the function, namely A. Letx—9(t), y= W(t), and z= y(d), where and y 
are continuous functions of ¢. Then as ¢ approaches ¢, we have in the limit 
t=t t=t t= 


Making these substitutions in the original function, we obtain 
F(z, 2) =F xO]. 
Our conclusion asserts that lim /[@(¢), Y(t), =A. 


t= 
Suppose that this is not so. In that case we can choose at pleasure a o > 0 and 
can then determine a § > 0, such that 
IF +9), +9), 8) — Al >o, (1) 


where }< 6. But since 9, ¥, and y are continuous functions of ¢, we have 


(to + 9) =O + = 4, 

(to + 6) = = Yo + 

(to + 8) = + 43 = + 4s, 
where |6,|,|6,|, and |d;| can be made as small as we please by making 6 suffi- 
ciently small. We can therefore make each of the 6’s less than 5 which we do. 
Substituting these values in (1), we obtain 


+ 51, Yo + 52, % + 53) — A| 
This contradicts our definition of a simultaneous limit, since |6,|<4,|5_|<é, 
|8;|<6. Hence the condition is necessary. 
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‘The condition is also sufficient. In this case we have 
= % 
and we must prove that 


| + 4), Yo + % + —Al< a. 


If this is not true we shall have 


| + 41, Yo + + 6;) 


IZ LY fo + (fo + 2), x + 33) 

which contradicts the hypothesis. 

It was not necessary to express everything in terms of the new parameter ¢. 
The substitution z= F(a, y), continuous in (a, y) together, and y = F, (a), con- 
tinuous in x, would have let us express everything in terms of x, and the nature 
of the proof would remain unchanged. 

The theorem just proved is especially useful in enabling us to decide when 
the simultaneous limit does not exist, as is shown by examples 1 and 2 of this 
section. 


and hence 


Theorem 2.—If the simultaneous limit lim /(z, y, z) exists and equals A, 


X= 
Y= Y 


then we must also have: 
(a) lim (2, Y; %) = lim Yo; z) = lim SF Y; 2) = A. 


v= Xp Xp 
Yo 

Tim f(a, yo, %)=lim yy %)=lim f(x, yo, 2) = A. 


Case (a). Let z= F(a, y)=%. Then, since the simultaneous limit 
lim f(a, y, 2) exists, we have (by theorem 1), when we select the definite 


Y= Yo 


M% 
approach z= F(x, y) = %, 

y, F(a, y)J—A| <o 
or | f(x,y, %)—A| <a, 
which proves the truth of the statement. Ina like manner we prove the theorem 
for the other limits. 


Coar: Functions of Three Real Independent Variables. 249 


Case (b). Let y= w(t) and z= y(¢), where Wand y are continuous functions 
of ¢ and where we also have 


lim ¥Q=V(b)=y, lim (4) =~. 

t= t=Y 
This, therefore, gives us a definite manner of approach, and since the simultaneous 
limit exists by hypothesis, we have (by virtue of theorem 1) for this approach 


| ¥(h), x —Al<e, 
or | F(x, Yo, %)—-Al<o. 
This proves the theorem. The proof for the other limits is similar. 


The converse of theorem 2 is, however, not true, as is evident from the 
following examples. 


Example 3. Let 
In this example we have 


lim f(x,y,0)=lim /(#,0,2)=lim f(0,y,z) =0, 


x= 0 x=0 y=0 
y= 0 
but the simultaneous limit lim f(a, y,z) does not exist; for let y=z=mz. 
x= 0 
yume 
Then we have — 
lim =~ 
3,3 3 
y=90 


which may assume all values between 0 and 1/3, as m varies from 0 to 1. 
2 
Example 4. Let f(a, y, 2) =~ 


In this example we have 


lim /f(x,0,0)=lim f/(0,y,0)=lim 0, z)=0, 


x=0 y=0 z=0 
but the simultaneous limit lim /(x, y,z) does not exist; for let y=z= ma. 
x= 0 
y=0 


3 ==) 


v4 
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Then we have 


lin, 
y=0 
z=0 


for this approach. Again, let y=z=2*. This approach gives us 


The simultaneous limit, therefore, does not exist by virtue of theorem 1. In this 
example we obtain the same limiting value for every linear approach, but not 
for every other approach. This emphasizes the importance of examining all 
possible approaches when we wish to see if the simultaneous limit exists. 

In theorem 2 we have shown that from the existence of the simultaneous 
limit in three variables follows the existence of certain single limits and also of 
certain simultaneous limits in two variables. We might, therefore, infer that in 
this case the following limits also exist: 


(a) lim lim f(z,y,%)=lm lim f(z,y,%)=lim lim f(z,%,2)= 
Y=Yo Y=Yo T= Hy 2=% 
lim lim f(x,Y,z2)=lim lim f(a,y,z)=lim lim f(a,y,z)= A. 
T= Ay Y=Yo 2=% Z=%y Y=Y 

(6) lim lim lm “/f(a,y,2)=lim lim lim A. 


(c) lim f(x, y,2%+a)=lim f(x, yot &,2z) =lim y, 2), where & 
Y=Yo 
Yy=Yo 


and e, may be arbitrarily small. This inference is, however, not warranted, as 
is shown by the following examples. 


Example 5. Let f(x, y, 2) = 2 sin 1/axy. 


In this case we always obtain the same limiting value zero at the origin, no 
matter in what manner a, y, and z approach simultaneously to (0, 0, 0); hence 


z—0 
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the simultaneous limit lim /(., 7,2) exists, by theorem 1. It follows from 


x==0 
y= 0 
2220 


theorem 2 that 
lim f(x,y,0)=lim f(a, 0,z)=lim /(0, y, z) =0, 
s==0 y=0 
y=0 g=20 
and also that 
lim /(x,0,0)=lim /(0,y,0) =lim /(0, 0,2) =0. 


x=0 y=0 z=0 
But the limits under (a) do not exist, for lim lim 2 sin 1/ry has no meaning. 
x=0 y=0 


The same example also shows that the limits under (6) need not exist, for 
lim lim lim 2z sin 1/xy has no meaning. The existence of this limit would 
z=0 x=0 y=0 
namely imply the existence of the limit lim lim z sin 1/zy. This, however, 

y=0 
does not exist, for if we let z=2,then the limit lim lim z sin — may assume 
x=0 y=0 vy 

any value between +2 and —2. This example therefore shows that the exist- 
ence of the simultaneous limit in three variables is not sufficient for the existence 
of the limits under (a) and (b). In the following example none of the limits 
under (c) exist. 


Example 6. Let f(x, y,z)=a sin 1/y sin 1/z. 
Here the simultaneous limit lim /(z,y,z) exists, but the limit lim lim ¢ sin 1 ly 
y=0 
y=0 


sin 1/z has no meaning, since it may assume all values between + ¢ and —e, 
The converse of theorem 2 is also not true, that is, the simultaneous limits 

lim f(a, y,2), lim f(x, y,2), etc., may exist for every «x, y, and 2, respectively, 

L—= Hg 

Y=Yo 

in the neighborhood of (a, yo, %), without necessitating the existence of the 

simultaneous limit in three variables, Likewise the single limits im /(a, y, z), 

etc., may exist for every pair of value (a, y), (x, z), (y, 2), in the neighborhood 
33 
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(%o, Yo, %), While, nevertheless, the simultaneous limit in three variables does not 
exist. We show this by means of the following example. 


Example 7. Let f(x, y, = 

The following simultaneous limits exist: 
lim f(a, y, 2) = lim — 3 0, when z=0, 
pure 
lim =0, when z+# 0. 
x= 0 c= Ty 


We see at once from the symmetry of the function that the other simultaneous 
limits in two variables also exist and equal zero, but nevertheless the simul- 
taneous limit in three variables does not exist, as has already been shown. In 
the case of this example the single limits also exist and are all equal to each 
other, namely, 


0 
lim f(a, y,2) = lim 0, when y= 0 and z= 0, 
0 


lim -3=0, when y=0 andz+#0, 


at 
x= 0 x=0 
lim f(x, y, 2) = lim = 0, when y $0 and z# 0. 


z==0 


From the symmetry of the function we see that the other single limits also exist 
and equal zero, but the simultaneous limit in three variables does not exist. 

In theorem 2 we have deduced the existence of certain limits from the 
existence of the simultaneous limit in three variables. The following theorem 
takes us a step further. 


Theorem 3.—If the simultaneous limit lim (f(x, y,z) exists and equals A 
Ny 


Y= Yo 
% % 
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and if also 
lim f(a, y,2) exists for every z in the neighborhood of %, 


2X% 

Y= %o 

lim (x, Y; z) Xo; 
Y=% 

% 


then we have 
lim f(a,y,z)=lim lim f(z,y,z)=lim lim f(a,y,z)=lim lim /(x,y,z)=A. 


Y=Yo y=Yo 
22% 


Since by hypothesis the simultaneous limit in two variables exists, we have 
lim f(x, y,z) = F(a, yo, 2), Where however yo, z) need not equal f(a», Yo, 2). 
Y=Y%o 


Hence 
| F'(xo, Yo, 2) (20 + 51, Yo + d2, 2) |< 9, (1) 


for every z where 4<2<%+ 6; simultaneously. 
Since, also by hypothesis, the simultaneous limit in three variables exists and 


equals A, we have 


| +84, yo + 52,2) —Al<eo, (2) 
for every value of z where 4~<z<%+03, 
simultaneously. Now let |d,|<|0';|,|d.|<|6’s|,|d3|<|6’3|; then we have 

| + 51, Yo + (3) 
for every value of z, where ~<2<%+ 063. We may therefore add (1) and (3) 


and thus obtain 


| F(x, Yo Z) —A | < 20, 
for every value of z, where ~<z<%+063. Hence 
lim F(a, 2) =A; 


and therefore lim lim f(a, y,z)= A. 


Z=% 
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In a similar manner we can prove that each of the other limits in question 
equals A, and since all these limits are therefore equal to A, it follows that 
the theorem is true. 


Theorem 4.—If the simultaneous limit in three variables exists and equals 
A, and if also 


lim f(a, y, 2) exists for every pair of values (y, z)) 

1 

(%, Y; Zz) (x, 2)| hood of 

lim (a, Y; 66 (ar, y) 09 Yo) 


then we may also interchange the order of limits and have 
lim f(«,y,z)=lim lim lim (f(a, y,z)=ete.= A. 


Y= Yo Y= Yo 
Z 


The proof of this theorem is similar to that of theorem 3. Since by hypo- 


thesis the single limits exist, it follows that lim f(a, y, z) = F(a, y, %), for 


every value of (x, y) where and 
|d.|<|6| simultaneously. Hence 

| F(x, y, (x, % + 95) |<a, |43| =] 4] (1) 
Since, furthermore, the simultaneous limit in three variables exists and equals A, 


we have 


| Y; % + — Al (2) 
for the same o and every value (a, y) where a< <a%+ 0), andy < yS 
and =| 4], simultaneously. Now let | |, 


| = =| then (1) and (2) will hold for the same and we may 
therefore add these inequalities and obtain 

| F(a, y, %)—A|< 20, 
for every value (x, y) where and and where 


6; >0 and 6, >0. Hence 
lim F(a, y, %)=A; 


My 
= Jo 

and therefore, . lim lm f(a, y,z)=A. 


Y¥=N% 
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In a similar manner we establish the truth of the other limits and our theorem 


is proved. 


3. Regular Points. Oscillation of a Function at a Point.—In the preceding 
sections we have been interested only in the question of the existence of 
the simultaneous limit in three variables at the point (a, yo, %), but we 
have not said anything about the value of this limit. It was pointed out 
that the value of the limit depends only upon the value of the function in the 
neighborhood of the point and not upon the value f(x, y, %) of the function at 
the point (a, Yo, %). Now it may happen that the value of the simultaneous 
limit equals the value of the function at the point, that is lim (f(z, y, 2) 


Y= Yo 


=f (x, Yo, %). ‘In this case we may say that the function /(x, y, z) converges 
regularly for the value (a, y, %), or, in the language of geometry, that (2, Y, 2) 
is a regular point of the function. It is evident that at such a point the function 
is continuous in all three variables taken together, for the condition lim f(z, y, z) 


YW 


= f (a, Yo, %) 18 exactly the condition that f(x, y, z) is continuous in all three 
variables taken together. It follows at once from theorem 2 of section 2 that, if 
f(x, y, 2) is continuous in all three variables taken together, then it is also con- 
tinuous in any two of the variables taken together, and is also continuous in each 
variable by itself. The converse of these statements is however not true, as is 
seen from examples 3 and 4 of the preceding section. 

If the simultaneous limit in three variables does not exist at the point 
(29, Yo, %), then we call the point an irregular point of the function. For any 
continuous approach of (z, y, z) to such a point, one of two things must happen. 
In the first place we may obtain two different limiting values of the function for 
two different simultaneous approaches of (a, y, z) to (x, Yo, %). In this case 
we say that the function has a discontinuity of the first kind*® at (a, Yo, %). Ex- 
amples of such functions have been given in the preceding section. In the 
second case we may not obtain a definite limiting value of the function at all for 
any simultaneous approach of (x, y, 2) to (a, Yo, 2%). In this case we say that the 
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function has a discontinuity of the second kind* at the point (x, Y%, %). Thus 
the function sin 1/x + sin 1/y+sin 1/z has a discontinuity of the second kind at 
the origin. At such a point the function may be continuous with respect to each 
variable alone or with respect to any two of the variables taken together, though 
it will not be continuous with respect to all three taken together. 


Oscillation of a Function.—Let us construct a sphere of radius p about 
the point (x, Yo, %), and let us denote the upper and lower limits of the 
values of the function within this sphere by JM and m, respectively. We 
then call the difference 1’—m the oscillation of the function /(a, y, 2) 
within the sphere with respect to (ax, y,z) taken together. The limit of 
the oscillation, as p decreases indefinitely, we define as the amount of the 
discontinuity of f(a, y,2z) in (a, y,2z) together at the point (a, %, %). 
If, therefore, M—m=k, then lim & is the amount of the discontinuity of 

I(x, y, 2) in (x, y, 2) together at (x, y, %), or simply the (a, y, 2) discontinuity 
of f(x, y, z) at (2%, Yo, 2). From the definition follows at once that at a regular 
point the limit of the oscillation, as p decreases indefinitely, is zero and conversely, 
if at (x, Yo, %) lim &=0, then the point is a regular point. If, however, 
— 

lim 4&0, then the point in question is an irregular point. Now we have just 
p= 9 

seen that we may have two kinds of irregular points. In future we shall always 
call lim 4% the amount of the discontinuity in each of the two cases. The Ger- 

mans call this “Sprung”’. 


Example 1. Let f(a, y, z)= 


’ 
This function is continuous in each variable alone at the origin, but the limit of 
the oscillation in all three variables taken together is 1/38 at (0, 0, 0); hence the 
function is discontinuous with respect to (x, y, z) taken together at this point. 


where /(0, 0, 0) = 0. 


Example 2. Let f(x, y, z) = e+ ype where /(0, 9, 0)=0. 
This function is continuous in each variable by itself at (0, 0, 0), but it has at 
this point an infinite discontinuity in all three variables taken together. 


*Cf. Dini: Grundlagen fiir die Theorie der Funktionen einer veriinderlichen reellen Grosse; page 51. 
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4. Interchange of the Order of Limits——In investigating certain questions, 
such as the interchange of the order of differentiation and integration, it 
is very necessary to know under what conditions we may interchange the 
order of sequence of the double and triple limits to be considered. In the 
case of a function of two variables it is only necessary to investigate under 
what conditions lim lim (/(z,y)=lim lim (f(a, y). In the case of a 

=X Y= Yo Y = Yo X= Xy 
function of three variables, however, there are six possible cases, but there is 
considerable similarity among these, so that we need not give an extended 
proof in every case. For the sake of convenience we shall always take the 
origin as the critical point, which we may do without loss of generality. 


Case 1. The necessary and sufficient condition that 


lim lim /f(#,y,z)=lim lim (f(a,y,z)=A 


x=0y=0 
z=0 z=0 
is that 
(1) lim y, exists for every «$0, 
y=0 
lim f(a, y, z)=V(y, 2) exists for every 0 and every 0; 
x= 0 
(2) lim ¥(y,2)=4; 
y=0 


(3) that there shall exist a set of pairs of values (y;, z,), dense at(y = 0, z=0), 
and corresponding to each pair (y,, z,.) for which the absolute value | / (yj + %)|<7, 
where 7 > 0 is some fixed quantity, there shall exist an interval (0, 4,, ;,) greater 
than zero, which may however vary with (y;,, z,), such that for every value x of 
this interval we have 


IF (2, Yis %) — <6, where 0 <a <4,,x, 
and o is an arbitrarily small positive number. 
Considered geometrically we wish to determine the conditions under which 
the limit taken along PHO will equal the limit taken along PAO (see figure 1). 
The geometrical interpretation of conditions (1) and (2) is at once apparent 
from the figure. Condition 3 asserts that corresponding to every point within a 
circle of radius r about the origin in the YZ-plane there must exist an interval 


| 
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dix == O'R = OK, such that the value of the function at any point of O'F shall 
differ from the value of the function at any point of OX by as little as we please. 
Proof. We shall first show that the condition stated is a necessary condi- 
tion, hence our hypothesis is 
lim lim /f(z,y,z)=lim lim (f(a, y,z)=A. 
y=0 y¥=0 x=0 
z=0 


Y Fig. 1. 


If this is so, then we have at once 


(1) lim f(x, y, (a), when «#0, 
y=0 
z=0 
lim f(a, y, z)=7(y, z), when y $0 and z#0; 
x= 0 
(2) lim w(y,z)=A,andlim 4; 
y= 0 x=0 


2.0 


so that the first two conditions of our theorem are fulfilled. Now, since 


lim @(a)= A, we can choose an arbitrarily small o >0 and can then find a 3 
x= 0 


greater than zero, such that 


|p {x)--A|< 1/36, where 0< (a) 


Zz 
F B 
A 
x 
| 
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Since we also have lim w(y, 2) = A, we can choose the same o and can then 


y= 0 
determine a 6, >0 and a 6, >0, such that 
|A—w(yi, %) |< 1/30, where 0< y< 6, and 0< z<6,. (d) 
But we have also lim /(z, y;, z,.)=~(y;, %), hence with the same o we can 
x= 0 
determine a > 0, such that 
(yi, %) —S(@. Yay %&)|<C 1/36, where x< dj, (c) 


Now let 4,, , be the smaller of the two intervals J and 6,,,, and add (a), (6), and 
(c). We then obtain 


—f (a, %) |< where 0< 
and this holds for every y; and z, different from zero; hence it will hold for a set 
of pairs of values (y, z), dense at y= 0, z= 0, which proves our assertion. 

We must now prove that the condition is also sufficient. We suppose there- 
fore that the conditions (1), (2), and (3) of the theorem hold. From condition 2 
follows at once that, having chosen an arbitrarily small o >0, we can determine 
a 6, >0 and a @, >0, such that 

(yi, %)—A|< 1/30, where 0< y;<6,, and 0< & <A. (a) 

From condition (3) follows that, having chosen the same o, we can find a 6;,, >0, 
such that 

(x)—S (2, Yin %)|< 1/30, where 0< x, (4) 
and where (y;, 2.) is a pair of values of our set. From condition (1) we finally 
have that for the same o, we can find a § >0, such that 

(a, Yiy %&) |< 1/30, (c) 
Now let 4,,, be the smaller of the two quantities § and 4,,,, and add (a), (5), and 
(c). We thus obtain 

|p (x) —A|<o, where 0< 


Hence lim A. But we have by hypothesis that ¢(x)=lim y, 2), 


0 y=0 
2=0 
hence lim lim f(a, y,z) = A, which proves the theorem. 
xc=0y=0 
z= 0 


34 


4 

i 


Coar: Functions of Three Real Independent Variables. 


In the above theorem no mention was made of the simultaneous limit in 
three variables; in fact, the theorem enables us to decide when we can inter- 
change the order of sequence of limits even when the simultaneous limit in 
three variables does not exist. 


Example 1. Let f(x,y, 2)= where /(0,0,0) =0. 
] =0 and 1 ] ——_,==0, th 
2=0 z=0 
simultaneous limit lim /(a, y,z) does not exist. 
x= 0 
y=0 
z=0 


Case 2. The necessary and sufficient condition that 


lim lim f(z,y,z)=lim lim /(a,y,z)=A, 


x=0 y=0 y=0 
z=0 z=0 
is that 
(1) lim f(x,y,z)=(x) for every x# 0, 
y=0 
lim f(x, y,z)=W(y) for every y #0; 
x=0 
2==0 
(2) lim 
(3) that we have a set of values y,, yo, y3, -.-- dense at y=0, and corre- 


sponding to each y, from some y on a region (0< a<0,, O< 2<0",,) of area 
different from zero, which may however vary with y,, such that 


| Yn) 2) — (x) |< 0, where and 0< 2<d",. 


Considered geometrically, we wish to determine the conditions under which 
the limit along PHO equals the limit along PDO (see figure 2). The geomet- 
- rical interpretation of conditions (1) and (2) is at once evident. Condition (3) 
asserts that the value of the function at any point of RS7TU shall differ from 
the value of the function at any point of OG by as little as we please. 
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Proof. The proof is similar to that of case (1). The condition is neces- 
sary; for if 
lim lim f(a,y,z)=lim lim /(z,y,z)=A, 
x=0y=0 y=0x=0 
2=0 
then surely conditions (1) and (2) must hold, and we shall have 
lim lim /f(z,y,z)=lim $(x2)=A. 
x=0 y=0 


Fig. 2. 


Hence we can choose at pleasure a positive number o and can then find a § > 0, 


such that 
|p (w)—A|< 1/30, where 0< (a) 
Since lim )(y)=A, we can take the same o and can then find a 9>0, such that 
gue 

|A—W(y,)|< 1/80, where 0< y, <8, (b) 
where y, belongs to our set. Finally since lim /(x, y,,z)=(y,), we can take 

x= 0 

z=0 


the same o and can then find a 0’, >0 and a 6”, >0, such that 
(Yn) — F(x, Yn, 2) |<1/80, where and 0<2<0",. (c) 


ATI 
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Let 0’, be the smaller of the two numbers 6 and 0, We can then add (a), (6) 
and (c), and obtain 
|p (x) —f (x, 2) |<, where 0< and 0<2z<0",, 

for every a and z within the region. 

The condition is also sufficient; for we have from (2) that, having chosen an 
arbitrarily small o >0, we can then find a 6 >0, such that 

|) (y%,) 1/30, where 0<y,<6, (a) 

where y, belongs to our set. From (1) we have that with the same o we can 
determine a 0’ and a 6”, each greater than zero, such that 


| F(a, Yny 2) (Yn) |<1/30, (b) 
where 0< a<s and 0<z<0d", and y, is some number of our set. Finally we 
have from (3) that with the same o wecan find a 0’, >0 and a 8”, >0, such that 


| (x) (x, Yn %)|<C 1/386, (c) 
where 0< and 0<z<0",. Suppose now that 0’, < and 3’. We 
can then add (a), (b), and (ec), and thus obtain 

(x) —A|<o, where 0< 
and hence it follows that lim (x)= A. From this we have at once that 
z==0 
lim lim (x,y,z) =A, which proves the theorem. 
y=0 


Case 3. The necessary and sufficient condition that 
lim lim f(a,y,z)=lim lim A, 


z=0 z=0 
is that 
(1) lim f(x, y,2) where and 
lim where y0 and z#0; 


(2) 


(3) that we have a set of pairs of values (y;,z,) dense at y=0, z=0, and 
corresponding to each pair for which the absolute value | /(y? + 22)|<(7, where 


lim W(y,z) =A; 
y=0 | 
0 
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r is some fixed positive number, an interval 4,,, different from zero, which may 
however vary with (y;,z,), such that 
| F(x, Yiy 2) 
where 0< and 0< 
Considered geometrically we wish to determine the conditions under which 
the limit along PO will equal the limit taken along PAO (sce figure 3). The 
geometrical interpretation of conditions (1) and (2) is at once apparent from the 


|. 


Fig. 3. 


figure. Condition (3) asserts that the value of the function at any point of 
0:4 O'G shall differ by as little as we please from the value of the function at 
any point of OHIK, boundaries excluded. The proof in this case is exactly 
analogous to that of cases 1 and 2 and is therefore omitted. 


Case 4. The necessary and sufficient condition that 
lim lim /f(a,y,z)=lim lim 


y=02=0 y=0 
2 = 0 
is that 
(1) lim f(r,y.2)=9(y), where y $0, 
x= 0 
z=0 


lim where y+ 0 and 
x=0 
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(2) lim 2) =4; 


y=0 
2=0 
(3) that there exists a set of pairs of values (y;, z,) dense at y= 0, z= 0, and 


corresponding to each pair of values for which | /(y?+ 22)|<7, where 7 is some 
fixed positive number, an interval (0, 0,, ,) different from zero, which may how- 
ever vary with (y;, z,), such that 


lo (y)—S (@, Yi an) 0, where 0< «Sd, ke 


Geometrically we are to determine the conditions under which the limit 
taken along PDO shall equal the limit taken along PAO (see figure 4). In this 


Fig. 4. 


case the proof is exactly analogous to that of the three preceding cases and is 
therefore omitted. 

These four cases are those that involve both simple and simultaneous limits 
in two variables. We have still to consider the cases which involve only simple 
limits. Here we have two possibilities. | 


Case 5. The necessary and sufficient condition that 
lim lim lim f(«x,y,z)=lim lim lim f(a, y, z)=A, 
x=0y=02=0 z=0 y=02=0 
is that 
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(1) f(w, , 2) y), where and y +0, 
z=0 
lin 9,(x, y)=%,(x), where #0, 
y=0 | 
lim f(x, y, 2)=9e(y, 2), where y $0 and 
lim 9,(y, 2) =¥,(z), where 0; 
y=0 
( 2) lim =A; 
(3) that there shall exist a set of values 2, %, z -.-., dense at z=0, and 
corresponding to each z, from some z on an interval (0, 5,) different from zero, 


A P 
2, 
E 
Ye 
D Cc 
Fig. 5, 


but which may vary with z, and that there shall alsu exist a region C(O<y<y, 
0<2z<%), such that 


|, (x) —f(a, y, z)|<Co, where 0< «<9, and (y, z) is a point of the region C. 
Geometrically we are to determine the conditions under which the limit taken 
along PCEO equals the limit taken along PAFO (see figure 5). 

Proof. The condition is necessary ; for if 


lim lim lim f(z,y,z)=lim lim lim (f(a, y,z)=A, 
zx=0y=02=0 2=0 y=02=0 


Z 
B 
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then we surely have 


lim lim lim f(z,y,z)=lim lim 9,(2, y)=lim 4, 


z=0 x=0y=0 

and also 
lim lim lim f(z, y,z)=lim lim @,(y,z)=lim Y.(z) =A. 
z=0 y=027=0 2=0 y=0 z=0 


From these equalities we have at once that, having chosen an arbitrarily small 
o >0, we can then find a )>0, such that 


|b, (w) —A|< 1/40, where0 < (a) 
With the same o we can also find a z’, >0, such that 
| A— (z)|<C 1/40, where 0<z<7,. 


Again with the same o we can determine a y', > 0 and a 2”, >0, such that 


(z) z)]|<C 1/40, where 0< y<y’, and (c) 
Finally we can find a 6, >0 and a y; > 0 and a z, >0, such that 
| 2)—f(za, Y; 1/40, (d) 


where 0< O< ySy, and O<z<z,. Now let d, y;<y';,, and be less 
than either z’, or 2”,. Then we may add (a), (0), (c), and (d), and thus obtain 


| (x) —/(a, Y; a)|<o. 


This proves that the condition is necessary. But the condition is also sufficient; 
for it follows from (2) that, having chosen at pleasure a o >0, we can then find 
az, >> 0, such that 


—-A|< 1/40, where 0< z,<%. (a) 


From (1) follows that for the same o we can find a y, > 0 and also a 6 >0, such 
that 


(Yes Zn) |< 1/40. where (0) 


(¢) 


and 


| F(a, 2n) |< 1/40, where O0< 


Finally we have from (8) that for the same o we can find a 4, > 0, such that 


| dy (x) (x, Zn.) 1/406, where 0< (d) 
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Now let 4, be the smaller of 5, and 6. Then we obtain by the addition of (a), 
(b), (c), and (d) 


(x) —A|< oo, where 0< OS YS Yi, 
Hence lim 4, (x) =A, and therefore 


lim lim lim lim f(a, y,z) =A, 
x=0y=0 Oy=02=>0 


which proves the theorem. 


Fig. 6. 


Case 6. This is the last possible case where we have to determine the 
conditions under which the limit taken along PBEHO equals the limit taken 
along PCEO (see figure 6). . 

We are to find the conditions under which 


lim lim lim f(a, y,z2)=lim lim lim f(a, y,2) =A. 
x=0y=02=0 x=02=0 y=0 


It is at once evident that this condition is the same as is the condition that 


lim lim f(a, y,2)=lim lim f(a, y, 2) for any 
y=02=0 z=0 y=0 


It is therefore a question of simultaneous limits in two variables which we state. 
35 


F 
'B 
Al 
D 
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The necessary and sufficient condition that 


lim lim f(a,y,2)=lim lim f(a, y, z) =F (a), 
y=02=0 z2=0 y=0 


for every x different from zero, is that for every such x we have 


(1) lim f(z, y, 2) y), where y#0, 


lim f(z, y, 2) =~(a, 2), where z $0; 
(2) lim 2) = F(a); 
z=0 
(3) that for every such ~ there shall exist a set of numbers y;, y%, y3 ----, 


dense at y= 0, and corresponding to each y of the set an interval (0, 3,), such 


that 
(x, y) — F(a) where 0<2< 6, 


CHAPTER II. 
PROPERTIES OF FUNCTIONS OF THREE VARIABLES. 


5. Continuity.—In the case of a function of three variables we may have 
three different kinds of continuity. 

(1) The function f(x, y,z) may be continuous in each variable alone. 
That is to say, if we consider any two of the variables as constant, the resulting 
function of the third variable may be continuous in that variable alone. 

(2) The function f(x, y,z) may be continuous in two of the variables taken 
together. For example, if z is supposed to be constant, the resulting function of 
x and y may be continuous in (a, y) taken together. We say then that the func- 
tion is continuous in two variables taken together, if the simultaneous limit 
lim (/(x,y,2) exists and equals the value of the function at the point in question. 
= Ny 

(3) The function /(x,y,z) may be continuous in all three variables taken 
together. We define this as follows: If about the point (a, yo, %) we construct 
a sphere of radius p and denote the oscillation of the function within this sphere 
by &, and if we then have 


lim k=0, 
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then we say that f(x, y,z) is continuous in all three variables taken together at 
the point (a, ¥%,%). As we have already seen in section 3, the point (2, Yo, 2) 
is in this case a regular point of the function. We may therefore also say that 
J (x, y,2) is continuous in all three variables taken together at (2x, y,%), if the 
simultaneous limit in three variables lim y,2) exists and equals /(2, Y, 2)- 


X% 
Y= Yo 


Points at which the limit of the oscillation, as p approaches zero, is different 
from zero have already been defined as irregular points. We may also call them 
points of discontinuity. The value of the limit of the oscillation & as p 
approaches zero we shall call the amount of the discontinuity. It is at once 
evident that if the function is discontinuous in any variable alone or in any two 
variables taken together, then it cannot be continuous in all three variables taken 
' together. It is also evident that if the function is continuous in each variable 
alone, or if it is continuous in any two variables taken together, then it does not 
follow that it will be continuous in all three variables taken together. This is 
shown in some of the following examples. 


2 + + 
At the origin this function is continuous in each variable alone and also in any two 


of the variables taken together, but it is not continuous in all three variables 
taken together, for the simultaneous limit lim /(#, y,2z) does not exist. 


Example1. Let f(x, y,2)= where /(0,0,0)=0. 


x=0 
y=0 
z2=0 
Example 2. Let f(x,y,2)= =m, where /(0, 0,0) =0. 


At the origin this function is not continuous in (x,y) taken together, but it is 
continuous in z alone, since when x=0 and y=0 we have lim ay/z=0. 
But when x0 and y=0, then lim awy/z becomes infinite. Hence the 
z=0 
function is not continuous at the origin in all three variables taken together. 


LY 


where /(0,0,0)=1. 


Example 3. Let f(a, y,2) = 


4 
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At the origin this function is continuous in (z,y) together, for when z=0, 


lim f(x, y,z)=1=/(0,0,0). When, however, z+ 0, then lim /(a, y,z)=—1. 
x=0 
y=0 y=9 


Hence the function is not continuous in z alone and it cannot therefore be con- 
tinuous at the origin in all three variables taken together. 


Example 4. Let f(x,y,2)= where /(0,0,0) = 0. 


xy + ge? 
This function is continuous at the origin in all three variables taken together, 
for the simultaneous limit lim /(a, y,z) = 0. 


y= 0 
z=0 


In all of the above examples we have dealt only with the continuity of a 
function at a point. In the following section we shall study the question of the 
continuity of a function in all three variables taken together throughout an 
entire region. 


6. Continuity of a Function Throughout a Region.—In this and the next 
section we take up theorems that have to do with functions which are continuous 
throughout a region. We shall always assume that the function is singly deter- 
minate throughout the region, but for the present at least we shall not consider 
the behavior of the function on the boundaries of the region. We, therefore, 
define our region as follows: 

B, acy<b, 
It is not always necessary to consider all values of z within the above region, 
but it is sufficient for many purposes to take into consideration only a set of z’s 
which is enumerable and dense at z=2%. Unless, however, something is said to 
the contrary, we shall assume that z takes on all values of the above interval. 
With this understanding we now proceed to prove the following theorems. 


Theorem 1.—If the function / (x, y, z) is continuous in two variables taken 
together and in the third variable alone throughout the region above defined, 
and if (2, Y%, ) is any point of the region, then we have 


lim lim f(x,y,z)=lim lim lim /(a,y,2)= 


Y=Yo 

lim lim f(z,y,z)=lim lim f(a,y,z2)=lim lim f(a, y,2z) = f(x, Yo, %)- 
Y=Yo L= Y=Yo Y=Yo 
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Since f(x, y,2) is continuous in (x,y) taken together, we can consider z as 
constant and shall then have 
lim (x, Y; z) =f (Xo, Yo; Z), 
Y= 
and this will hold for every z of the interval ~<z<z,. But we have by 
hypothesis that f(a, %, 2) is continuous in z alone, when we consider z as 
variable, and hence 
lim (a0, Yo 2) (205 Yos %0)- 
This gives us ; 
lim lim J (x, Y; = lim (Xo Yo = f (Xo, 
= 
which proves our theorem for this case. The other cases are proved in a similar 
manner. 


Theorem 2.—If the function /(x,y,z) is continuous in each variable alone 
throughout the region above defined and if (ao, y, 2) is any point of the region, 
then we have lim lim lim (/f(a,y,z) =lim lim lim /f(a,y,2)= 


t= % L=XLy % Y= Yo 
lim lim lim f(a,y,z)=lim lim lim f(a,y,z)=lim lim lim f(a,y,z)= 
Y= Yo YHYo Ay Ky L= Y= Yo 


lim lim lim f(a, y, 2) =f (x9, Yo, %): 
The proof is similar to that of theorem 1. Let us first consider x and y as 
constants; then, since the resulting function of z is continuous in z, we have 
lim (x, Ys z) = f(x, Y; 
My 
and this will hold for every « and y of the respective intervals. But we have 
also by hypothesis that /(zx,y,%) is continuous in y alone, and hence if we 
consider «x as constant, we shall have 
lim f(x, %) =S(&, Yos 0); 
% 
and this will hold for every x of the intervala<v<(. Finally, since /(a, %,%) 
is continuous in « alone, we have 
lim f(x, Yo, 2) = F (Xo, Yo, 20) 
My 
which proves our theorem for this case. The other cases are proved in a like 
manner. 
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Theorem 3.—If the function f(a, y, z) is, throughout the regiona<a<@, 
ax<y<b, »<2<%,, continuous in x alone, y alone, and z alone, and if 
we have a set of values (a, y,z) everywhere dense, in at least a part of the 
given region, in such a manner that they shall be dense at (a, yo, %) along 
the lines « = a, y = Y, = %, Where (a, Yo, %) is one of the limiting points, 
and if we let (x, y, z) approach (ap, Yo, %) through this set of values in such a 
manner that no two of the variables vary together, then we always obtain the 
limiting value f(a», ¥, %). Moreover, if we choose a second set of values («, y, 2) 
which shall be everywhere dense in the same subregion, and dense at (2, %/, 2) 
along the lines x = a, y = Yo, 2 = %, and let (a, y, z) approach (a, Y, %) through 
this second set of values, then we obtain the same limiting value /(a, %, 2) 
as before. 

The proof of this theorem follows from the fact that the limiting value of 
the function /(x, y, z) at the point (a, 4%, %) depends only upon those values of 
the function in the neighborhood of (a, y, %) through which the function 
approaches its limiting value. Since now by hypothesis no two of the variables 
x, y, and z, are to vary together, the function f(z, y, z) must eventually approach 
its limiting value in such way that two of the variables will be constant, for 
example x=2, andy=y. Then f(a, yo, 2) is a continuous function of z, and 
hence we obtain the same limiting value f(a, yo, 2), no matter through what set 
of points z approaches z. This proves our assertion. In a like manner we can 
prove it for the other cases. 


7. Continuity of a Function.—(Continued.)—In this section we shall con- 
sider the number and the nature of the points within a given region, at which a 
function of three variables is continuous or discontinuous in all three variables 
taken together. As before, we shall not consider the behavior of the function 
on the boundaries of the region. 


Theorem 1.*—If the points, at which the discontinuity of f(x, y, z) in 
(x, y, 2) taken together is greater than or equal to a given positive number o, 


become dense at (2, Y%, %), then f(a, y, z) is discontinuous in (a, y, z) taken 
together, also at (a, Yo, %), and the (a, y, z) discontinuity at (x, Y, %) is greater 
than or equal to o. 


*Cf. Schoenfliess: Goettinger Nachrichten, 1899, page 187 
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In order to prove this theorem we need the following facts. If about the 
point P as center we have a sphere of radius 9, then, as before, we denote the 
oscillation of the function within this sphere by &# and the limit of the oscillation 
as p approaches zero by #’. If now k is some positive number greater than J’, 
then it is evident that we can find about P some sphere within which the oscilla- 
tion & of the function is less than #. On the other hand, if # is some positive 
number less than #’, then we cannot find any sphere about P, such that within 
this sphere the oscillation % of the function is less than 7’. 


This being established, we can prove our theorem without any difficulty. 
Let (2, 91, %1), Pe (2, Yo, %), be aset of points dense at Py (a, y%, %)- 
Suppose now that the theorem is not true. If now we construct about P, as 
center a sphere of radius p, then the limit 4’ of the oscillation of the function as p 
approaches zero will be less than o. We can now find a positive number o/ 
satisfying the relation ’< o/<o. From the facts given at the beginning of the 
proof it therefore follows that we can find some sphere of radius r about P,, such 
that within this sphere the oscillation & of the function is everywhere less than o’. 
This sphere will surely contain some points of the set P,, P., Ps, .... since 
these points are dense at P). Let P, be one of the points within this sphere. 
Then at P,, the limit #’ of the oscillation of the function is less than o’, that is, it 
is also less than o, which is contrary to the hypothesis. Hence we are led to a 
contradiction, and the theorem must be true. 

We next define what we mean when we say that a function is pointwise dis- 
continuous. In this we follow Schoenfliess.* 

If a function f(a, y, z) is discontinuous in (z, y, z) taken together at a finite 
or an infinite set of points, but if at the same time it is continuous in (a, y, z) 
taken together at a set of points that is everywhere dense in the region in ques- 
tion, then we say that the function is pointwise discontinuous in (a, y, z) taken 
together. 


Theorem 2.*—The necessary and sufficient condition that a function 
I(x, y, 2) is pointwise discontinuous in (a, y, z) taken together is that the points 
at which the amount of the (x, y, z) discontinuity is greater than or equal to o 
are not everywhere dense in any subregion. 


* Cf. Schoenfliess: Jahresbericht der Deutschen Mathematiker-Vereinigung. Band 8, (1900), page 128. 
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The condition is necessary; for if the points at which the limit & of the 
oscillation is greater than or equal to o are everywhere dense in any subregion, 
then the limit #’ of the oscillation would be greater than or equal to o also at the 
limiting points, hence this limit &’ would be greater than or equal to o at every 
point of the subregion, which is contrary to the hypothesis. 

The condition is also sufficient ; for let us choose a set of positive quantities 


where lim o,=0. 
n= o 


Corresponding to each of these quantities o, choose a set of points P; which shall 
not be everywhere dense in any subregion, and such that at each of the points of 
P,; the amount 4’ of the (a, y, z) discontinuity is greater than or equal to g,, 
where 7= 1, 2, 3, ....,%, ...- We thus obtain a sequence of sets of points 


Pi, Pi, Ps, Ps; 


Kach of these sets certainly contains all of the points of all of the preceding sets. 
Now, since by hypothesis the points P; at which the amount /’ of the (a, y, z) 


discontinuity is greater than or equal to o; are not everywhere dense in any sub- 
region, it follows that the points at which / < o; must be everywhere dense in 
every subregion, that is to say, in the whole region. We wish to show that the 
points at which /! = 0, as n increases indefinitely, are dense everywhere in the 
region. In order to do this, let A, be a sphere lying entirely within our region. 
Since the points of P, are not everywhere dense in any subregion, it follows 
either that the sphere A, contains no points of P, or that there exists a sphere 
fF, lying entirely within A, such that it contains no points of P). Again the 
sphere f, either contains no points of P, or there exists a sphere /t, lying wholly 
within 2, which contains no points of P;. Repeat this reasoning. We thus 
obtain a set of spheres Fy, &,, 2, ...-, &,, each lying wholly within all of the 
preceding spheres, and such that the sphere £#, contains no points of the set 
P,_, If now we let n increase indefinitely, we obtain a limiting point P at 
which 4/=0, and hence at this point the function /(a, y, z) is continuous in 
(x, y, z) taken together. It follows from this that within our region we can find 
no subregion which is free from points at which f(z, y, z) is continuous in all 
three variables taken together. Hence our function can be at most pointwise 
discontinuous in all three variables together. 
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Theorem 3.—If throughout the regionacr< Brac y<b, 
the function /(a, y,z) is continuous in two variables taken together and in the 
third variable by itself, then f(x, y,z) can be at most pointwise discontinuous 
in all three variables taken together, that is to say, the points at which the 
(x, y, 2) discontinuity is greater than or equal to some positive number & cannot 
be everywhere dense in any subregion. 

Suppose that within our region there exists a subregion 


within which the (a, y,z) discontinuity is greater than or equal to & at a set of 
points everywhere dense. Then it follows from theorem 1 that the function 


Z=2, 
ome — Z=Z 
Ye %3 
4 (24, Yiy 22) 
j 
Z2= 4, 
Y Fie. 7. 


f(x, y, 2) must have an (a, y, 2) discontinuity, greater than or equal to & at every 
point of this subregion. Let Py (x, be some point of this subregion and 
consider the plane z=z, parallel to the XY-plane (see figure 7). Since f(a, y, 2) 
is continuous in (a, y) together throughout the entire region, we can choose at 
pleasure a positive number o and can then construct in the plane z=z, about P, 
a circle C; of radius 7,, such that for every point of this circle we have 


| %) —SF (a, Yo, |<. (1) 


By hypothesis we have that at every point of the subregion the (a, y, z) discon- 
36 
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tinuity is greater than or equal to & so that the simultaneous limit lim /(z, y, z) 


Y¥=Y 


does not exist. We therefore can construct about P, as center a sphere JF, of 
radius p, which we may choose less than 7, such that for some points of this 
sphere we have 2 

| S(x,y, 2) —F (Xo, Yo, > 1/34. 
Let (2, ¥1,%) be such a point of the sphere R,, so that 

| F (0, Yo %1) —S (1, (2) 


By hypothesis f(x, y, z) is continuous in (xz, y) together, also at every point of the 
plane z=z,, as far as it lies within the subregion. We can therefore construct in 
this plane about (z,,y,) a circle C, of radius <7, lying wholly within the 
circle C, of radius 7,, such that for every point (a, y) of this circle we have 


| —f (a, Y; (3) 
If we choose o small enough and combine (1), (2), and (3), we obtain 
| (@, y, 21/4k, (4) 


and this will hold for every point of the circle C, of radius 7, in the plane z= 2. 
Now let (x., y.) be some point within the circle (, of radius 7,, in the plane 
z= 2%. Since the (x,y,z) discontinuity of the function /(a, y,z) at the point 
(Xo, Y, 2) is greater than or equal to &, we can construct about (a, y, z,) a sphere 
R, of radius p, which we choose less than r,, such that for some points of this 
circle we have 

| F(x, y, 2) Yo, %)| 
Let (22, 2, Z3) be such a point of the sphere #,, so that 

| Yo, %3) —S Yo %) | > (5) 


But the function f(a, y,z) is continuous in (a, y) together at every point of the 
plane z=2,, as far as it lies within our region; hence we can construct a circle C; 
of radius 7;<7r, about (x2, y) in the plane z= 23, which circle shall lie wholly 
within the circle ( of radius 7, such that for every point of this circle 


| Y, 2%) — (2 Yo) (6) 


From the continuity of f(a, y,z) in (x, y) together we also have 


| (2, Yo, 2) Y; 2) < 0, (7) 
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for all points of the circle C; of radius 7, in the plane z=z,. If now we chooseao 
small enough, we obtain by combining (5), (6), and (7), 


| ¥ —S (2, z3)|>1/4k. (3) 
Continuing this reasoning, we obtain in general 
| 4) —F(, | 21/4 (9) 


where (a, y) is any point of the circle C, of the radius r,, this circle lying wholly 
within each of a set of circles of radii 


The centers of these circles therefore approach a definite limiting point, say 
(%, Y%). This point lies within each of the circles. Now we have by hypothesis 
that lim y, %) =/(%o, Yo, %)- But from (9) we have 


| F(x, Yo Zn) (%, Yo | >1/4k, (10) 
where 2, Zs, 23, ---+ have the limiting value Hence we have from (10) 
lim (x, Y; 2) # f (2, Y; %) 
% 


for r=a) and y=%, which is contrary to the hypothesis that 

lim Y; 2) (2, Y; %) 

Z = % 
for every constant x and y. The assumption we made is therefore false and the 
theorem is true. 

In the preceding theorem we have considered only the (a, y,z) disconti- 
nuities greater than or equal to some positive number & Let us now remove 
this restriction and consider all (2, y,z) discontinuities. We then have the 
following theorem. 

Theorem 4.—If the function f(a, y, z) is continuous in two variables taken 
together and in the third variable alone, then it may be discontinuous in all 
three variables taken together at a set of points that is everywhere dense, but 
the amount of the discontinuity cannot be greater than or equal to & at each of 
these points. 

We shall prove the first part of this theorem by means of an example. 


Example. Let $(x,y,z)= where (0, 0,0) = 0 and 
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It has already been shown that this function is continuous in each variable alone 
and also in any two variables taken together, but it is not continuous in all 
three variables taken together at the point (0,0,0), where the amount of the 
(x, y, 2) discontinuity is 1/3. Now let us form 
sin’k! aa sin’k! ny sin’k! 
(2, 2) = sintk!na+ sin’k! ay + sinrk! 
This function is also continuous in each variable alone and in any two of the 
variables taken together, but it is discontinuous in all three variables taken 
together. Now let k=1, so that 
sin’ sin’ wy sin” 1 z 

This function is discontinuous in (a, y,2) taken together at the points for which 
equal 0 or 1, y equal 0 or 1, z equal 0 or 1, that is to say at the points (0, 0, 0), 
(0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1); for at these 
points the simultaneous limit lim @,(a, y,z) does not exist. At all other points 


>, (x, y,2) is continuous in all three variables taken together. In a like manner 
we see that ,(x,y,z) is discontinuous in all three variables taken together at 


all points for which 


while it is continuous in (x,y,z) taken together at all other points. Now form 
2) 
(x,y, 2) = (a, y,2)- 
n=] 


Since 9, (x, y, 2) = 1/3 for all values of n, we have 
(2, 9,2) = 1/3 
n=1 n=1 


and hence f(x, y,z) converges. Now consider z asconstant. Then f(a, y,z), con- 
sidered as a function of x, y, and n, converges uniformly by theorem 5 of section 
10. Inasimilar manner /(az,y,z) converges uniformly as a function of z and n 
if we consider x and y as constants. Hence /(#,y,z) is continuous in (2, y) 
together and in z alone. But /(x,y,z) is discontinuous in all three variables 
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taken together in every subregion, for the general term 1/n! 9, (x, y, 2) is discon- 
tinuous in (x,y,z) together at every point for which 
y=P'ld, 

where the p’s and q’s are positive integers, such that p and q are relatively 
prime to each other; likewise p! and q’, and p" and q’. In order that this shall 
be true, we need only choose n so large that n! is divisible by gq, q/, and q”. 
Then 1/n!9, (x,y,z) will have an (x,y,z) discontinuity at the point r= 
y=p'/d, 2=p"/¢', and hence f(a, y,z) also has an (a, y,z) discontinuity at this 
point. This shows us that f(a, y,z) has an (a, y, z) discontinuity at every rational 
point of our region, that is to say, at a set of points that is everywhere dense, 
while at the same time it is continuous in all three variables taken together at 
all other points. This proves the first part of the theorem. 

The truth of the second part of the theorem follows at once from theorem 8. 
For if the function could have an (x, y,z) discontinuity greater than or equal to 
some positive number / ata set of points that is everywhere dense, then it 
would also have such a discontinuity at the limiting points, hence at every point 


of the region, which is impossible. 


Corollary.—If a function f(x, y, z) is continuous in each variable alone, then 
it may be discontinuous in all three variables taken together at a set of points 
that is everywhere dense, but the amount of the (a, y, z) discontinuity can in this 
case not be greater than or equal to some positive number & at each of these 


points. 

Theorem 5.—If throughout a given region,a<r< 
the function f(a, y, z) is continuous in two variables taken together and in the 
third variable alone, then it is continuous in all three variables taken together at 
a set of points that is at least everywhere dense in the region. _ 

In order to prove this we choose a set of positive quantities 


where lim k=0. 

n= 
Now consider that portion of our region which is confined within any sphere 7 
lying entirely within the given region. Then it follows from theorem 4 that 
the points at which f(a, y, z) has an (a, y, z) discontinuity greater than or equal 
to k, cannot be everywhere dense in any part of this sphere. We can therefore 
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find a sphere #, of radius 7,, lying wholly within the sphere 7/2, such that within 
h, there are no points at which the (a, y, z) discontinuity of f(z, y, z) is greater 
than or equal to %,. Again we can find a sphere R, of radius 7», lying wholly 
within the sphere &,, such that within the sphere R, there are no pointsat which 
the (x, y, z) discontinuity of the function is greater than or equal to 4. Repeat- 
ing this reasoning we finally obtain a sphere R, of radius 7, lying wholly within 
the sphere #,_, and hence within every preceding sphere, such that within this 
sphere f,, there are no points at which the (z, y, z) discontinuity of the function 


is greater than or equal to k,. But we have by assumption that lim 7, =0, 
N= 

and we see from the manner in which the spheres were obtained that the centers 
of the spheres approach a definite limiting point (a, y, 2), al which therefore 
we have k= 0; that is to say, the function f(a, y, z) is continuous in (a, y, 2) 
taken together at this point. From the manner in which the spheres were 
chosen it follows that the points at which the limit of the (2, y, z) discontinuity 
is zero must exist in every part of our region, however small. They are there- 
fore at least everywhere dense in the region. 

We can, however, go a step further than this. Schoenfliess* shows namely 
that the set of points in question must have the “ Michtigkeit”’ of the continuum, 
To do this, choose at pleasure a set of positive quantities 


where lim &,=0. Now let P, be a set of points within the region at which 
n= 
the (a, y, z) discontinuity of the function is greater than or equal to &. Similarly, 
let P, be a set of points within the region at which the (a, y, z) discontinuity is 
greater than or equal to /,, etc. In general let P, be a set of points of the 
region at which the (a, y, z) discontinuity of the function is greater than or equal 
to k,. It follows now that P, is a set of points having the following properties. 
Hach set P, is in no subregion everywhere dense; each set contains all the 
points of every preceding set; the set given by lim P,, is a set that may be 
n= © 
everywhere dense in the region. Such a set is called by Baire + a set of points 
of the first category. Baire also shows that the set of points complementary to 


* Cf. Schoenfliess: loco citato, page 129. 
+ Cf. Baire: Annali di matematici (3), vol. 3, page 67 (1899). 
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such a set is not a set of the first category. He calls it a set of the second 
category and proves that it has the ‘‘ Mdchtigkeit”’ of the continuum. Hence it 
follows that the points at which the (a, y, z) discontinuity of our function is 
greater than or equal to some positive number /’ is a set of the first category. 
The set of points therefore for which lim &,=0 is the complementary set of 
N= 

the above set and hence isa set of the second category. It therefore has the 
“ Michtigkeit’’ of the continuum and is non-enumerable. 


8. Uniform Convergence—When dealing with the behavior of a function 
f(x, y, 2) not only within a given region but also on the boundaries of the region, 
we meet with a new kind of convergence, which has been called uniform con- 
vergence in the case of a function of two real variables. It is defined as follows. 

If a function f(x, y) of two real variables is defined for all values of 
andif lim f(x, y)=/(x, yo) for every x of the in- 

terval a<«w<(, then we say that f(x, y) converges uniformly to f(x, y) if, 
having chosen an arbitrarily small o> 0, we can then find a )> 0, such that 


| f(x, y) — F(a, 
for every y of yy y< y+, and for every « of the intervala<a<. This is 
equivalent to saying that the simultaneous limit lim /(zx, y) must exist for 
every « of the interval «a <2 <(, and must equal the value f(a, y). 

When we come to a function of three real variables we have two cases to 
consider; for the function may converge uniformly either with respect to one of 
the variables or with respect to two of the variables. 

In the former of these two cases we must have a function ofthree variables 
defined for every point of the region 


2X2 


and we must also have lim /(2, y, z) =/(z, y, %) for every (a, y) of the region. 
We then say that f(x, y, z) converges uniformly to f(a, y, %), if the simultaneous 
limit lim (/(a, y, z) exists and equals f(x, Yo, %) at every point (x, y) of 
Y=Y 


ny 
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the regiona<a2<@,a<y<b. This definition may also be expressed otherwise 
as follows. 
The function f(a, y, z) shall be defined for every point of the given region 
and lim f(x, y, z) shall equal f(a, y, z) for every point of the region as defined 
forxandy. Ifnow 
1. We choose at pleasure ao>0 and can then find a > 0 such that 


| Y; z) Y; 


when ~%<2<%+4, for every point (a, y) of a<a<6,a<y<6, then we say 


Fie. 8. 


that f(a, y, 2) converges uniformly to f(x, y, %) throughout the region, boundaries 
included. Two things are essential in this definition. First, the same 5 must 
fit every point (x, y) of the region, and, secondly, the region must include its 


boundaries. 
As in the case of a function of two variables, so here we have a geometrical 


interpretation of uniform convergence. The limiting function f(x, y, %), con- 

sidered as a function of x and y, may be represented by a surface. In a like 

manner we may represent the function f(a, y, z,), where k= 1, 2, 3, 

surfaces which we call the approximation surfaces. We now construct at a dis- 

tance o above and below f(a, y, 2) a surface parallel to f(a, y, %), see figure 8. 
If now we can find a z, such that for every value of z, from z, on, each of the 

approximation surfaces falls entirely within the strip bounded by the two parallel 


Z 

J, 
‘4 

S(t, %) 
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surfaces for every point (x, y) of the given region, then f(z, y, z) converges uni- 
formly to f(x, y, 

In the second case, where we have uniform convergence with respect to two 
variables, the function f(a, y, z) must be defined for every value (a, y, z) of the 


region 
B, WKY Ym, MLAS 


and the limit im /(a, y, z) must equal f(x, y, %) for every x of the interval 


Y= Y% 


a<«<@. If under these conditions the simultaneous limit lim (f(z, y, 2) 


My 


exists and equals f(a, 4%, %) for every value of a of its interval, then f(x, y, 2) 
converges uniformly to f(x, yo, %). 

This can also be expressed otherwise. If f(a, y, z) is defined throughout 
the given region and satisfies the condition that lim /(2, y,z)=f(2o, yo, %) for 


X% 
Y= 
& 


every 2, of the interval a < x < @, and if we choose an arbitrarily small o> 0 and 
can then find a 6; >0 and a 6, >0, which are independent of each other and 


such that 
| Y; z) — f(x, Yo, 


for every y and z where y<y% +0, and << z<%+ 6,, then f(x, y, 2) con- 
verges uniformly to f(x, yo, %) throughont the interval a <a < B. 

Geometrically we can represent /(x, y%, %) by a curve in the interval 
Similarly, f(a, %), wheret=1, 2,3, .... andk=1, 2,3, .... 
can be represented by a set of curves, which we call the approximation curves. 
Now draw at a distance o above and below /(a, y%, %) curves parallel to the 
projections of the approximation curves. If then there exists a (y,, z,) such that, 
for every (y, z) from (y;, 2.) on, the projections of the approximation curves all 
fall in the strip bounded by the two parallel curves, then f(a, y, z) converges 
uniformly to f(x, Yo, %): 

37 
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The essential thing for uniform convergence, whether with respect to one 
variable or to two variables, is that the simultaneous limit lim (a, y, z) exists 


% 


and equals f(a, Yo, %) for every point of the region, boundaries included. This 
fact is of vital importance. If, namely, we have a function defined as before, and 
if lim (f(a, y, z)=f(a, Yo, %), and if we know that the simultaneous limit 
Z % 
lim f(a, y, 2) exists and equals f(x, y, %) only for all points of the interval 
= 


Y¥=Y% 


= % 
a<2x<(, where the endpoints are not included, then we do not know that the 
simultaneous limit also exists at the endpoints, and hence we cannot say that the 
function f(x, y, z) converges uniformly throughout the interval endpoints in- 
cluded. All we can in this case say is that f(x, y, 2) converges uniformly 
throughout the interval a+éd<a2<@—06, where § is some positive number 
different from zero. The same considerations hold for uniform convergence with 
respect to two variables. The following example illustrates this. 


Example 1. 
Let f(x, y, 2) = where /(0, 0, 0) = 0, for the region 


O<a<1, 


This function is continuous in two variables taken together and in the third 
variable alone as has already been shown. Moreover the simultaneous limit 
lim f(x, y,2) exists and equals /(0, 0,0) for every (a, y) of the region 
x= 0 
z=0 
O0<a51, 0< yl, but it does not exist for every (x, y) of the region when we 
include the boundaries. Hence the function does not converge uniformly 
throughout the region, boundaries included. In order to see what this means 
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geometrically, let us plot a few of the approximation surfaces. We have the 


following table of corresponding values : 


y 
0 0 

1 1 

1 1/2 
1/2 1/2 
1 1 

1 1/2 
1/2 1/2 
1 1 

1 1/2 
1 1/3 
1/2 1/2 
1/3 1/3 


1/2 
1/2 
1/2 
1/3 
1/3 
1/3 
1/3 
1/8 


2) 
0 
1/3 
4/17 
1/5 
4/17 
1/5 
1/3 
9/55 

36/251 
3/29 
9/31 
1/3 


This gives us the following approximation surfaces for z =1, z= 1/2, z= 1/8, 


see figure 9. 


9. 


We see from this that each approximation surface has a peak of altitude 1/3 
which moves along the line y = x toward the origin as z approaches zero. At 
any point of the region, excepting the origin, we can therefore make f(z, y, z) 
approach as closely as we please to zero by a suitable choice of z, but at the 
origin we cannot do so, and hence the function does not satisfy the condition of 


uniform convergence. 


Z 
| 
VA 
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Lory | 


Coar: Functions of Three Real Independent Variadles. 


Having thus defined the two kinds of uniform convergence for a function of 
three variables, the question arises as to whether one of these will necessitate 
the other. That is, if f(a, y, z) converges uniformly with respect to one variable, 
will it then also converge uniformly with respect to two variables, and conversely ? 
This must be answered in the affirmative; for if f(x, y, z) converges uniformly 
with respect to z, then we have 

lim I(x, Y; z) = f(x, (1) 


for every (x, y) of the region, boundaries included. We also have 


lim (x, Y; z) = f (xo, (2) 
Y=Y% 


at every point (a, %, %) of the region, boundaries included. From this last, 
however, follows that 


lim (x, Y; = f (xo, Yo z) (3) 
Xp 


for every z of its interval. Now (1), (2), and (3) are exactly the conditions that 
J (x, y, 2) shall converge uniformly with respect to the two variables x and y, 
Hence it follows that if f(x, y, z) converges uniformly with respect to one 
variable, then it will also converge uniformly with respect to two variables. The 
converse is proved in a similar manner. 

We have given two different definitions of uniform convergence and have 
asserted that they are equivalent to each other. We shall now prove that this 
is in fact the case. 


Theorem 1.—If the function f(a, y, z) is continuous in two variables taken 
together and in the third variable alone, and if we havelim /(a, y,z)=/(a, y, %) 
% 
for every (x, y) of a<a<@ and as y<)b, then the necessary and sufficient condition 
that f(x, y, z) converges uniformly to f(x, y, 2) throughout the region a < x=, 
a<y<b, is that at every point of this region, boundaries included, the simul- 
taneous limit lim /(x, y, 2) shall exist and equal f(a, Yo, %). 
Yo 
% 
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The condition is necessary ; for let (a, y) be any point of the region and 
choose an arbitrarily small o >0. Now since f(a, y, z) converges uniformly 
throughout the region, there exists a 6) >0, such that 


(x, 2.) — f(a, Y; 1/40 (1) 


for every z, between z and z+ and for every point (2, y) of the region 
boundaries included. Furthermore, since f(z, y, 2) is continuous in (a, y) 
together, we can in the plane z =z, construct a circle of radius 7) about (2%, 4), 
such that for every point (x, y, z,) of this circle we have 


Yo) — f (2, Y, | <1/4o. (2) 


(Xo, Yo) 


Y Fie. 10. 


Now construct a right cylinder having this circle as base and its elements 
parallel to the z-axis, the bases of the cylinder lying in the planes z=~% and 


%, see figure 10. 
Let (x,y,z) be any point within this cylinder. Since f(z, y,z) is continuous 
in z alone we have by taking z, near enough to % 


| Y; — f(a, Y; 1/40 (3) 
|F Yo %) —f (%, Yoy a) | < 1/40. (4) 
Adding these four inequalities we have 


| (20, %) f(a, Y, 2) | 


and 
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where (x, y, z) is any point within the cylinder. Hence the simultaneous limit 
lim f(x, y, z) exists at (a, Yo, %) and equals f(a, y, %). But (a, yo) is any 


point of the region a x28, a<y<b, and hence the simultaneous limit exists at 
every point of the region. 

The condition is also sufficient; for since at any point (a, y, %) of our 
region, boundaries included, the simultaneous limit lim f(a, y, z) exists and 


Y¥=Yo 
Z=% 


equals f(a, %, 2%), we can first choose an arbitrarily small o>0 and can then 
construct a sphere f, of radius 7) about (x, y, %) as center, such that there shall 
exist no point (&, 7, ¢) within this sphere for which 


Yo; a) 6) |Se. (5) 


For different points (x, y) of the region, but for the same value of o, the radii of 
the resulting spheres may vary and are functions of (x, y). As such they have a 
lower limit 9’ different from zero, for the entire region aSw<@,asS yb; for 
suppose that these radii approach zero as limit as (x, y) approaches some point 
(2. %) of the region (a, 8; a, 6). Then it would be impossible to find any 
region about (a, Y, %) which is free from points (£, 7, ¢) that satisfy (5). Fur- 
thermore, the limiting point (a, yo, %) must also be a point of the region. The 
radii p therefore have a definite lower limit p’ on on the region (a, 8; a, 6) and 
this may therefore serve for the whole region, so that the definition for uniform 
convergence is satisfied. 


9. Continuity of the Limiting Function—Thus far we have not said anything 
about the continuity of the limiting functions f(a, y, %) and f(x, y, %). We 
now take up theorems that deal with this. 


Theorem 1.—If the function f(x, y, z) converges uniformly with respect to 
z, that is, if it converges uniformly to f(x, y, 2) throughout the region a <a < £, 
a y<b, then f(a, y, %) is continuous in (a, y) together throughout this region. 
Let (a, y) be any point of the given region. Since f(z, y, z) converges 
uniformly throughout the region, the simultaneous limit lim (f(a, y, z) exists 


= He 


for every point of the region, boundaries included, and equals f(x, y%, %). But 
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we also have lim f(a, y, z) =/(z, y, %) for every (a, y) in the neighborhood 


of (%, Yo) Hence we have by theorem 4 of section 2 


lm lim f(a,y,z)=lim lim f(a, y,z) =f (ax, Yo, %)- 


Y= Yo 
Z = % 


From this follows at once that f(a, y, %) is continuous in (a, y) together at 
(2%, Yo). But since (a, y%) is any point of the region, boundaries included, it 
follows that f(x, y, 2%) is continuous in (a, y) throughout the entire region. 


Theorem 2. If the function f(x, y, z) converges uniformly with respect to 
and z, that is if it converges uniformly to f(x, y, %) in the interval aka<@6, 
then f(x, y¥, %) is continuous in a throughout the interval including the 
boundaries. 

The proof is similar to that of theorem 1. Let a be any point of the 
interval a<a<@. Since f(a, y, z) converges uniformly to f(x, Y, %) throughout 
the interval, the simultaneous limit lim /(a, y, z) must exist at every point of 


= Yo 


the interval, end points included, and must equal f(a, y, %). But we have 
alsolim (f(a, y, z)= f(x, y, %) for every x of the interval. Hence we have 


¥ = 
= 


by theorem 3 of section 2 
lim f(z,y,2)=lim lim f(x,y,2)=lim lim y, 2) = (0; Yo, %)- 


Xp L=%y Y Yo Y= 
Y= Yo & = 


From this follows at once that f(a, yo, 2%) is continuous in « at the point 
=a. But x is any point of the interval a<a< @, and hence f(x, yo, %) must 
be continuous in 2 throughout the interval, end points included. 


Remark.—Theorems 1 and 2 give us sufficient but not necessary conditions 
for the continuity of the limiting functions f(a, y, %) and f(a, Y, %). We can 
show this by means of an example which has already been used several times. 


where f(0,0,0)=0. Here f(z, y, 0) =0 
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throughout the region 0x51, 0y<1, and it is therefore continuous in (a, y) 
together at the point (0, 0). Likewise f(x, 0, 0) = 0 throughout the interval 
0 <a <1, and it is therefore continuous in x at the pointx=0. But the function 
J (x, y, 2) does not converge uniformly either to f(z, y, 0) or to f(a, 0, 0) as has 


already been shown. 
It is, however, possible to obtain a necessary and sufficient condition that 


the limiting function f(a, y, 2) is continuous in (x, y) together at any point (a, y) 
of the region a aL y <b, and that the limiting function f(x, y, %) is con- 
tinuous in x at any point 2 of the interval aiax< @. 


Theorem 3.*—If the function f(x, y, z) is finite and continuous in (a, ¥) 
together and in z alone throughout the region 


aS aS y Sb, 


then the necessary and sufficient condition that the limiting function f(a, y, 2) 
is finite and also continuous in (a, y) together at any fixed point (a, y) of the 


region 
P,asy<b, (A) 
is 
(1) that lim f(a, y, z) = f(a, y, %) for every constant pair of values 
% 
(x, y) of region (A). 
(2) that having chosen an arbitrarily small o> 0, there shall then exist a 
set of 2’s (z = %, %, %,----) dense at z= %, and that corresponding to each 2 
there shall exist a circle of radius 7, about (a, yo), where however 7, may vary 


with z,, such that for all points (x, y) within this circle 
|S (@, —f (a, |<o. 


We first prove that the condition is necessary. Our hypothesis therefore is 
that f(x, y, %) is finite and continuous in (x, ¥) together at (a, y) where (a, y) 
is some fixed point of region (A). Hence we can choose an arbitrarily small 
o> 0 and can then, in the plane z= %, find a circle of radius 7) about (2, y), 
such that for every point (a, y) of this circle we have 


(x, %) Yo, %) |< 1/86 (1) 


* Arzela proves this theorem for the case of a function of two variables. See ‘‘Sulle serie di funzioni.’’ 


Accademia delle sc. di Bologna, 1899, page 142. 
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By hypothesis we also have lim / (az, y, z) =/f(a, y, %), and hence also 

lim f(x, y, %) =f(a, y, %), for every (x, y) of region(A). From this follows 
that for the same o as above we can determine a 6 > 0, such that 

(x0, Yo, %) —F (Xo; Yo) %)|<1/8 (2) 
where my 
We also have that f(a, y, z) is continuous in (a, y) together, when z is constant, 
at every point of region (A), and hence we can in the plane z = z, determine a 
circle of radius 7, about (a, yp), such that for every point of this circle 


Y, %) —f Yo a) |< 1/36 (3) 
where 
Inequalities (1), (2), and (3) hold for all values of z and z, between z and % + 6. 
If r, < 7, then (3) holds for all points (x, y) of a circle of radius r, about (a, yo) 
in the plane z=2z,. We may then add these inequalities and obtain 
(a, Y; 2) (a, 0, 


and hence the condition is necessary. 
We next prove that the condition is also sufficient. By hypothesis we now 


have that lim /(a, y,z)=/(a, y, %) for every point (x, y) of region (A). 


% 
Hence we can choose at pleasure o> 0 and can then determine 6 > 0, such that 
(0, Yo, (20, Yor 2) |< 1/40 (4) 

where << 


But f(x, y, z) is continuous in (a, y) together at every point of region (A), and 
hence we can for the same o as above find, in the plane z = z,, a circle of radius 
r, about (2%, yo), such that for all points of this circle 

(2, 2.) — f (26, Yo, a)i< 1/4 (5) 
where < (See figure 11.) 
From the second part of the hypothesis follows that in the plane z =z, there 
exists a circle of radius 7, about (x9, y), such that for all points of this circle 

(2, Y; %») —S (a, %)|< 1/40 (6) 

38 
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It is to be noticed that if z, = 2,, then it is not necessary that also r, = 7,, for 
the two circles do not arise from the same conditions. We may however choose 
r, to fit both cases ifr,<7r,. Sincelim 2%) =f (ax, y, %) for every con- 


stant pair of values (x, y) of region (A), we have for the same o as above 
| (xo, Yo, 2x) —F (Xo, Yo» 1/4 (7) 


where 


Fie. 11. 


The continuity of f(a, y, z) in (a, y) together throughout region (A) also gives us 
(2, zx) (%o, Yo; Zn) 1/40 (8) 
where +4, 
for every point (x, y) of the circle of radius 7, about (a, y) in the plane z = %,. 
We will suppose that 7, <7,, so that inequality (8) holds for all points of the 
circle of radius 7,. Inequalities 4, 5, 7, and 8, now hold for every z where 
Z <%<% +6, and for all points (x, y) of the circle of radius r,, We may 
therefore add them and obtain 


and for all points (x, y) of a circle of radius 7, about (a, y). We can now choose 


| 
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6 in such a manner that 4, 5, and 9, shall hold for every z where % <2, <%+ 0, 
so that we may add these inequalities and thus obtain 


(2, Y; — f (Xo, 3/26 (10) 


where (x, y) is any point within the circle of radius r,. Hence there exists in 
the plane z = % about (2, yo) a circle of radius greater than zero, such that (10) 
holds at every point within this circle. Hence f(x, y, %) is continuous in (a, y) 
together at (a, y). This proves the theorem. 

We can obtain an analogous theorem for the continuity of the limiting 
function f(x, Yo, %) at the point x = ap. 


Theorem 4. If the function f(a, y, z) is finite and continuous in x alone and 
in (y, z) together at every point of the region 


then the necessary and sufficient condition that the limiting function /(x, yo, 2) 
is finite and continuous in x at 2 where 2 is some fixed point of the interval 


acu B, (A) 
is 
(1) that lim f(a, y, z) = f(x, Yo, %) for every x of the interval (A); 
% 


(2) that having chosen an arbitrarily small o> 0, there shall then exist a 
set of pairs of values (y;, z,) which shall be dense at (yo, 2.) and corresponding to 
each pair there shall exist an interval greater than zero, such that for every x of 
this interval 


lf (x, Yi» Zn) — (x; Yo, 0. 


The proof of this theorem is similar to that of the preceding theorem. 
Since f(x, Yo, %) is continuous in 2 at the point x2 = a, we can choose an 
arbitrarily small o> 0 and can then determine an interval (2) — 6,, x + 6.) 
greater than zero, such that 


(%o, Yo, %) —S (x, Yo) %)|< 1/30 (1) 
for every x of this interval. Since lim (f(a, y,z)=/(a, yo, %) and hence also 


= M% 
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lin f(x, yi, 2) = f(x, Yo, %) for every x of the interval (A), we can for the 


¥i = 
Zp 
same o find some value (y,, 2), such that 
| (ao, Yi —f (%, Yo, 1/30 (2) 
where Yo MK ME 


But f(a, y, 2) is continuous in x when y and z are constant, hence for the same 
o we can determine a 6, and a 6, each greater than zero, such that 


PACS Yir%x) —S (xo, Yi zn) |< 1/3 (3) 
where — 3, <a <ay + do. 


Now let 5, and 4, be less than 0, and 6, respectively. Then we may add (1), (2), 
and (3), and thus obtain 


(a, Yiy 2x) — f(z, Yoy 
where Ly — 0, + dy. 
This proves that the condition is necessary. 
The condition is also sufficient. We now have by hypothesis that 
lim f(x, y, z) = f(x, Yo, %) for every x of the interval (A). Hence we can 


Y= Yo 


choose at pleasure a o> 0 and can then find a 4, and a 6, each greater than zero, 
such that 
| Yo — f (Xo, Ysy a) |< 1/6 (4) 


where Yo< Ys KL Yo + and a +d. 


Since f(a, y, 2) is continuous in x, we can for the same o and on the line 
(«= y,, 2=2,) find about an interval (a + 4,), such that 


Ysy %) — Ys) 1/66 (5) 


From the second part of the hypothesis it follows that on the line (y= y,, z = 2;) 
we can for the same value of o determine an interval (a — 6,, 2) + 6,), such that 


| %) Yo, %)|<1/6 6 (6) 
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If y, = y, and z, = %, then it is not necessary that also But if 
then 6, will fit both cases. Let uschooseitthus. Sincelim /(a, 2%) =f (2, Yo, 2) 
Yi= Yo 


= % 

for every x of the interval (A), we can for the same value of o determine a 4, 
and a },, such that 

| %) —S (Hoy Yo, %) |< 1/66 (7) 
where MWK Oe 
Finally we.have from the continuity of f(a, y, z) in « that for the same o we can 
find a 6, >0, such that 

| Yis %) Yiy x) |<1/66 (8) 
where — On dy + 


Now let 4, be less than 4,, and let 5, and 4, be less than 6, and 6, respectively. 
Then (4), (5), (7), and (8), hold for the same intervals and we may add them. 
We thus obtain 
| A(x, Ys; f(x, Yi 2) I< 2/36 (9) 

where yyy +6, and ~%<25%+4,, and for all points x of the interval 
(a — dg, 7% +6,). We can now choose 94, and 9, in such a manner that the 
inequalities (4), (5), and (9), hold simultaneously, so that we may add these and 
thus obtain | 
| F(&, Yo, 0) Yo, %) (10) 
where x is any point of the interval (a— 0d, 2+ 4). Hence on the line 
(y= Yo, 2=%) there exists about x an interval greater than zero for every 
point of which inequality (10) holds. Hence f(x, y, 2) is continuous in a at the 
point «= 2, which proves the theorem. 

We have thus obtained necessary and sufficient conditions that the functions 
J (x, y, %) and f(x, yo, %) are continuous in (%, y) and «x respectively at some 
fixed point. We next wish to find the condition that they shall be continuous 
throughout a whole region or interval. Such a condition is that the conditions 
of theorems 3 and 4 hold for every point of the region or interval in question. 
We can, however, obtain another condition which will be of use later on. 

Before giving this condition we must first define another kind of uniform 
convergence. This is Arzela’s ‘‘ Convergenza uniforme a tratti and a stratti.” * 


*See Arzela: Sulle serie di funzioni. Accademia delle scienze di Bologna, 1899, p. 153. 
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We may translate this by uniform convergence by segments and by areas. We 
first give the definition for a function of two variables. 

The function f(x, y) shall be defined for all points of the region a<x< 8, 
Yo <<. Y £ Yn, and shall be continuous in each variable alone throughout this region ; 
furthermore lim (/(a, y) shall equal f(x, y) for every x for which it is defined. 

Y= Yo 

If now there exists between y, and y, a finite number of lines (y = yj, Yo, Ys,» - - +5 Yp) 
and on each of these a finite number of segments each greater than or equal to 
some finite length L which is itself greater than zero, such that the projections of 
these segments on y = y completely fill the interval (a, 8) and that for every 
point of these segments 


| (2, Yo) — F(a, 


then we say that f(x, y) converges uniformly by segments to f(a, yo) throughout 
the interval. 

In an analogous manner we define uniform convergence by areas for a func- 
tion of three variables. Let the function f(x, y, z) be defined for every point of 
the region and let it be continuous in (2, y), 
together and in z alone throughout the region; furthermore let lim (/(z, y, z) 


= f(x, y, %) for every pair of values (x, y) of the region. If now there exists 
between z and z, a finite number of planes (2 = 2, %, z3,..--, %p) and on each of 


these planes a finite number of rectangles having their sides parallel to the x and 
y axes and such that their dimensions are each greater than or equal to some 
quantity greater than zero, and furthermore such that the projections of these 
rectangles on the plane z= 2 completely fill the region a<x< 8,aSy<b, and 
that for all points (x, y) of these rectangles the following inequality holds 


f(z, Y; %) (a, Y; 
then we say that f(x, y, z) converges uniformly by areas to f(z, y, %) through- 
out the region. 
We may also define such uniform convergence for the case that /(«, y, z) 
converges to f(x, yo, %). Let f(x, y, z) be defined for every point of the region 
ai xi B, yw and let it be continuous throughout this region 


in (y, 2) together and in x alone. Furthermore let lim (f(a, y, 2) =/(x, Y%, %) 


Y= YW 
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for every constant value x of the interval. Ifnow we have a finite set of values 
(y;, %,), Where the absolute value of / (y? + 2) for each (y,, z,) is less than the 
corresponding value for the preceding (y;, 2,), and if on each line (y= y;, z = %) 
there exists a finite number of segments, each of length greater than or 
equal to L, where ZL is itself greater than zero, such that the projections of these 
segments on the line (y = y%, z= %) completely fill the interval (a, @) and that 
for every point « of these segments we have 


(2, Yo, 2) —f (a, Yi a) |< 0, 
then we say that f(a, y, z) converges uniformly by segments to f(x, yo, %) 
throughout the interval. 

This new kind of uniform convergence is entirely distinct from both the 
ordinary uniform convergence and from Dini’s “‘einfach gleichmdssige Convergenz’, 
as Arzela* has shown in the case of a function of two variables. For a function 
of three variables the distinction between these three kinds of uniform conver- 
gence is as follows. 


In all three cases the function f(a, y, z) is defined for all points of the region 


and lim f(a, y,z)=/(a, y, %) for every point of the region 
(A) 
We then choose at pleasure a o> 0. 
In the case of ordinary uniform convergence we must then be able to find a 
2, 2, such that for every z between z, and z and for every point (a, y) of region 
(A) we have 
| F(x, y,2) —F (2, y, %)|<o. (1) 
In the case of Dini’s ‘einfach gleichmissigs Convergenz’”’ there exists be- 
tween z, and ~ only a set of z’s dense at %, such that (1) holds for each of these 
z’s and for every (x, y) of region (A). 
In the case of Arzela’s uniform convergence by areas there exists between 
z, and z only a finite number of planes z= z,, and on each such plane a finite 
number of rectangles, each of area greater than or equal to G where @ is finite 
and greater than zero, whose projections on the plane z = z completely fill region 
(A), such that (1) holds only for all points of these rectangles. 


* Arzela: loco citato, page 153, 
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We are now ready to take up the theorems that deal with the continuity 
of the limiting function throughout the whole region. 


Theorem 5.* If the function f(a, y, z) is continuous in (a, y) together and in 
z alone throughout the region 


andiflim f(x, y, z)=/(a, y, %) for every (x, y) of the region 
& 


ala=B,a=y <b, (A) 


then the necessary and sufficient condition that f(a, y, %) is continuous in (a, y) 
together throughout region (A) is that f(a, y, z) shall converge uniformly by 
areas to f(x, y, %) throughout (A). 

The condition is necessary. Then our hypothesis is that f(a, y, %) is con- 
tinuous in (x, y) together at every point of region(A). If therefore (a’, y’) is any 
point of region (A), then it follows from theorem 3 of this section that there 
exists a set of 2’s (c= %, %, %,.---) dense at z= and on each sufficiently 
near to z there exists about (x’, y') a rectangle having its sides parallel to the 
axes and having an area 6, different from zero, such that for every point (x, y) 
within this rectangle 


(x, Y; zx) — f(x, Y; (3) 


where o is an arbitrarily small positive number. It will be advantageous in the 
following not to consider this whole rectangle about (a’, 7’), but to divide it into 
four rectangles by lines parallel to the axes and to consider each of these rec- 
tangles separately. Let us take, for example, the rectangle P/ABC to the right 
and front of (a', y'). See fig. 12. 

We may then say that, having chosen an arbitrarily small o> 0 and any 2,, 
there will then exist for every z, between z, and z a rectangle of area greater 
than zero to the right and front of (a’, y’), such that (1) holds for every point 
(x, y) of this rectangle. The area of this rectangle may vary with z, and may in 
fact be zero for some values of z,, but it cannot be zero for every value of %, 
unless (x, y’) is a point of the boundaries x= @ andy=b. The area of this 
rectangle is moreover a function of z, and as such it has an upper limit which is 
certainly less than the area of the region (A). Let us denote this upper limit 


* Arzela; loco citato, page 147. 
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by A(z’, y’'). If now (a’, y’) is considered as a variable, then A(z’, y’) is a 
function of Consider now the region dé, 
where ¢’ and ¢” are two positive numbers chosen at pleasure, excepting that 
they shall be less than the corresponding dimensions of region (A). We can 
now show that within this new region A(z’, y') considered as a function of (a, y) 
has a lower limit different from zero. Let this lower limit be denoted by /. 
There exists some point (x, y) of the region aka @6—e, aky<b—e", such 
that the lower limit of A(z’, y') is 7 in every neighborhood of this point (here 
A(a’, y') is always the area of the rectangle to the right and front of the point). 


Fig. 12. 


Let this point be (a, y,). For this point the value of the function A(a,, y,) is 
certainly greater than zero. Now there surely exists among the values of z 
between z, and z, one value z, for which the area of the rectangle, for every point 
(x, y) of which we have ’ 
| Y; Y; a) |<o, 

is as near as we please to A(a,, y,). It is now evident that, if we consider on 
z= % a rectangle of area 1/4A(a,, y,), then we shall have for every point (a, y) 
of this rectangle at least a rectangle of area 1/4A(z,, y,) to the right and front, 
such that for every point (2, y) of this rectangle the above inequality holds. 
Hence 7 must be greater than or equal to 1/4A(a, y,). But since this is greater 
than zero it follows that 7 is greater than zero. 

In the same way we can show that the upper limit of each of the other 
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three rectangles, into which we divided the original rectangle about (a’, y'), when 
considered as a function of (a, y) has a lower limit greater than zero. Hence 
the entire rectangle about (a, y'), which is the upper limit for a fixed (a, vy), has 
a lower limit greater than zero when considered as a function of (a, y). 

We have thus shown that this lower limit exists and is greater than zero for 
the region (A) exclusive of the boundaries. It remains to take care of the 
boundaries. In order to do this we consider the region 


ates (B) 


Let the lower limit of the area of the rectangle within the region (B) for every 
point of which 


be Z. Now consider the remaining strip of region (A). It is evident that within 
this strip the dimensions of the rectangle for every point of which (1) holds 
cannot exceed ¢’ and e’. Hence the lower limit Z of the rectangle for the 
whole region (A) cannot exceed ¢’, «’. Now let L’ be some fixed positive quan- 
tity less than Z. We can then say that, having chosen an arbitrarily small 
positive quantity o and an arbitrary z,, we can then find between z, and za 
finite number of planes z= z,, and on each a finite number of rectangles with 
their sides parallel to the axes, each rectangle having an area greater than or 
equal to Z’, such that for every point (x, y) of these rectangles 


| f(x, Zn) Y; %)|<o. 
We thus prove that the condition of the theorem is necessary. 

It remains to prove that it is also sufficient. Let us choose at pleasure a 
o>0Oandanyz=y%. Let (a, y) be any point of region (A). Then it follows 
from the second part of the hypothesis that there exists between z,and 2, a finite 
number of planes z = %, 2, 23,...-+, %, and on each a finite number of rectangles 
with sides parallel to the axes and each of area greater than zero, such that for 
all points (a, y) of these rectangles 


| F(a, z) Y; a) (1) 


Since the projections of these rectangles on z = % completely fill region (A) by 
hypothesis, it follows that the line through (a, y) perpendicular to the XY Y-plane 
must meet at least one of these rectangles. Let this be the rectangle on the 
plane z= 2. If now we let o remain unchanged and choose 2 as a new z,, then 
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there exists between 2,, and z a set of planes finite in number and on each such 
plane a finite number of rectangles each of area greater than zero, such that for 
all points of these rectangles inequality (1) holds. Since again the projections 
of these rectangles on the plane z= z completely fill region (A), the perpen- 
dicular through (a, y) to the X Y-plane must meet at least one of these rec- 
tangles. Letit bea rectangle in the planez =z. Again let o remain unchanged 
and choose Z as our now 2 and repeat the reasoning. We thus obtain between 
z and 2 a set of 2’s (2 = %, %, %,..--) dense at z = %, and on each plane z = za 
rectangle of area greater than zero about (a, y)), such that for all points of these 
rectangles inequality (1) holds. Hence it follows from theorem 3 of this section 
that f(a, y, %) is continuous in (a, y) together at the point (x, y). But (a, %) 
is any point of region (A) and therefore the function f(a, y, 2) is continuous in 
(x, y) together at every point of region (A). It isevident that if (a, y) had been 
a point of the boundary of region (A), then the rectangle in question could have 
been taken only up to the boundary. 

We have an analogous theorem for the continuity of the limiting function 
F(x, Yo, %). the following. 


Theorem 6. If the function f(x, y,z) is continuous in x alone and in (y, z) 


together throughout the region 
and iflim (f(a, y, (x, yo, %) for every x of the interval 
(A) 


then the necessary and sufficient condition that f(x, y, %) 1s continuous in & 
throughout this interval is that f(x, y, z) converges uniformly by segments to 
J (x, Yo) %) throughout the interval. 

The proof of this theorem is analogous to that of theorem 5. First the con- 
dition is necessary. Then we have by hypothesis that f(x, y, %) is continuous 
in « throughout the interval (A) and we wish to prove that throughout this 
interval the function f(a, y, z) converges uniformly by segments to f(a, %, 2). 
Since f(x, yo, %) is continuous in x throughout the interval (A), it follows from 
theorem 4 of this section that for any point 2! of this interval there exists a set 
of values (¥;, 2) dense at (yo, 2%) and corresponding to each such pair of values 
there exists a 6, > 0, such that 

(2, 2) — Yo, (1) 
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where a — 6, Saia' +6, It will be more accurate to consider separately the 
intervals to the left and to the right of x’. Having chosen an arbitrarily small 
positive number o, we can then find a set of values (y;, z,) dense at (yo, %) and 
corresponding to each pair (¥;, 2) @ positive ),, such that 


(x, Yi —f (a, Yo |<o 


for every «x of the interval of length 6, to the right of 2’. For every value (¥;, 2) 
we obtain a corresponding 6,- We choose in each case the largest possible value 
of the interval to the right of a’, and it shall be this interval that is denoted by 
It is then evident that 6, cannot be zero for every pair of values (y;,, un- 
less 2 = 8. Moreover 6, is a function of (y;, z,) and as such it has an upper 
finite limit which is surely not greater than @—a. Let us denote this upper 
limit by A(z’). If now we let x’ become variable, then A (2’) is a function of a, 
which we shall consider in the interval a <«<3—e, where « is any positive 
number less than @—a. We can now assert that A (a) has a lower limit 
greater than zero when considered as a function of x in the interval a << 8 —e. 
Let / be the lower limit in question. Then there certainly exists some point x 
within the interval (a, @ — «), such that in every neighborhood of this point the 
lower limit of A (a’) is 7. Let x, be such a point. We then surely know that 
for «= x, the value A (a’) of the interval to right must be greater than zero, 
since «= @. If therefore we consider the interval x,<a< a, + 1/2A(a,), and 
if x” is any point of this interval, then there certainly exists an interval of length 
at least equal to 1/2 A(a,) to the right of x’, such that for every « of this 
interval. 


| f(x, Yiy 2x) (x, Yoy a)|<o. 


Hence 7 must be at least equal to 1/2 A(z). This is however greater than 
zero and hence 7 is greater than zero. In a like manner we can show that 
in the interval (a + é, @) there exists a similar lower limit / greater than 
zero for the upper limits of A(a’). It follows from this that for the interval 
(a + e' £x~*@—e) there exists a lower limit Z greater than zero for the total 
interval about x for which (1) holds. 

From what has been said it follows that for the point «= there must 
exist a lower limit greater than zero of the intervals to the left. Call this A,. 
Similarly there exists a lower limit greater than zero of the intervals to the 
right of the point =a. Call this A,. Then there exists for the interval 
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a+A,ix<2@8—A, a lower limit Z greater than zero of the total interval 
about x for which (1) holds. For the whole interval a 5 a< @ the lower limit of 
the corresponding interval is therefore not greater than A,+ A,. Denote this 
lower limit by Z and let L’ be some definite positive quantity less than Z. It 
now follows from what has been said that if we choose an arbitrarily small 
positive o and any pair of values (y,, z,) then there exists a finite number of lines 
(y = yi, 2 = %) where the absolute value of + is less than the absolute 
value of /(y? + 2), and on each such line there exists a finite number of seg- 
ments each in length greater than L’ and whose projections on (y= y, z= 2%) 
completely fill the interval aa, such that for every point x of these 
segments 


| f(a, Yiy Zn) — f(a, 


This proves that the condition of the theorem is necessary. 

The condition is also sufficient; for choose at pleasure a o>0 anda y= y, 
and az= %, and let a be any point of the interval (A). Then there exists by 
hypothesis a finite number of lines (y=y,, z= z,), where the absolute value of 
/ (y? + 2) is less than the absolute value of “(y+ 2), and on each of these 
lines there exists a finite number of segments, each in length greater than LZ > 0, 
such that the projections of these segments on the line (y = y, z =~) completely 
fill the interval (A), and such that for every point x of these segments we have 


| A (a, Yiy 2.) —f (2, Yo a») 


[t follows from this that if we construct through the point a) a plane parallel to 
the YZ-plane then this plane must meet at least one of these segments, say a 
segment on the line (y = y,, z= 2%,). Now choose y, and z, for our new y, and 2, 
respectively. Then by the sqme reasoning as above there exists for the same o 
a finite number of lines (y= y,, = %,) between (¥;, and (yp, %) where also 
the absolute value of /(y} + 2) is less than the absolute value of “(y? + 23), 
and on each of these lines there exists a finite number of segments each of 
length greater than Z and such that their projections on the line (y = yw, z = %) 
completely fill the interval (A), such that for every point x of these segments 


| F(x, Yiy 2x) f(a, Yoy | <o. 


It follows from this that if we construct through the point a a plane parallel to 
the YZ-plane then this plane must meet at least one of these segments, say a 
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segment on the line (y= y, z=%). Now choose y, and 2, for a new y, and 2, 
respectively and repeat the reasoning. We thus obtain a set of lines (y= y;, 
z= %) dense at (y= y, 2=%), where the absolute value of “(y? + 2?) is less 
than the absolute value of the same quantity for any preceding (y,, z,), and on 
each of these lines there exists a finite number of segments each of length greater 
than Z, such that the projections of these segments on the line (y = y%, z= %) 
completely fill the interval (A) and such that for every point x of these segments 


| F(a, 2x) — f(a, Zo) | <o. 
From this we have at once by theorem 5 of this section that f(x, yo, 2) is con- 
tinuous in «x at the point 2. But x, is any point of the interval (A) and hence 
J (x, Yo, %) 18 continuous in @ throughout the interval (A). This proves the 
theorem completely. 


Theorem 7.—If the function f(x, y, z) is continuous in (a, y) together and 
in z alone throughout the region 


and iflim f(x, y, z)=/(2, y, %) for every (x, y) of the region 
Z = 


ales B, (A) 


then f(x, y, %) may be discontinuous in (a, y) together at a set of points that is 
everywhere dense in the region (A). 
We shall prove the truth of this theorem by means of an example. 


Example 1.—(Cf. Theorem 4 of section 7.) 


oo 2 2 
Let f(x, y, z)= | (cos n! nx)? + (cos n iny)'|, 
n=1 


where 
0<2<1. 


We must show first that this example satisfies the conditions of the theorem. 
It is at once evident that 


co 2 2 
Y1/n1| (cos n! nx)? + (cos n! ny) | 
n=] 


is continuous in (z, y) together for all values of z different from zero. Let 


3 
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z2=c#0. We then have for every value of nm and for every point (a, y) of 
the region 
(A) 


that 2 2 n 
| (cos + (cos |= 
k=1 k=] 


9 
But > 2/k! is a convergent series and hence (cos + (cos | 
k=1 k=1 


oo 


also converges. Furthermore since the series ¥2 /k! converges, it follows from 
k=1 


CoO 2 2 
theorem 5 of section 10 that pz /n! | (cos n! ma)° + (cos n! ny) |, considered as 
n=1 


a function of x, y, and n, converges uniformly throughout region (A). 


Again let x = a and y = y where a and yw are constant values of the given 
region. Then we have 


k=1 k=1 


But 2 /k! is a convergent series and hence 
k=1 


co 2 2 
S1/n! (cos n! + (cos n! my) | 
n=1 


also converges. From theorem 5 of section 10 it also follows that the series 

just given converges uniformly when considered as a function of n and z. Hence 

it is continuous in z alone. We have then shown that the series which repre- 

sents the function is continuous in (a, y) together and in z alone. It still 

remains to show that lim /(a, y, z) = f(a, y, 0) for every (a, y) of region (A). 
z=0 

Since 


= 1/n!| (cosn! mex + (cos nt 


n=] 


= 
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when considered as a function of z, converges uniformly and is therefore con- 
tinuous in z, it follows that 


lim | (cos ! ma) + (cos n! ny) | = lim (x, y, 2) = f(a, y, 0). 
=1 2==0 


It also follows from the uniform convergence of the above function that 


(cos + (cos. ! ny) | = tim | (cos + (cos ay) | 


Z=0 n=1 


=0 


+ lim 1/2 | (cos 9! + (cos 9 | 
z—=0 


+ lim 1/k! | (cos + (cosk! ay) + 

Now suppose that « and y are rational, that is to say, that « = p/q where p and 
q are integers and relatively prime to each other, and that y= p’/q' where p' and 
q' are integers and relatively prime to each other. If then we begin with the 
lowest term in the series and pass along it, we shall ultimately reach a term 
where both g and q’ are divisors of &! Consider the terms of the series which 
precede this term. For each such term (cosk!mx)’<1 and (cos k!ny)’ < 1, 


hence lim (cosk Oand lim (cosk!y)'=0. For the term however 
2=0 

for which &! is divisible by g and q’ and for all the succeeding terms we have 
(cosk!2x)? + (cosk! ay)? = 2. For such values of « and y we therefore have 
lim f(a, y, >0. 
z= 0 

We next suppose that x and y have irrational values. Then no matter how 
large k is taken we always have (cos /! a < 1 and (cos £! xy)” < 1, and hence 


(cos =Oandlim (cosh! =0. For such irrational values of 
= 0 z=0 


we y the series therefore always equals zero. Wesee then that f(a, y, 0) is a 
function which equals zero for all irrational values of 2 and y, but differs from 
zero for all rational values of x and y. It is therefore discontinuous in (a, y) 
together at all rational points, that is to say at a set of points everywhere dense 
in the region (A). 


[To be continued.] 


\ 
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In the case of this example it is easy to show that the (a, y) discontinuity 
cannot be greater than or equal to & (where & is some definite positive number) 
at every point of the set. From theorem 1 of section 7 it follows that if a func- 
tion of x and y has an (a, y) discontinuity greater than or equal to & at a set of 
points that is everywhere dense, then it must have such an (a, y) discontinuity 
also at the limiting points of the set. The function f(a, y, 0) of the example is 
a function that has an (2, y) discontinuity at a set of points that is everywhere 
dense. Hence if this discontinuity were greater than or equal to# at every 
point of the set, f(x, y, 0) would have an (a, y) discontinuity greater than or 
equal to & at every point of the region which is impossible. 

We now wish to see if the function f(x, y, %) can be discontinuous in (a, y) 
together at every point of the region. It can be proved that this cannot be the 
case, but before doing so we need a lemma concerning a function of two 


variables. 


Lemma.*—If the function f(x, y) is discontinuous in (zx, y) together at every 
point (x, y) of a region, then there always exists a sub-region within which the 
(x, y) discontinuity is greater than a sufficiently small quantity A >0 at every 
point. 

In order to prove this lemma we must show that the points at which 
lim k<o, where o >0, cannot be everywhere dense in any sub-region, where 

= 0 
t represents the oscillation of the function within any circle of radius p. Suppose 
that these points are everywhere dense in some sub-region. Now choose a set 
of positive quantities 


where lim o,=0. Since we have assumed that the points at which 
lim sk&<oare everywhere dense in every sub-region, we can within any sub- 
=0 
oe find a circle R, of radius 7) >0 about some point (x, yo) such that at every 
point within this circle the oscillation & of the function is less than o,._ Hence 
there exists a circle FR, of radius 7, greater than zero and center at (x, y,) and 
lying wholly within the circle 2, such that at every point within this circle R, 
the oscillation & is less than oz. In a like manner we can determine a circle R, 


*See E. J. Townsend: Ueber den Begriff und die Anwendung des Doppellimes, 1900. 


40 
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of radius r, >0 and center (a, y,) and lying wholly within the circle R,, such 
that the oscillation & is less thano,; at every point within the circle #,. Con- 
tinue this process and we obtain in general a circle #, of radius r, greater than 
zero and center at (x,, y,) and lying entirely within the circle R,_,, such that 
the oscillation & of the function is less than o,, at every point within the circle 
now > >t, We Rave lm sr, = 0, 


n= 
while at the same time the centers of the circles approach a definite limiting point 
At this point therefore we have lim &=0, where p is the radius of 

any circle about (x, y). Hence the function f (x, y) is continuous in (za, y) 
together at this point, which contradicts the hypothesis. The lemma is there- 


(x0, 


fore true. 
Theorem 8.*—If the function f(a, y, z) is continuous in (x, y) together and 


in z alone throughout the region 


and if at every point (x, y) of the region 


aia B, (A) 
we have lim y, 2) =/f(a, y, %), then f(a, y, %) cannot be discontinuous 
% 
in (x, y) together at every point of the region 
(B) 


or of any sub-region thereof. 

Suppose that the limiting function f(z, y, %) could have an (a, y) discon- 
tinuity at every point of region (B). Then there must exist, on z= %, a circle 
of radius 7) > 0, such that at every point of this circle the (2, y) discontinuity of 
the function is greater than a sufficiently small quantity A >0. This follows 
from the lemma we have just proved. Let (a, y) be the center of the above 
circle. Since by hypothesis lim f(a, y, z)=/(a, y, %) at every point of the 

Z % 
region (A) we can choose an arbitrarily small o >0 and can then find az= 4, 


such that 
| (Xo, Yor %1) (0, Yor 2) |< 1/20 (1) 


where <2 5% +, > 0. 


See Annali di Matematica, 


*Baire gives the corresponding theorem for a function of a single variable. 
1899. 


ax<y<h, 
| 


Coar: Functions of Three Real Independent Variables. 309 


But the function f(z, y, z) is by hypothesis continuous in (a2, y) together through- 
out region (B) and for every z for which f(x, y, z) is defined, and hence there 
must exist for the same o a circle of radius 7; about (a, y) in the plane z= 4%, 
such that for every point within this circle 

| Y; 2%) —f (Xo, Yos 1/26 (2) 
where << + H. 
Let 7, < 7% so that inequalities (1) and (2) hold for every point (xz, y) within this 
circle and we may therefore add these inequalities and thus obtain 

IF (2, 4) —F Yo, (3) 

This holds for every point (x, y) within the circle of radius 7, about (a, y). 


Since by assumption f(a, y, %) is to be discontinuous in (x, y) together at every 
point of region (B), there must exist in the plane z= ¥% within the circle of 


radius 7, about (x, y) at least one point (a, y;), such that 


try %) —F (20 Yo, %)| > A. (4) 
But by hypothesis lim /(2,, y%, 2) =/(x, y1, %) and hence there must exist a 
plane z =z, such that for the same o as above 
(a1, My) 2) | 1/26, (5) 


Since f(x, y, %) is continuous in (a, y) together throughout region (B), there 
must exist for the same o in the plane z=, a circle of radius r, about (a, ¥;), 
lying entirely within the circle of radius 7, such that for every point (x, y) with- 
in this circle 

(@, Y; 22) —f (x1, |< 1/2 (6) 
where 
Let 7, < 7, so that inequalities (5) and (6) hold for every point (x, y) within the 
circle of radius 7,. We may therefore add these inequalities and thus obtain 

| (2, 2) (an, %) | <o (7) 

for every point (a, y) within the circle of radius r, We have moreover assumed 
that f(x, y, %) is discontinuous in (x, y) together at every point of region (B) 
and hence there must exist in the plane z= % at least one point (a, y.) within 
the circle of radius 7, about (x,, y,) for which 


(x2, Yrs (x, | A. (8) 
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We can continue this reasoning indefinitely and have, in general, that there 
exists a circle of radius 7, about (x,_3, Y,_1) and lying wholly within each of the 
preceding circles and that there also exists a corresponding plane z=z,, where 
> > > +++ > such that for every point (2, y) within this 
circle the following two inequalities hold 


| —1) Yu —1) 20) —S Yu —2) %)| > A. (10) 

Now as n increases indefinitely, the radius 7, decreases indefinitely and 

approaches zero as limit. The centers (z,, y,) of the circles must at the same 

time approach a definite fixed limiting point (x, y). We thus obtain the follow- 
ing inequalities 


IZ (20, Yo %) —S(4,Y, (from 3) 
|Z (x, Y, %) —f (x1, (from 7) 
| (a1, Y1, 20) Yo, %0)| > A - 
If now we choose 0< o < 1/4.A and combine these three inequalities we obtain 
In a similar manner we obtain the following inequalities 


eevee ee ee ee ee ee weve 


| f(x, %,)—f (a, Y, Zn —1) | 1/2 A. 
But the z’s are dense at z = 2 and hence we obtain from the last inequality 


lim Lf zn) — F(z, Zn—1)] > 1/2 0. 


and hence the limit lim /(x, y, z) does not exist at the point (z, y). The 
% 

assumption that f(x, y, %) has an (a, y) discontinuity at every point of region 

(B) is therefore false and the theorem is true. 


Remark 1.—In the above theorem we assumed that lim (f(z, y, z)= 


f (x, y, %) for every point of region (A), but we were only able to prove that the 


Zn 
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limiting function f(x, y, %) is not discontinuous in (a, y) together at every 
point of region (B). As a matter of fact, f(a, y, z) may have an (a, y) 
discontinuity at every point of the boundaries of region (A). We show this by 
means of the following example. 


_ (1 + sin mxy)'* — 1 
(1 + sin mzy)* + 1’ 
where OSy£10, O<z<510, andlim (f(a, y,z) =/(a, y, 0). 
z2=0 
The value of the limit lim /(a, y, z) is evidently zero for all values of x 
z2=0 

and y which make ay integral, for in this case sin mry=0. But if we let 
2n< xy< 2n+ 1, where n is some integer, then for all such points we have 
0<sinzry<1. Hence for all such values of x and y 


Example 2. Let f(a, y, 2) 


1 
1 + sin 1 1 + sin may)! 


=0 
(1 + sin may)!” 


On the other hand if we let 2n+1< cy < 2n+ 2, where n is a positive 
integer, then we obtain 
(1+ sin 0—1_ 


(1+sin °° 


lim 

2=0 
But when either x or y is equal to zero, then f(x, y, 0) =0 along the whole 
X-axis and the whole Y-axis. Hence f(a, y, 0) is discontinuous in (z, y) 
together at every point of these lines. 


Remark 2.—In theorem 7 we showed that, for the example there given, 
the (x, y) discontinuity could not be greater than or equal to kat every point. 
We are now in a position to prove in general that, if the function f(a, y, 2) 
satisfies the conditions of theorem 7, then the limiting function /(a, y, z) cannot 
have an (a, y) discontinuity greater than or equal to & at a set of points that is 
everywhere dense. For if this were possible, then it follows from theorem 1 of 
section 7 that the function f(z, y, %) has an (a, y) discontinuity greater than or 
equal to & also at the limiting points, that is to say it would have such an (a, y) 
discontinuity at every point of the region. This is however impossible by 
theorem 8 just proved. 


i 
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Theorem 9.—If the function f(s, y, z) is continuous in z alone and in (y, z) 
together throughout the region 


and if for every point of the interval asx<@,lim f(a, y,z)=/(z, y, %), 
= Fo 


Z = % 

then f(x, Yo, %) cannot be discontinuous in « alone at every point of the interval 

The proof of this theorem is strictly analogous to that of theorem 8. We 

replace the circles by intervals about x on lines parallel to the X-axis, in a 
manner similar to that employed in theorem 6. 


Theorem 10.—If the function f(z, y, z) is continuous in (2, y) together and 
in z alone throughout the region 


ax<y<, 
and if at every point (a, y) of the region 
B, asy<b, (A) 


lim f(a, y, z) =f (a, y, %), then the function f(x, y, 2) must be continuous 
%& 
in (x, y) together at a set of points that is at least dense everywhere in the region 


(B) 


Suppose that this is notso. Then there must exist in the plane z= z some 
circle Ry of radius ry greater than zero and lying entirely within region (B), such 
that within this circle there is no point for whichlim &=0, where p is the 

p= 
radius of any variable circle about the point and & is the oscillation of the func- 
tion within this circle. Within the circle , therefore lim +0 for every 
point. Hence every point (a, y) within the circle A, is a point at which 
I(x, y, %) has an (a, y) discontinuity. This however contradicts theorem 8, and 
hence the theorem is true. 

This theorem may be extended in a manner similar to that employed in the 

extension of theorem 5 of section 7. We thus obtain the following corollary. 


7 
} 
| 
| 
4 
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Corollary.—If the function f(a, y, z) satisfies the conditions of theorem 10, 
then the points at which f(a, y, z)) is continuous in (x, y) together form a set of 
the second category, and hence a non-enumerable set. 

Theorem 11.—If the function f(x, y, z) is continuous in & alone and in (y, 2) 
together throughout the region 


Yay 


andif lim f(a, y, z)=f(a, Yo, %) for every point of the interval a<a<@, 


= 
2 == 


then f(x, Y, %) is continuous in « alone at a set of points that is at least every- 
where dense in the intervala << a2< @. Moreover this set belongs to the second 
category and is non-enumerable. 

Suppose that this is not true. Then there must exist on the X-axis some 
interval greater than zero and lying wholly within the interval a< 2 < #, such 
that within this interval there is no point x for which the limit of the oscillation 
of the function f(x, yo, %) is zero. Within this interval therefore the function 
J (x, Yo, 2) has an x discontinuity at every point. But this contradicts theorem 
9, and hence our theorem is true as regards the first part. 

The second part of the theorem is proved in exactly the same manner as 
was the corollary of the preceding theorem. 


CHAPTER III. 
Series oF Functions or Two REAL VARIABLES. 


10. Properties of Series of Functions of Two Real Variables.—Suppose that 
we have given 


y) = ty (x, y) + (a, y) + Us (a, y) Un (2, y); 
where each w is finite and a continuous function of (x, y) together throughout a 
certain region 
asesB, 
for every value of n (n= 1, 2,3,..-.-). Since each w is finite and continuous in 
(x, y) together and since x is also finite, it follows that S,, (x, y) must be finite 
and continuous in (a, y) together throughout the given region. If then for every 
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constant value of x and y of the region, lim _‘S,, (x, y) = S(v, y), then S(z, y) 
= 


represents a function of (x, y) throughout the given region, and the question now 
arises as to the properties of this limiting function S (2, y). 

If we wish, we may consider S, (a, y) also as a function of the three vari- 
ables x, y, and nm. This enables us to apply the results of the preceding chapters 
to the present problem. In order to do so, we define x and y as above, namely 


as any values of 
acy 2s. 
In order to define z we put z=1/n, so that the z of the preceding chapters 
takes on the values z = 1, 1/2, 1/3,...., 1/n...., which is a set of values dense 
atz=0. We then have 
S(z,y)=lim 8&,(2,y)=lim (f(a, y, 2), 
n= z= 0 
where f(x, y, z) = S,(x, y) for every point (a, y) of the given region. It follows 
from this that everything which was shown to be true for the limiting function 
I(x, y, %) in the case of a function of three variables must also hold for the 
series as defined above. The converse of this is, however, not true, for if we 
have proved a theorem about an infinite series, it does not follow necessarily that 
an analogous theorem exists for a function of three variables. The reason for 
this is to be found in the fact that, in the case of a function of three variables, z 
is defined for all positive values, while in the case of the series it is defined only 
for a set of values dense at z= 0. It may therefore happen that a theorem 
holds for a set of values dense at z= %, where % < 2 < % + 4, while the theorem 
will not hold for all values z of the interval zi % + 

From what has been said follows that to the three different kinds of uniform 
convergence of f(x, y, z) to its limiting function, as they were defined in the last 
chapter, there correspond three different kinds of uniform convergence of S,,(x, y) 
to S(x, y). These are as follows: 

(1) If y) = y) + w(x, y) + y) + u(x, y) is, for 
every finite value of n, finite and continuous in (a, y) together throughout the 


region 
aky<b, (A) 


and if for every point (x, y) of this region lim 8,(a, y) = S(a, y), then S,(a, y) 
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converges uniformly to S(x, y) throughout region (A), if having chosen an arbi- 
trarily small o > 0, we can then find a positive integer m, such that 

| y) S(x, Y)|<o, 
when x > m and for all points (x, y) of region (A). 

(2) If S,(x, y) and S(a, y) are defined as in (1), then S,(z, y) converges 
“einfach gleichmassig’”’ throughout region (A) to S(a, y), if having chosen an 
arbitrarily small o >0 we can then find a positive integer m, such that 

| y)|=| Six, y) — S(a, y) |<, 
for some set of integral values n greater than m, which however increase with- 
out limit. In this case the n’s do not assume all integral values. 

(3) If S,(x, y) and S(a, y) are defined as in (1), then S,(x, y) converges 
uniformly by areas to S(a, y) throughout the region (A), if having chosen an 
arbitrarily small o > 0, there then exists a plane z = 1/n and between this plane 
z= 1/n and the plane z=0 a finite number of planes, and on each of these a 
finite number of rectangles, having their sides parallel to the coordinate axes, 
such that their projections on the plane z= 0 completely fill the region (A) and 
that for every point (x, y) of these rectangles 

| y)|=|S.(z, y)— 

We will now give the theorems that deal with the properties of a series of 
functions of two real variables. Unless something is said to the contrary, we 
shall in every case make the following assumptions about the series : 


(1) y) = y) + ula, y) + y) + 


(A) 
where u(x, y), (¢= 1, 2, 3, ...., m) is continuous in (x, y) together throughout 
region (A) ; 

(2) lim S,(a, y) = S(a, y), for every constant pair of values (a, y) of 
region (A). 


From theorem 1 of section 8 we have immediately 


Theorem 1.—The necessary and sufficient condition that S,(x, y) shall con- 
verge uniformly to S(x, y) throughout the region 
(A) 
is that at every point (2, y) of this region, boundaries included, the simultaneous 
41 
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limit lim y) exists and equals 


He 
Example 1. 


_ xy 2xy xy 


nary (n — 1)ay i= NxLY 
+1 (n—1)ay+1j” nay + 1 


where Ose si, 

In this case the simultaneous limit lim §8,(z, y) exists and equals zero at 
My 
© 


every point (x, y) of the region, and hence S,(z, y) converges uniformly to S(z, y) 
throughout the region. 


Example 2. 


Let ) = + 


nay (n—1fay 
 (n — + (n — 1)*y? + 
+ + 1 


where 


Here the simultaneous limit lim  S8,(z, y) does not exist for =y=0 and 


© 


hence S,(x, y) does not converge uniformly to S(z, y). 
From theorem 1 of section 9 follows: 


Theorem 2.—If S,(x, y) converges uniformly to S(z, y) throughout the 


region 
< < < < 
asap, acy, 


then S(x, y) is continuous in (2, y) together throughout the given region. 
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This condition is only a sufficient condition for the continuity of S(a, y) in 
(x, y) together. Thus in example 2 the function S(«, y) is continuous in (a, y) 
together throughout the region given, but S,(z; y) does not converge uniformly 


to S(a, y). 
The necessary and sufficient condition for the continuity of S(a, y) in (a, y) 


together at some fixed point (a, y%) of the region follows from theorem 3 of 
section 9. It may be stated as follows: 


Theorem 3.—The necessary and sufficient condition that the function S(a, y) 
is continuous in (x, y) together at a fixed point (a, y%) of the given region, is 


that having chosen an arbitrarily small o >0 and having some set of positive 
integers m,, Mz, m3, .---, M,, ----, Which increase indefinitely, there shall then 


exist about (a, y) corresponding to each m, a circle of radius r, > 0 (which may 
vary with m,), such that for all points (x, y) within this circle 


| Sn, (2, y) S(x, y) | 
From theorem 5 of section 9 we obtain the necessary and sufficient condi- 


tion that S(x, y) is continuous in (a, y) together throughout the given region. 
The condition may be stated as follows: 


Theorem 4.—The necessary and sufficient condition that S(x, y) is con- 
tinuous in (a, y) together at every point (x, y) of the region 
(A) 


is that for every arbitrarily small o >0 there shall exist a plane z=1/n and 
between this plane and the plane z = 0 a finite set of planes parallel to the X Y- 
plane, each of these to contain a finite set of rectangles whose sides are parallel 
to the coordinate axes and whose projections on the plane z= 0 completely fill 
the region (A), such that for every point (a, y) of these rectangles- 


|S, (2, y) — 
Theorem 5.—If the sum of the maximum values of the terms of a series 
S,,(x, y) converges absolutely within a given region, then the series converges 


also uniformly. 
The following conditions are given: 
(1) S, (x, y)= w(x, y) + y) + + Un (2, 


(A) 
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Here as elsewhere we confine ourselves to the case where u; (x, y) is con- 
tinuous in (x, y) together ; 
(2) lim 8S, (x, y)=S(a, y) for every pair of values (x, y) of region (A); 
n= © 
(3) |u(x, y)|\= U,, where JY, is positive and finite, and this is to hold for 
every (x, y) of region (A); 


(4) >, M, converges. 


We are to show that under these conditions S, (x, y) converges uniformly 
throughout region (A). 


Since > is convergent, we can choose an arbitrarily small «>0 and 
i=1 


can then find an m, such that 
(Mowat t + p=—1, 2, 3,-.---. 
Hence for m sufficiently large 
| tm +1 (x, y) Un+2 (x, y) Un +p (x, 1, 2, 
for every point (x, y) of region (A). We therefore have at every point of this 
region 
i\G—S, (x, y) |< ¢, where n >™m, 


and hence the simultaneous limit lim _S, (a, y) exists at every point of region 


Me 
Y= 
n= CO 


(A), boundaries included. 
From 4 of the hypothesis follows that S, (a, y) also converges and hence 
by virtue of theorem 3 of section 2 


lim lim  S,(a, y). 


¥=% He 
© 


But S, (x, y) is continuous in (x, y) together and hence 
lim lim S&,(a,y)=lim  S,(a, y) = 8S (x, 
T= 
Y= Yo 
at every point (a, y) of region (A). The simultaneous limit therefore not only 
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exists, but it also equals the value of the function at the point, and hence the 
series converges uniformly by theorem 1 of this section. 

In theorem 3 we have given the necessary and sufficient condition that the 
limiting function S(a, y) is continuous in (a, y) together. The question now 
presents itself as to whether the limiting function may be discontinuous and, if 
it is discontinuous, how often it may be discontinuous. We obtain an answer to 
this question from theorem 7 of section 9. It is as follows: 


Theorem 6.—If S,(x, y) and S(x,y) are defined as in theorem 1, then the 
limiting function S (a, y) may be discontinuous in (x, y) together at a set of 
points that is everywhere dense in the given region, but in this case the (a, y) 
discontinuities cannot all be greater than or equal to some finite positive 


number &. 
The proof follows immediately from the example under theorem 7 of 
section 9. If in this we let z= 1/mn, then the example becomes 


8, (x, 9) = 1/h! | (cos k\ nx)" + (cosk |, 
k=1 


1. 
From theorem 8 of section 9 we obtain 


Theorem 7.—If S,(x, y) and S(a, y) are defined as before, then the limiting 
function S(x, y) cannot be discontinuous in (a, y) together at every point of the 
BP,acy<b. 

From theorem 10 of section 9 we have 
'y,. Theorem 8.—If S, (x, y) and S(x, y) are defined as before, then S(z, y) 
must be continuous in (a, y) together at a set of points that is at least every- 
where dense in the regiona< «<0, a<y<b. Moreover this set of points 
is a set of the second category and hence is non-enumerable. 


11. The Integration of Series Term by Term. 
In this section we shall consider the following question. Suppose we know: 


(1) that S, (x, y)= u(x, y) + U(x, y) + us(x,y) +..-. + u, (a, y), and 
b 
that the simultaneous integral J U,(x, y) exists for every finite value 


of & Then the simultaneous integral f 4 J S;, (x, y) dady also exists for every 


finite value of k, where our region is defined as 
(A) 


a 
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(2) We have also lim S8,(a, y) = S (a, y) for every constant pair of 
© 
values (x, y) of region (A). 
This being the case the question arises under what conditions will the 
integral of S (x, y) exist over the region, and if it exists, under what conditions 
will it equal the term by term integral? This is to say, under what conditions 


do we have 


"lim S, (x, y) dady = lim S, (x, y) dady? 
N= n= 

Before answering these questions, let us first explain what we mean by the 
simultaneous integral. In dealing with a function of two variables we meet 
with two kinds of integrals, the twice-taken or double integral and the simul- 
taneous integral. 

The twice-taken or double integral is defined as the result of integrating the 
function f(x, y) first with respect to one of the variables, say x, between the given 
limits (a, 3), and then integrating the resulting function with respect to y be- 
tween the limits (a, 6). This gives us the integral which is denoted by 


b B 
f dy J f(x, y) dx. The integral in question is equivalent to a double limit. 


The simultaneous integral f J J (x, y) dedy may be defined as follows: 


Divide the region into a set of rectangles by means of lines parallel tothe X and Y 
axes. Then multiply the area of each rectangle by the value of the function at 
some point of the corresponding rectangle, and add the results. We then have 


= (xp — &) (Yo — 4) (Hey Yo) (a1 — (Yo — 2) Yo) 
+ (Ye— Yu—1) F Yu) ~1) (6 — Ym—1) (iy Ym) 


where /f(x;, ¥,) represents the value of the function at some point of the corres- 
ponding rectangle. Now take the limit of this sum as / and m increase indefinitely, 
while at the same time the dimensions of the rectangles decrease indefinitely. 
We then define the simultaneous integral as the limit thus obtained. The 
simultaneous integral is therefore equivalent to a simultaneous limit. 

In the following pages we shall consider simultaneous integrals as thus 
defined. We must now answer the following question. If the simultaneous 


B 
integral f J S, (x, y) dady exists, what is the necessary and sufficient condition 
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b 
that the simultaneous integral I f S (a, y) dady shall also exist? This con- 


dition is given in the following theorem. 


n 


Theorem 1.*—If (1) S, (x, y) = > te (x, y), for all values a and y of the 
k=1 
region 
asysb; (A) 


2) lim S,(a = S (x, y) for every constant pair of values (az, y) of 
R= © 


region (A), where both 8S, (x, y) and S (a, y) are finite ; 
B 
(3) the simultaneous integral J S, (x, y) dxdy exists for every constant 


value of n; 
then the necessary and sufficient condition that the simultaneous integral 


B b 
f f S (x, y) dady shall exist is that, having chosen an arbitrarily small « >0 


and o > 0, independent of each other, and having also chosen an n= m, we can 
then always find an m, > m,, such that for all values (x, y) of region (A), except- 
ing at most for those contained within a set of rectangles finite in number and of 
total area less than ¢, and for some number m which may vary with (a, y) but 
where always m, << m< m,, we have 


y)|=lS (a, y)—S, (a, 


This condition may be expressed otherwise as follows: Choose as coordinate 
axes the axes X, Y, and !1/n and choose e and o as above. We must then be 
able to find a plane 1/n=™m, and between this plane and the plane 1/n=0 a 
finite number of planes, 1/n = m, m2, m;, ...-, m,, such that after having cut 
out from these within the given region a finite number of rectangles of total 
area less than e, these rectangles to have their sides parallel to the coordinate 
axes X and Y, the function S,(x, y) shall converge uniformly by areas to S(a, y) 
throughout the rest of the region (A). It follows at once from theorem 4 of 
section 1 that S(a, y) must be continuous in (2, y) together throughout the rest 
of the region. Ifthe above conditions are fulfilled, then we say with Arzela that 
S,(x, y) “converges uniformly by areas in general” to S(a, y). 

The condition of the theorem is necessary. We suppose then that the 


* See Arzela, ‘‘Sulle serie di funzioni’’. R. Accademia dell ’Instituto di Bologna, 1900. 
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B b 
simultaneous integral f f S(a, y) dxdy exists over the region. The set of points 


at which S(a, y) has an (a, y) discontinuity greater than or equal to o, can there- 
fore be at most a discrete set, that is to say, these points must be such that they 
can be enclosed in a set of rectangles finite in number and of total area less 
than «. Let us denote this set by ¢, «2, ¢?, ...., 4. Since now the simul- 


b 
taneous integral I S(x,y) dxdy also exists on each of the planes 1/n= 


m, m,, ...- the points at which S,, (x, y), (4=1, 2, 3, ..--), has an (ay) dis- 
continuity greater than or equal to o can form at most a discrete set, and hence 


Fig. 13. 


on each of the planes 1/n =m, m,, m3, ...-, this set of points can be enclosed 
in a finite set of rectangles of total area lessthan «. Denote this set of rectangles 
by 6°, .-.-, t?, for any plane 1/n=™m,,. Now let ABCD be one of the 
rectangles ¢” in the plane 1/n = m, and let its projection on the plane 1/n=0 
be A'B’C'D’. See figure 13. 

We can now assert that if A’B’C'D’ does not contain any of the rectangles ¢® 
or a part of such a rectangle, then as we pass from 1/n =m, to 1/n =m, to 
1/n= ms, etc., we shall ultimately reach a plane 1/n = m,, such that the pro- 
jections of ABCD on 1/n=m, and on all planes between this and the plane 
1/n = 0, do not contain a rectangle ¢ or a part of such a rectangle. In other 
words, we can find a number 1/n = m, such that for this and all values between 


Z 
ifa=m, 
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this and 1/n = 0 the function S,(z, y) is continuous in (a, y) together throughout 
the corresponding rectangle. Suppose namely that this is not the case. Then 
as we pass through the values 1/n = m,, m,, m3, ...., we always have a rec- 
tangle in every plane or at least in a set of planes dense at 1/n= 0, such that 
this rectangle lies within the projection of ABCD on the plane in question and 
furthermore such that within this rectangle the function S,(z, y) has (a, y) dis- 
continuities greater than or equal too. Let us denote the set of rectangles we 


thus obtain by 7}, 7, 75, ...-, T,, .... Two cases may now arise: either 7, 
has a lower limit 7 greater than zero or it has the lower limit zero as & increases 
indefinitely. 


In the first case let 7= EFGH (see figure 13). Then no matter how large 
we take k, we always have in the plane 1/n=™m, a rectangle E’F'G'H’, cor- 
responding to HFG 4H, such that within this rectangle the function S,(, y) has 
(x, y) discontinuities greater than or equal to o. Let (x, yo) be a point of this 
rectangle at which the (x, y) discontinuity is greater than or equal to o. Then 
we have for all values of n and for some point (2, y) of this rectangle 


| y) — Yo)| > (1) 
Since by hypothesis lim  S,(x, y) = S(a, y), we have also 
| S(x, y)— 8, (a, y)|<1/40; n> (2) 


Furthermore since S(x, y) is continuous in (2, y) together throughout the rec- 
tangle EFGH, we have 


| Yo) — Sz, y)[|<1/4 4. (3) 
Combining these three inequalities we obtain 
| Yo) — Yo)| > 1/40; n> m,. (4) 
Inequality 4 however contradicts the hypothesis that lim S,(z, y) = S(a, y) 


for every pair of values (x. y) of region (A), and hence the assumption we made 
is false. It therefore follows that, if we have in each of a set of planes dense at 
1/n= 0 a rectangle of lower limit 770, within which the function S,(x, y) has 
an (x, y) discontinuity greater than or equal to o, then the function S(z, y) has 
such an (a, y) discontinuity within the rectangle 7’ in the plane 1/n = 0. 
Suppose in the second place that the limit of 7 is zero. We have then in 
the plane 1/n=™m, a rectangle 7, within which any (zx, y) discontinuity of 


42 


4 
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S,(z, y) is greater than or equal to o. Furthermore as s increases indefinitely 
the area of this rectangle approaches zero. Let this occur at the point (a’, y’) 
and let (x”, y') be any other point of the rectangle 7,. If now we drop a per- 
pendicular from (x, y’) to the plane 1/n=0, then one of two things will 
happen ; either there exists a plane 1/n = m,, such that the perpendicular does 
not meet a rectangle ¢ in any plane 1/n=m, between 1/n=m, and 1/n=0, 
or no matter what plane 1/n =m, we choose, the perpendicular will always meet 
a rectangle ¢. We must now show that in the latter case the perpendicular 
also meets one of the rectangles ¢” in the plane 1/~=0. We assume that the 
perpendicular meets a rectangle ¢ in every plane 1/n=m,. Then for every 


point of this rectangle 


| Y) — Sm,(2", y")| > (1) 
Since moreover lim S8,(x, y) = S(x,y) for every point of region (A), it follows 
that 
| S(x,y) — y)i< 1/46 (2) 
for every m, greater than some m’. Likewise 
[Sm,(2", — y") |< 1/40 (3) 


for every m, greater than some m’. Let m” > m’; then for every m, greater 
than m”, (1), (2), and (3), may be added and hence 


| S(a, y) — S(2", y")| > 1/40 (4) 


for every (x, y) of some rectangle about (a, y’’) in the plane 1/n=0. Hence 
S(x, y) is discontinuous in (x, y) together at (#’, v'’) and the perpendicular from 
(x, y'’) therefore must meet one of the rectangles ¢ in the plane 1/n=0. In 
a like manner we can prove that the perpendicular from (z’, y’) meets one of the 
rectangles ¢® in the plane 1/n= 0. 

We are now ready to complete the proof of the original theorem. In order 
to do so, let us cut out from the plane 1/n =0 all the rectangles ¢, that contain 
the points at which S(a, y) has an (x, y) discontinuity greater than or equal too. 
As has been shown, this set of rectangles is finite in number and of total area 
less than ¢«. Lines through the vertices of these rectangles parallel to the 
X and Y axes divide the remaining part of region (A) into a finite number of 
rectangles. Number these 1, 2, 3, ....,g. Now consider rectangle number 1. 
From what has been proved it follows that there must exist a plane 1/n= m, 
such that for this plane and for all planes between this and the plane 1/n = 0 
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the function S,(2, y) is continuous in (x, y) together throughout the rectangle in 
question. Hence by theorem 4 of section 10 the function S,(x, y) converges 
uniformly by areas to S(x, y) throughout this rectangle. Ina like manner we 
prove that the function S,(z, y) converges uniformly by areas to S(a, y) 
throughout each of the remaining rectangles 2, 3, ....,g. We have thus shown 
that, after we have cut out from region (A) a finite number of rectangles of total 
area less than 2, the function S,(”, y) converges uniformly by areas to S(a, y) 
throughout the rest of region (A). This proves that the condition of the 
theorem is necessary. 

The condition is also sufficient. By hypothesis then S,(x, y) converges 
uniformly by areas to S(x, y) throughout region (A), excepting at the points of a 
finite number of rectangles of total area less than «. Wecan therefore choose 
at pleasure a plane 1/n = ™m, and there will then exist between this plane and 
the plane 1/n=0 a finite number of planes having the following properties. 
From these planes, including the plane 1/n = 0, are cut out a finite number of 
rectangles, t,, f2, ts, .---, tp, of total area less thane. These rectangles must be 
such that, from some m, on, their projections on the plane 1/n=0 cannot com- 
pletely fill region (A), otherwise the function S(x, y) would be totally discon- 
tinuous in (a, y) together throughout region (A). In the remaining part of each 
plane there exists a finite number of adjacent rectangles (each of area greater 
than G >0) whose projections on the plane 1/n = 0 completely fill the remain- 
ing part of region (A), such that for every point (a, y) of these rectangles 


| y) — S(@, (1) 
Let us denote S,(x, y) for the points of these rectangles by A(a, y). Then the 


following inequality always is true 

| K(a, y) — S(@, (2) 

Moreover the simultaneous integral f K (a, y) dxdy exists throughout the 
region for which K(x, y) is defined. Now consider the identity 
S(a, y) = K(a, y) + S(x, y) — K(@, y), 

which holds for all points (x, y) for which K(a, y) is defined. In the right 
member of this identity A(x, y) may have an (a, y) discontinuity greater than 


or equal to o only at a discrete set of points. The function [S(a, y)— K (a, y)] 
can have such an (a, y) discontinuity only at points of the rectangles 


th, to, tg, ty. 
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It follows from this that the sum K (x, y) + S(x, y)—X(a, y) can have such 
an (x, y) discontinuity only at a discrete set of points. This being the case, it 


B b 
is at once evident that the simultaneous integral J f S (x, y) daxdy exists. 


The theorem just proved holds also in the general case of a function of three 


variables, the proof being similar to that just given. 
Having thus obtained the necessary and sufficient condition that the simul- 


b 
taneous integral S(x, y) dudy exists, the next problem is the following. 
ada GY Pp 


If the simultaneous integral 
B B 
8.(@, y) =f" (a, y) dedy = 0 (a, y) 


exists for every point (az, y) of region (A) and if it is finite and continuous, under 


what conditions will the simultaneous integral lim f (x, y) dady exist 
n= 
and equal 6 (x, y)? 

We have here two cases to consider. For every fixed value of n but for a 
variable pair of values (x, y) the function |S, (x, y)| has an upper limit G>0. 
This G is a function of n, if we consider n as variable. Then we have the fol- 
lowing two cases: 

(1) G has an upper finite limit G’ as n increases indefinitely ; 

(2) G has no finite upper limit as n increases indefinitely. 

These two cases give rise to different conditions which are stated in the fol- 
lowing theorems. Arzela* has proved the analogous theorems for a series of 
functions of a single variable. The proofs given below are generalizations of 


Arzela’s proofs. 
Theorem 2.—If S, (x, y) = (a, y) + Ue (x, y) + Us + Un y) 
B 
where each of the simultaneous integrals J J U, (x, y) dady exists throughout 


the region 
aSy<b, (A) 
and ifalsolim 8, (x, y) = S(a, y) for every (x, y) of region (A), and if for 
every constant value of n and for every (x, y) of region (A) we have S, (x, y)< G, 


*Cf. Arzela: ‘*Sulle serie di funzioni’’; R. Accademia dell’ Instituto di Bologna, 1900. 
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where Gis finite, then the necessary and sufficient condition that the simultaneous 


B b 
integral f f S(x, y) dady shall exist at every point of region (A) and that at 


the same time 
S (x, y) = lim J f S,, (x, y) dady 
N= 


is that S(a, y) shall converge uniformly by areas in general to S(z, y) through- 
out region (A). 
That the condition is necessary follows immediately from theorem 1 of this 


section. 
The condition is also sufficient. By hypothesis therefore S, (x, y) < G for 
every constant n and for every (x, y) of region (A). Hence, since lim 
Sn y) = S (2, y) 
|S(z, y) — 8, (x, y)|< 24 (1) 
so that S(a, y) also has a finite upper limit. Let us now choose independently 
of each other an arbitrarily smallo< 0 and «<0. Since 8S, (x, y) converges 
uniformly by areas in general to S(a, y) throughout region (A), we can find 
an s such that the points at which 
(% (P=1, 2, 3,----) (2) 
form a discrete set, that is they can be enclosed in a finite number of rectangles 
of total area less thane. Consider now the function [S(z, y)— 8,,,(z, y)]. 
This function can evidently have an (a, y) discontinuity greater than or equal 


to 1/20 only at points (x, y) for which (2) holds, that is at a discrete set of 
points, and this is true for all values of p. Hence the simultaneous integral 


I J [S.4 p(x, y) — S (a, y)] dady exists. Moreover the value of this integral 
is less than or at most equal to (x —a) (y—a)o + 2Ge. Since by hypothesis 


B B b 
the simultaneous integrals S, 4p y) dady and J S (x, y) dady also 
exist for any (a, y) of the region, we have 


@ y) — y) dady =f" (@ 9) 


— S(a, y)] dady < (x— a) (y—a)o + 2G e< ¢. 


B b B b 
Hence we obtain in the limit lim f f° S,(x,y)dedy = (x, y) dedy, 


© 


which was to be proved. 
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Before taking up the case where G has no upper finite limit, we must first 
prove a couple of lemmas. These theorems were first proved by Scheeffer™ for a 
function of single variable. 

Lemma 1.—If F(a, y) and f(a, y) are two functions of x and y which are 
continuous in (x, y) together throughout the region 

axy<b, (A) 


Fie. 14. 


and if for every point (a, y) of this region two corresponding difference quotients 
are always equal, that is if 


Fath, y)+ F(a, y) _ 
hk 


(ath, y) + F(a, y), 


these values being finite, then F(a, y) and f(x, y) can differ at most by a con- 
stant quantity. 

In order to prove this, we consider the function 

+ Fey) —S@ 9) (1) 
Let DF (a, y), Df(«, y), and D(x, y), be the corresponding difference quotients 
and let c be any positive quantity. Then (a, y) can never be negative in the 
region (A). In order to prove this we assume the contrary and suppose that 
(x,y) can be negative at some point (x, y) of the given region. Let this be 
the point C and consider now the rectangle A (a,a), B(x, a), C(x, y), D(a. 9), 
see figure 14. 


*Cf. L. Scheeffer: Acta Mathematica, Vol. 5 (1884), pages 84 and 183. 


328 
A B 


Coar: Functions of Three Real Independent Variables. 329 


Within this rectangle the points (2’, y') at which (a, y) is not negative are 
such that the absolute value of [x + y”] has an upper limit which is finite. 
Suppose that this occurs at the point (a’, y') =H. Since (a, y) is continuous 
at every point of region (A) in (a, y) together, it follows that Y(a’, y’)=0. 
But 2 <a and y'<y. Moreover we have for every point of the rectangle 


y) —V(@!, y!) = 0. 


From this follows that Dd (z', = 0. On the other hand, Df(z, y) and y) 
are both finite, and hence we have from (1) that D(x, y) =e for every point 
(x, y) of region (A). This last statement is surely true for 


D(x, y) = De(x — a) (y— a) + DF(x, y) — Df (x, y) = De(x — a) (y — 4). 
But De(wa—a) (y—a)=c. We are thus led to a contradiction, and since this 
holds for every positive value of c, it follows that (x, y) can never be negative. 


Hence 
F(a, y)—S (2, y)— [F@, 4) 
cannot ever be negative. In a like manner we can prove that this difference 
cannot ever be positive and hence it must be zero. This proves the lemma. 
This lemma may be extended as follows: 


Lemma 2.—If the conditions of lemma 1 hold, with the exception that the 
two difference quotients are not equal to each other at an enumerable set of points, 
that is, are not everywhere dense in any sub-region of region (A), then the two 
given functions can differ at most by a constant quantity. 

Let LZ be a set of exceptional points, and suppose that Z is not everywhere 
dense in any sub-region of region (A). We then have a set D of sub-regions d 
which do not contain any of the exceptional points, and we can thus determine 
a closed set of points C, with respect to which LZ is everywhere dense. In every 
sub-region d the preceding theorem holds, so that for every sub-region d’ contained 
wholly within d the difference F(x, y) — f(x, y) is constant. But this difference 
is continuous in (x, y) together and hence it follows that it is constant also in 
the sub-region d. If this is so, then F(x, y) —/(a, y) is either a constant or it is 
“‘streckenweise’”’ discontinuous. (See Schoenfliess: Punktmannigfaltigkeiten, 
p. 166). If Zis enumerable, then the above difference is constant, while if Z 
has the “‘Miachtigkeit”’ of the continuum then this difference is ‘‘streckenweise”’ 
discontinuous. This proves the lemma. 

We are now ready to take up our final theorem. 
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Theorem 3.—If we have 
Sn(x, y) = w(x, y) + y) + u(x, y) + ---- + u(x, y), 
where lim S,(z, y) = S(a, y) for every (a, y) of 


ow 
axy<b, (A) 
and if S(x, y) is completely defined and is always less in absolute value than 
B b 
some finite quantity, and if both the simultaneous integrals f J S,(x, y) dady 
B b 
and f J S(x, y) dxdy exist, then the sufficient condition that 


lim Sie, y) dedy = y) dady 
=. 


B 
where J nf S(x, y) dxdy is finite, is that the set of points (a’, y') for which we 


cannot assign a circle of radius r > 0 and an integer m, such that for every point 
(x, y) of this circle and for every n >™m, 
G (G finite) 


is enumerable. 
In this case we have in the plane 1/n=z certain points (a’, y') in whose 


neighborhood S,(x, y) does not have a finite upper limit. About such a point 
as center we can therefore construct a circle of radius r > 0, and at the same 
time find a plane z= 1/™m,, such that for every point (a, y) of this circle and for 


every value of p= 1, 2, 3,...., 
9) |> (@ finite) 
This set of points (a’, y’) must evidently be a closed set, for it is a set for which 
the limit of the oscillation % is greater than some fixed finite number. We have 
now by hypothesis 
9) = 6 (2, 
and 


lim f f “S, y) dady = y). 


© 


Now let (x, y) be some point not belonging to the set (a’, y’). ‘There exists then 
about it a circle of radius r > 0 for which 


| Sn, +p (x, G. 
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Consider now the ratios 


O(a +h, y+k)—O(a+h,y)— +h) +9 (a, y) 
hk 


and 


Po(x +h, y+k)— +h, y)— +k) + y) 


hk 
where (x + h, y + k) is to be a point of the above circle. Choose an arbitrarily 
small 4 >0; we can then find a plane z=1/m,, such that for every value of 
p=1, 2, 3,.... 


hk 
since lim $n. 4p (x, ¥) = $0 (%, y) for every point (a, y). But we have by 
n= 
hypothesis 
hk 
utk 
(a, y) dady + wr 


where @ is independent of x, y, h, and & Since now |S, (x, y)|< @ at the 
points in question, it follows from theorem 2 that 


ath y+k +k 
ff Sn, +0 (x, y) dxdy = f S(x, y) dedy + w! 


Hence 
do(x th, y +k) — Y +k) + y)— 
(] 


z+h yt+k > 
Sw, y) + + uar 


43 
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which holds for every z,7+h, y, and y+ 4, determined as above. We thus 
obtain two different quotients which are equal to each other at all points of 
region (A), excepting at a closed enumerable set of points, and hence by lemma 
2 they can differ from each other at most by a constant quantity. Hence 


do (x, y) = O(a, y) + constant. 
But 


Po (2, y) = 9 (a, 0 
(x, y) =O (x, y), 
which was to be proved. 


By a proof similar to that just employed, we can show that the theorem 
holds also when we replace the function S, (x, y) by the general function /(2, y,2). 


hence 
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An Invariant Condition for Certain Automorphic 
Algebraic Forms. 


By A. B. Coste. 


$1. Introduction. 


Prof. Moore* has shown that every finite collineation group in n variables 
has for an invariant a certain Hermitian form which may by a suitable transfor- 
mation of the variables be taken as 

Recalling that the collineations in contragredient variables are obtained by 
assuming the invariant 

and comparing this with (1) we see that when the group has been taken in 
Moore’s canonical form, and the matrices of the collineation have a determinant 
value unity, then any matrix has for contragredient matrix its own conjugate. 
Or as Maschkey has pointed out, the minor of an element of the matrix is the 
conjugate of the element, and the complementary minor of a minor is the 
conjugate of the minor. 

If the group has, for automorphic form of lowest degree, a certain unique 
algebraic form of order m in point coordinates, say f”, the contragredient 
group has for automorphic form of lowest degree in contragredient variables a 
unique algebraic form of class m, say @”. Ifthe group is in Moore’s canonical 
form the coefficients of ¢” are the conjugates of those of /”. 

The collineation group being a thing of definite projective character, the 
same is true of the forms /” and $” and it should be possible to define these 
forms by invariant conditions upon the general form of order m or of class m. 
This has actually been done for the three important groups in the linary domain 
and for the ternary G3. But asf” and @” occur simultaneously it would also 
seem possible to determine them simultaneously by invariant conditions upon a 


* Math. Ann. Bd. 50, p. 213. + Math. Ann. Bd. 51, p. 253. 
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pair of general forms of order m and class m. In the following sucn an 
invariant condition will be given and will be seen to define some well-known 
automorphic forms. 

$2. The Invariant Conditions. 


An algebraic form, /, of even order 2n in g coordinates x may be written 
symbolically as f*” = (ax); and a form y” of class n in contragredient variables 
as y” = (uy)". y” defines then with regard to f*’ its “polar,” c*, where 

= (ay)* (az)* = (cx)" 
Taking c* and y" as contragredient ‘‘elements with the incidence condition, 
(cy)" =0” we see that /*" defines a correlation in these elements. The correla- 
tion is better exhibited by writing /* in polarized form 


fo" = (ax)" (ay)" (2) 
Since /™" is symmetric in x and y, the correlation is of the type known as the 
polarity. It is not, however, the most general polarity. The latter would be 
given by the symmetrical form 


= (Ix)" (my)" = (ma)" (3) 


which differs from /™" in not being the polarized form of a 2n-tc. 
The inverse polarity of (3) is also a polarity 

= (wA)* = (4) 
of the general type, 7. e., not the polar of a form of class 2n. But this is also true 
in general of the polarity (2), 2. e., the correspondence of y* to c* given by (2) is 
reversed by a form A”” of the general type. Only when the form of /” satisfies 
certain conditions will the inverse polarity A*" be the polarized form of a quantic 
of class 2n. And there is suggested the obvious query : 

What is the nature of the form f*" when the correspondence tt establishes 
between forms y” and c” is reversed by a form, = (ua), t.€., f (ay)" (ax)" = (cx)” 
then (ca)" (wa)" =A(uy)” or uf 

(ax)” (aa)” =A (ua)” (5) 

We assume of course that the correspondence is not degenerate, ?. e., that the 
determinant of the nth derivatives of /*” is not zero. This determinant, which is 
called in certain connections the catalecticant of f, will be denoted by A. The 


* is here a numerical constant which by operation n times with the identical covariant (wx) we find to 


1 


b 
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catalecticant bordered with two series of variables uw and v in the combinations 
of class n gives A”" and allowing the variables to coincide we obtain the form 
og” as a contravariant off". From the symmetry of (5) we have that in the 
special case to be considered /* is the same contravariant of @” that o” is of 
The forms f* and will then be called a “covariant quantic-pair.”” To 
within a numerical factor A is the invariant (aa). 

The above query is answered completely in §3 for the binary domain and 
partially for the ternary domain in §4. Isolated results are further given and in 
§6 is found a treatment of a collineation group of order 25920 in five variables 
whose automorphic forms are obtained by the use of the invariant conditions 
just described. 


$3. The Forms f* and 9 in the Binary Domain. 


The distinction of contragredience is here trivial. We write both the 
forms /*” and @” [using as the symbol of a linear form (a,7, — agz,)] as 


= (ax)*” = ( ba)” 


and the condition (5) §2 becomes 
(azr)* (aa)* = (aa)™ (2) 


From this we derive by the application of the Q-process the further 
identities 
(aa)** (ax)! (ay)! (ay) (8) 
f= 0, 1, 
We consider now the product of an invariant, (ab), of /" by the same 
invariant (af) of 


(ab)" . (a 8)" = [ (aa) (8) — (a8) (ba) 
iy ( ) (aa)*"—* (aB)* (ba)* 


k=2n 
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In every term of the sum occurs a term with (aa) or (a8) to a degree n or 
greater and applying the identities (3) we have 


k=n-]1 


k=2n (4) 
2n 1 2n 2n 
+ (= 1)*( k (a8) . (ba) 

All the symbols on the rights are symbols of A and we have 

(ab) . (a8)" =u, A® (5) 
where yu, is a numerical value 
n—1 2n 

2n 1 2Qn 1 


We may obtain the value of the sum u, as follows: 


2—(2n+ 1) up 


n—l (2n) ! i 


— n—] 2n) ! 2n+1 

=(— 
n)! 

=(- 


2 


. n 2 — -- 2n 


2 1 
in (m + 1)(2n + 1) 
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We see then that when n= 1 or n=3, wu, =1; when n= 2, u,=0; when 
n > 3, u, IS greater in absolute value than 1. 
By a process exactly similar to that by which we obtained (5) we prove that 


(afy” . . A. and 

Multiplying these two we see that 

. (ab)" = A? 
and comparing this with (5) we have at once 
Mn = 1. (9) 

This argument is valid as long as (ab) 0 and (a48)" +0. But neither invari- 
ant vanishes unless u, = 0 since A in (5) is by hypothesis not zero. ‘The case 
n= 2 alone requires a special investigation. But it is well known that if a 
binary quartic (ax)* has its invariant (ab)* equal to zero, it has a covariant, the 
Hessian, which forms with it a ‘covariant quantic pair.’”’* The quartic is in 
this case the well known “ equianharmonic quartic” which is automorphic under 
a tetrahedral group. 

We consider now the two cases for which u,=1. Ifn=1, f™ is a 
quadratic form and of course @” coincides with it as we see also from (8). This 
case n = 1 occurs in every domain. 

If n= 8, the covariant quantic pair is shown by (8) to be a single quantic 
which is subject to the condition (2) hence from (2) and (3) 

(ax)* (ab)* (by)* = 4(ab)° (10) 
(ab)* (by)’ = 4(ab)* 
Putting x = y in this last we have 
(ab) (ax) = 0. (11) 

But (11) is the condition that the sextic (ax)° be that which is unaltered by 
an octahedral group.t And it is easily verified that the octahedral sextic satisfies 
the identity (2). Hence 
(12) In the binary domain there are only three types of covariant quantic-pairs ; 
the quadratic taken with itself and automorphic under an infinite group ; the equian- 
harmonic quartic and tts Hessian automorphic under the tetrahedral group; that 
sextic taken with itself which is automorphic under the octahedral group. 


* Gordan, Invarianten Theorie, p. 211. ¢ Gordan, Invarianten Theorie, p. 211. 
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The case of the automorphic quartic presents nothing new. There are, 
however, some features in the case of the sextic that are novel. The general 
sextic f° = (ax)* has for its catalecticant a symmetric determinant of the fourth 
order which, bordered with a series of variables « and a series y, gives rise to a 
symmetric form (12) (dx)* (ey)*= (dy)’ (ex)*. In order that be the special 
form we are considering, this must be the polarized form of a sextic. The neces- 
sary and sufficient condition for this is given by the Clebsch-Gordan expansion 
as the identical vanishing of the quadratic form (138) (de)? (dx) (ex). Both these 
forms are of the third degree in the coefficients. Since the sextic has only one 
covariant quadratic of this degree we may say that 
(14) The necessary and sufficient conditions that a sextic be octahedral is the non- 
vanishing of the catalecticant A and the identical vanishing of the quadratic covariant 
of third degree in the coefficients. 

This criterion is superior to the one usually given (see (11)) in that the 
number of conditions shows the exact number of constants in the form. 

Connected with the tetrahedral quartic is a set of three irrational covariant 
quadratics which play an important role. They are defined as the quadratics 
which are their own polars as to the quartic. The set may be generalized for 
the octahedral sextic by seeking for cubics whose polars as to the sextic are their 
own cubic covariants. We take the sextic in its canonical form 

= aha, — and the cubic as 
P + + 3a,2,23 + asx}. 
The polar of P as to /* is the cubic covariant of P if 


— + 2a? = Aa, 


3(aya,a3 — 2ayaz + aja,) = — Aa; (15) 
— 2ajas + = Ady 
— 8a,a,a; + 203 = — Aa. 


We may also add 
azaz + 4a,a3 + 4a%a; — 38aja}— 6a,a,a,a,;— R#~ 0. 


This system of equations * may be replaced by the system 


1° aya, + apa; = 0 4° aai— ata, =0 

2° =0 5° + 8aja3— 4a,a3 = 0 (16) 
R 

as + as 0 6° (aya; — 


* The following solution was supplied by Mr. Landry. 
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We see at once that a; cannot be zero unless P vanishes identically. Taking 
6 and « so that ‘= — 1 and <= — 1 we have from 2° and 3° that 


= ea, ds = dap. 
Substituting these values in 1° or 4° we find 


Substituting the values of a,, a;, and ¢ in 5° and putting — = a the equation 5° 
0 


becomes 
8a‘ + 1 =(a + 1) (8a? — 2a + 1) =0 
a =— 1 makes # vanish and must be discarded. 
The other factor has roots a, = = 3 ad a= — “ . For the root 


a, and § any one of the four primitive eighth roots of unity we find four cubics 


P, + wea, + 30%, + 
P, = 23 + 38 ay + 30a, + 
P3 = x} + + x03 + 
and for the root a, we find four others 
Q, = + 38a, + + 3°23 
= xj + 30a, + 30a, + dx} 
Q, = 23 + 3da, + 38%, + 
Q, = + + 38a, + 


Of this system we note that P; and Q, are cubic and cubic covariant. Each 
is the polar of the other as to f°. But further the bilinear invariant of Q; and P, 
fori kis zero. This remarkable property is sufficient to define the system. 

The two products P,P,P;P, and Q,Q.Q3Q, are each equal to 

x? — 33 33 + 

from which we see that when the sextic is taken as a regular octahedron* each 
set of four cubics represents the twelve middle points of the edges. These twelve 
points are arranged as follows: The octahedron has 4 planes of symmetry 
parallel to the 4 pairs of opposite faces. On each plane lie six mid-edge points. 


* Klein—Ikosaeder—I, 2. 
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Three of these that are equidistant say 1, 2, 3 may be chosen as P,, the other 
three say 4, 5, 6 as Q,. Hach of the other planes contains a point of 1, 2, 3 and 
a point of 4, 5, 6. We choose as P,, P;, P, those sets of equidistant mid-edge 
points in each plane which do not contain 1, 2,or3. The other sets of three are 
Q:, Ys, respectively. 

The condition (14) also admits of an interpretation in three dimensians when 
the cubic space curve C® is taken as the bearer of the binary value system. A 
binary cubic represents a point or a plane through the point. A general sextic 
represents a quadric Q which, if taken as a point quadric, must be apolar to the 
web of quadrics circumscribed to C®. The condition (14) requires that Q also 
be apolar to the net of quadrics inscribed to Q. We have then 

If Q ts a quadric apolar to the »* quadrics containing the planes of C’, the 
necessary and sufficient condition that Q cut out on C*® an octahedral set of six points 
as that @ also be apolar to the 0” quadrics containing the points of C®. The rela- 
tion of Q and C* is perfectly dual. The planes common to C® and Q osculate C* at 
the points common to Q and C*. 

There exists a single pair of ‘Mobius’ tetrahedra’’ P, and Q, such that each is a 
self-polar tetrahedron of Q. Thejoins of corresponding points of P; and Q, are chords 
of C® meeting C* in the 8 points that correspond to the cube. The planes of P, and of 
Q, cut out on C® the twelve points that correspond to the mid-edge points of the cube or 
octahedron. 

We obtain convenient canonical forms for our covariant quantic pairs by 
assuming f and @ both to be unaltered by the permutations and changes of sign 
of the variables and then applying the definition of the quantic pair to determine 
the remaining constants. The three cases are then the following 


n=1 
n=2 V3 ot = at + 
f§ =a} + — 5 + ai X 2). 


The latter is the octahedral sextic referred to a pair of opposite mid-edge points. 


§4. The Forms f* and o* in the Ternary Domain. 


The simple arithmetical criterion [(9)§3] for a covariant quantic pair 
that was obtained for the binary domain does not admit of an immediate exten- 
sion to the ternary domain. We shall treat the values of n separately and begin 


with n equal to 2. 
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In a former paper by the author* a certain class of biquadratic forms were 
treated which were defined in the same way as the above covariant form-pairs. 
The automorphic character of the resulting quartics was not recognized, how- 
ever. We shall show first of all that the pair of quartics, /‘ and ¢*, are auto- 
morphic under the ternary group of collineations G,,,.. The method used is, in 
some respects, novel. The symbolic notation is that of Study’s Ternaren Formen. 

The ternary quartic form, /‘ = (az)‘, after being polarized into (ax)’ (ay) 
may be viewed as a degenerate symmetric quadri-quadric form. As such it is 
distinguished from the general symmetric form (az) (by)*=(ay) (br)? by the 
identical vanishing of its quadratic contravariant (abu). If the ternary quad- 
ratic form be taken as fundamental space element, the biquadratic form appears 
as a quadric and under the general projective group, G;, of this space has but 
three comitants which involve only one series of point or of dual coordinates. 
These are the quadric itself in point coordinates, the quadric in dual coordinates, 
and the discriminant of the quadric. In connection, then, with the given quartic 
= (ax)‘ we have the invariant 


A= lax, a| y, and kl = 11, 22, 33, 23, 31, 12 (1) 

and the form (wA)* (vB)? =(uB)’ (vA)? which is defined by the identity 
(aA) =A. (uz)? (2) 
the three forms constituting the complete systen of (az)’ (ay)’ under G;;. They 


are of course also invariant under the projective group of the plane, G,, a sub- 


group of G;,. 

In A the element a, ,, is distinguished by its position in the determinant 
from the element a;,,._ It seems useful in certain connections to preserve this 
distinction which will sometimes be emphasized by writing for the double suffices 
11, 22, 38, 23, 31, 12 the single suffices 1, 2,3, 4, 5, 6, respectively, in which 
case A appears as 

4, and 1, 2, 3, 4; 5; 6. 


Thus the latter notation makes it possible to write (wA)’ (vB)’ as the result of an 


evectant operator upon A namely 
(vB) = (3) 


*Trans. Amer. Math. Soc. Vol. 4, No, 1, pp. 65-85; 1903. This paper will be referred to hereafter as 


‘¢ Trans,”’ 
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where 0)) OP = u Fs -A, the uumerical coefficient « and the suffices 7 and s 
r, 8 


being determined by 7j and &l. The symmetric form (uA) (vB)? determines the 
contravariant quartic form 


= (ua)! = (uA)? (uB) (4) 
and the covariant quadratic form 
C= (Cz)? =(ABzy | (5) 


On the other hand, both (4) and (5) are required to determine (3), as is 
evident from the formula 


(uB)* (uB)? = (va)? + 4( Cur)? (6) 


It is also evident from (6) that the identical vanishing of C’ is necessary and 
sufficient in order that (3) be the polarized form of a quartic (4). Hence 

(7) The necessary and sufficient condition that the quartics f* and $* be a covariant 
quantic pair is the identical vanishing of the conic C of the fifth degree in the 


coefficient of f*. 
From (3) C@ may also be written as the result of a differential operation 
upon A 
1 @ 1 


1 
Writing this differential operator symbolically also we have 
(Cx)? = (a?) (9) 


where w;, is then the symbol for an operation which is understood to be carried 
out on A. 


We consider now the pencil of symmetric quadri-quadric forms 


A (ay)? (az)? + (yy2)? 


| 
(10) 
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and form the invariant A of the pencil. By the use of the operator (oz)* defined 
in (8) this invariant takes the form 


(11) 
+ (ay) (a'y')? .... A 


This repetition of the operation w is permissible since in the minors A, as in 

A itself, the distinction between such coefficients as ay = dog ANA = Aog 18 

preserved. The coefficient of each power of A in (11) is a simultaneous invariant 

of (ax)* and (wy). Equating (9) to zero, we obtain in general six values of ra to 


each of which corresponds a conic (ud)’ such that 
a (ad)* (ay)? = — (dy)? 


i. é., the polar conic of (ud)’ as to f* is its intermediate* with the fixed conic (wy). 
The particular case for which the conic (wy)? is the square of a point z is of 
interest. There is then a web of conics (wd)’—all pairs of points containing « — 
such that (ady)’==0. Three values of @ in (11) are zero and the equation 
reduces to 


+ (ax)? 5 (ax)? Aye + (ox) (a'x)? w®=0. (12) 


The coefficients of 4 in (12) are important covariants of the quartic. Performing 
the operations indicated by the symbols a we have 


9 1 2 
(ox)? = (Cx) = (24, — 9 A,) + 


(aa)? (ax)? = (42 —Ay\af+.... (13) 
32 43 
= —1/2 Aggy ait .... 
324 


the notation for the minors of A being that of Gordan} (Kerschensteiner). By 


*<¢Trans.”’ p. 70. t Invarianten theorie, Erster Theil, p. 47. 


4 
4 
2 
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means of these leading coefficients the covariants may be indentified with the 
following symbolic forms 


C= (ox) = (abe)? (ade)? (cbc) (da) (cx) 
S = (ox)? (abe) (abd) (aed) (bed) (azz) (Bar) (ext) (dee) (14) 
H= (ax) (o'x)’ = (abc)” (ax) (bx) (cx)? 


We seek first to interpret the vanishing of the discriminant of the equation 


(12) 2. e. of 
2(3AS— (2HC — S*) — (3AH— SC)? =0 (15) 


For a given x to each root of (12) corresponds a conic (ud)? whose polar as 
to f* is the two tangent of (ud)? through x. The point equation of (ud)’ is the 
conic C formed for the pencil 


(wy)? + Aue (axe) (aly)? + (wx)? (a"y (a, y)=0 (16) 


where (x, y) vanishes identically for —=y. Hence, if (16) passes through z, 
the first three terms separately vanish for x=y. But these terms are the 
derivative of 12 as to uw, %.e., (12) has a double root and (15) is satisfied by =. 
Suppose now uw is a line of the quartic *‘ touching 9‘ at «. Then* w touches its 
associate* conic (wd)” at the point x and fora proper 4 and uw (wd)? satisfies the 


identity 
A (ad)? (ay)? =p (uy)? = — (xdy)? 


and also passes through x. Hence z is a point of (15) and we have 

(17) The equation (15) is that of the contravariant quartic ¢* = (ua)* in point coor- 
dinates. We can easily show further that | 

(18) The three pairs of lines through a general point x such that each pair touches 
its associate conic form the sextic covariant of the binary quartic formed by the four 


tangents from x to ¢*. 
If x is taken at a cusp of (ua)*, the four tangents include the cusp tangent 


three times, the sextic covariant the cusp tangent six times and (11) has a triple 


root. Hence 


* «Trans.’’ p. 67, footnote. 
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(19) The cusps of >‘ are the intersections of 3AS— 2C*?=0 and 3 (AH— SC)=0. 
Returning to the general invariant (9) we can express in terms of its 
symbols other comitants of /*; for example 


(aw/u)? = Cw (ax)? = 

= Cw (ao = Cru, (20) 

(aa)? = Cy, = Chyy 
C' denoting a comitant of /! of degree 7, order &, and class J. All of the 
comitants enumerated in (14) and (20) are expressible in terms of A, and the 
coefficients of pt = (wa)* and of (Cz)? as follows :— 


If 4 and uw are values which satisfy (11) a conic (ud)’ exists which satisfies 
the identity 


Operating with both sides of this identity on (wA)? (vB)? and making use of (2) 
there results a new identity 
(Ayd)? = — (ud)? 
1 
— 44 4 is then a root of the characteristic equation of the connex (2, 2) 


(Ayx)’ (uB)? 
which can be written as * 


e° —I, + Ip*—I3p° + Lp’ — + 1,=0 if 
(ABy)y (ABly? (AB"y)’ 


(A'Bly)? (A'B"yy .... (21) 
(A" By)? (A" Bly)? Bly)’ . 
the determinant having & rows and columns. Putting p=— ai A in the char- 


acteristic equation and dividing out by A’ it becomes 


I, I 
AX + + + AiMit ..-. +35 


*«oTrans.’’ p. 73-4. 


4 
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A,, and mw, satisfy (22) due to their satisfying (11) whence (11) and (22) are the 
same equation. Equating coefficients and introducing the values of J, from (21) 


we have the relations 
(ay)? = (ABy)? 
A. (ay)? (a'y')? = [(ABy) — (ABly)? (A'By'’ 
(ay)? (a'y')? (ally? = [((AAy)? — 8 (ABy)? . (AB'y)? (23) 


The second of these identities will be treated first. It is of the second degree in 
the coefficients of (wy)? but may be polarized by the introduction of a new set of 
coefficients of (ud). The symbols y and 6 may then be replaced by x and y and 


we have 
A (a'y)? = (Cx)? . (Cy)? — (AB'x)? (A' By)’. (24) 


From the identity (6) we have 


(uA)? (vB). BP = | (ua)? (va)? + | 
[(wla!)? (v'a!), + 1/3 


Adjoining on both sides the symbols.u and v' into symbols z and then the symbols 
v and w into symbols y there results on the left (AB’x)’ (A’ By)’ and on the right 


(aa'x)’ (aa'y)? + 2/3 (aay) (Ca)? + + [—2(C' Clay + 3(C'x)*. (25) 
Substituting this value in (24) we have the final identity 


A. (ox)? (aaly)? — 2/3 (aay) (Cu)? + 


+ 6 (Ca)? (Cly)’]. (26) 
This gives at once the two special identities 


A. (ax) (a'z)? — 
A. (valu? = 4/3 — 2 (ua)? (C'a)?. 


A similar process may be carried through for the third identity. The values 
obtained are rather cumbersome and we give only the following special results 


A’ . (ax)? (a'y)* = 2 (aa'x)? + x (C) (28) 


+ 9 (AB'y)? (A’B"y'? 
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where X(C) indicates a sum of comitants of at least the first degree in the 
coefficients of (Cx)? 
A’ . (ax)? (a'x)? (ax)? = 2 (aa'x)? 
— (Cx)? . (aa'x)' + 2/9 [( 9) 
From (29) and (27) the point equation of (wa)* can be calculated from the 
form [(aa/x)*]® — 6[(aa/x)* and is found to coincide with that 
of (15). 
Adjoining in (28) the variables of y and z to the variable u we have 
A® . (ax)? = 2(aa'a!) (ua!) + (30) 
A simple calculation of the value of (az)? (a/au) from the original definition of 
the symbols w gives 


(aa)? = [(aa'a!’)* (wa)* + (aa'u)® (a"x)*]. (31) 


We suppose now (Cx)* identically zero. 


The second formula of (27) shows that the contravariant conic of fourth 
degree, Cyg., vanishes. This necessitates the vanishing of the entire pencil of 
covariant conics of fifth degree for C itself and the polar of Cy. as to (ax) are 
two distinct members of the pencil. Hence, if (Cx)’= 0, all the quadratic comitants 
of f' of fourth and fifth degrees also vanish identically. 

In (30), 7:(C) vanishes and from (30) and (31) we have 


—- [(aa’a!'}* (ux)? + (aa!u)? = 2(aa'a"’) (aa'x)? (ual). (32) 
Taking the bilinear invariant as to u and x on both sides we obtain 

— A’. (aa'a")* = 8(aa'a"). (33) 

We recall also the theorem * that if the J, of (ua)* is the J, of (ax)‘, the J, 

of (ua)* is (4) 'times the J, of (ax)* where n is the degree of J, in the coefficients. 

Treating the right hand member of (32) as J and remembering that the A of 


5 
(ua)* is now a the theorem gives rise to the new identity 


| [(aala”)! (ua)? + 6(aa'a!’)? (aa'x)? ua” | 


= (aa’u)’ (ax). (34) 


Trans.’ p. 68, 


45 
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Replacing in this (aa/a”)* by its value in (33) we find 


2 
— 2(aa'a")* (ux)? + 24(aa'a!’) (a’a"u) (ax)*] = 2(aa!a!)? (wa)*. (35) 
Comparing (35) and (32) we have finally 


6(aa‘a!)? (a’'a!'u)? (ax)? = (ua)? (36) 
If then C=0 the identity (36) is true. Conversely, if (36) is true, C=0. For 
the quartic defined by the identity (36) whose complete system has been set 
forth by Gordan* has no quadratic comitants. The condition (86) may then 
be replaced by the condition, C=0. (36) is further shown by Gordan (loc. cit.) 
to be the necessary and sufficient condition that f* be automorphic under the 
finite ternary collineation group G',. We have then 
(37) Zhe vanishing of the covariant conic C of fifth degree is the necessary and 
sufficient condition that the quartics f* and $* be automorphic under the group Gg» 
We obtain a convenient canonical form of the covariant quantic-pair by 
assuming quantics unaltered by a cyclical advance of the variables and by 
changes of sign of the variables. Taking f‘ as 
and ¢* as 
u(ut + uf + us) + + + red) 
we find as the conditions that the polar of any conic as to f* shall have for polar 
as to ¢‘ the given conic 
aa + = 4b8 
a3 + ba + b6=0. 


Putting a=a=1 we find bd and £ as the two roots of 


+ut1=o. (38) 
Putting then 
“= 


we have for the covariant quantic-pair 
tat t of + + + 


This canonical form of the quartic unaltered by Gy, has been mentioned by 


(39) 


* Math. Ann., Vol. 17, p. 217 and p. 359, 


a 
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Wiman* and the group itself has been treated in great detail by Klein and 
Fricke.t It may be obtained, however, with so little effort from the forms (39) 
that it seems worth while to carry through the work here. 

We will seek first a correlation K which will transform /* into 9‘. The 
well known properties of the octahedral group G,, which evidently leaves /* and 
g* unaltered suggests a trial of the correlation 


Ly =U + Uy 


K = = u, — Us 
pus 
In order that transform /* into 9‘, p must satisfy the equations 
4 2 _ 2 
whence p = + ZS, Choosing the negative sign and forming the combination 
where Tis the collineation u,= = = — uj, which leaves 


unaltered, we have 
1 —1 —- 


= (—1 1 

2 2, 0 
a collineation which leaves /* unaltered. Introducing a factor 4 to make the 
determinant unity, interchanging the last two rows of the matrix and changing 
the sign of the first we have a collineation S of period 7 which also leaves / 
unaltered S and its powers are 


2 1 1 2 uy 0 2uy 
0 —2u, Ja 1 —1 
—1 1 2u, —1 
0 —1l1 2u, —1 
—1 Que 1 Qu, 1 de 
1 1 2 2 0 
1 0 0 
0 1 jx 
0 0 1 


* Math. Annalen, Vol. 47, 1896, p. 536. + Klein-Fricke ; Elliptischen Modulfunctionen. 


| 
O fa Ww —!1 1 
—1 1 — 2, 0 2uy 
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The G, made up of the powers of S, combined with the G, consisting of the 
permutations and changes of sign of the variables gives the entire Gy, or more 
briefly Gy, = Go, . Gy. 

Any one of the 168 matrices is obtained from one of the above 7 by inter- 
changing the rows or changing the signs of a row throughout. The factor 34 
before the matrix is understood as affecting each element and the group is then 
in Moore’s canonical form. 

In the theory of the group as developed by Klein-Fricke two sets of seven 
conics play an important role. We obtain the one set by transforming 


xi + x5 + x3 by G,, the other by transforming this set by K. We find them to be 
— + 1) af — (ah + a8) (2 + ayes 


— (Uy + 1) — + aj) (2 + (40) 


— (Ul, + 1) a3 — (ai + m3) (2 + 22%. 


The other set of seven is 
Qui ui + U5 
+ Qui uz + (41) 


—1 3u, — 1 


the product ofthe three ambiguous signs in the last conic being 1. 

These sets of conics have remarkable invariant properties. For either set 
the following facts are true: 

The contragredient form of each conic has coefficients conjugate to those of the 
conic. The discriminant of each one of a set of seven has the same value. The 
bilinear invariant of any two (either being taken in point and the other in line form) 
is the same constant. This property is sufficient to determine the system. The four- 
teen conics are their own polars* as to f* or ¢* and are the only conics with this 


property. 


* That is, each of the conics in lines has for polar as to f4 the same conics in points. 
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The Ternary Covariant Quantic- Pair of Sextics. 


It seems quite impracticable to treat the sextic case by a method analogous 
to that used for the quartic owing to the little knowledge at hand of the 
comitants of the sextic and the complicated nature of the invariant condition 
which is, in this case, the identical vanishing of a form (az)* (ua)? of the tenth 
degree in the coefficients of the sextic. But we may begin with a simplified pair 
of quantics and find the form they take when required to be a covariant quantic 
pair. Assuming then, as in all previous cases two sextics unaltered by a cyclical 
advance of the variables and by the changes of sign of the variables we put 


fo sa (ah + af + of) + 150 + + 
+ 15¢ (xjx3 + + + 90d 


(uf + ad) + 158 + + 
+ 15y (ujuz + + uses) + 908 


The conditions that every cubic shall have a polar cubic as to /* whose polar 
cubic as to ¢° is the original cubic take the form 


aa + 368+ 3cey =A 
968 + 9dd + 38cey =A 
9ey + 9dd + 368 =A 
=A 


+ 3by + 3cd = 0 
ay + + 3c8 =0 
ca + 3by + 3d8=0 


ba + 3¢3 + 3dy = 0. 


cB + + 38dy =0 
by + + 3d8 = 0 


The first set of four reduce to 
2aa = 45dd 4bB = 4cy = 9dd 


whence none of the unknowns can be zero unless A= 0, a possibility that must 
be excluded. The determinant of the last set of two in the unknowns d and 0 is 
b3—cy = 0, hence the two must be proportional, 7. e. 


b=0c, y=of, cB =0b8 whence = 1. 


Replacing ¢ and y by their values in terms of b and @ the original system reduces 
to the following 


2aa = 45d6 


4b3 = 9dd — 30? (1 
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Put 6= 6 =1 and we have again 
= 4, aa = 10, a= — 80(1+4 0d), a=— 30°(1 + 0°). 


If we put a=oa, a= 0’a, 66 = 4, and o*d = d this system reduces to that 
obtained by taking o as the real cube root of unity. For this last case we find 
easily the values of a, a, d, and 6 and obtain this pair of quantics after dividing 
through by a and a 


= Tay — ay (xy + + 


42 
= — uj (us + ug) + 4a, ujuzuy 
where 
3 (5 3(5—tV/15 


This is the pair of sextics (see Wiman, loc. cit.) unaltered by a ternary collinea- 
tion group Gy and we have 

(43) <A necessary oondition that a pair of sextics, f° and 9°, be unaltered by the 
ternary finite collineation group, G's is that the sextics form a covariant quantic-pair. 

It is also extremely probable that this condition is sufficient. 

The other two solutions of the above equations which arise when o is an 
imaginary cube root of unity are obtained from the given solution (42) by the 
collineation x} = 73 = 23 = and are not essentially distinct from (42). 

We obtain the Gy) in the same way as G'yg, i. e., by determining p in the 


correlation K 
Uy + U, 


K = uy — Uy 
= pUs 


so that K will transform /* into @®°. The conditions are 


2—2a, _ 30 + 2a, — 2a, (—2a, + 4a,) p? (—12a, — 8a.) 


1 1 As As 4a, 


satisfies all. We choose the positive sign, 


and the value + = vb aes 


putting 
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and transform by X the collineation, 7, 
which leaves ¢° unaltered. 
1—1 0 
—p —p 0 


a collineation which leaves f* unaltered. Interchanging the last two rows of the 
matrix and changing the sign of the second column we have the collineation 


The lines whose coordinates are the rows of the matrix of S, form a perspective 
triangle of f*. The triangle is unaltered by changing the sign of x; and also by 
interchanging x, and z,. We obtain from it by using G,, only five other triangles 
and the corresponding matrices are 


p p Se’ O p 
—) 
1—p —1 
S,=2' = p 
—1—p 1 
S, is a collineation of period 5. Introducing the notation 
, —1—iv3 —1+7/5 . —1—Vv5 


the square of S, can be written 


= a’ 


lI] 

| 

81g 

8 


1 1 0 
—1 —1 
— p x, — O 
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The triangle of the matrix S, is unaltered by the collineation x, = 2, 2, = — 2}, 
%3==x,. Gy will transform it into only 7 other triangles and we have for the 


corresponding matrices 


—r’a —a —é —a —e& —E€a 
a ca 10 0 

S,=a'=1/2( &a —1 ea Weaddalso 1 Jz. 
ea a 1 


S, and S; arise from S, by advancing its columns cyclically; S, arises from 8, by 
changing the sign of the last two columns; and finally S,,....8, from S,,...-.8, 
respectively by interchanging the last two columns and changing all the signs. 

The G'sg 1s obtained by multiplying the G., by the fifteen collineations S. 

The collineations S are all in Moore’s canonical form, %.e., they have 
determinants unity and each element is the conjugate of its minor. The same 
is true of the entire group if G, be taken in the canonical form. 

The conics unaltered by the various octahedral and ikosahedral groups in 
the Gj are easily written. We have first a set of six conics ‘in involution,” 
t. e., such that each is a polar to any other in the two possible ways. These 
conics each unaltered by an ikosahedral group are of the form 

Yi + eys + 
I 1, P+] 

the other four being obtained by using G,. The fifteen conics each unaltered 
by a group of one system of fifteen octahedral groups in Gg are of the form 

= 9 9 9 1 0 ‘ 

(xj + + — te 2 + + 


20" 2 2— 


the others being obtained from the last two by the use of G,,. 


a —a el —a 
—&a ea pr, ea —ea 
a a ea 
= 1/2(—e’a —ea 1 ea 1 —ea Jz, 
—a —éa —a 
& a a 
S,=2'= 1/2 1 —a 1 
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Transforming these two sets by AK and taking the point equations, which 
are the conjugates of the line equations, we have two new sets J’ and O’ corre- 
sponding to the second way of breaking up Gu into 6 and 15 ikosahedral and 
octahedral groups respectively. Those of J’ are of the form 
r + af — pied + 2(e—e) 
and those of O’ of the form 


=o 


4 0” —4 30 2— 


The 42 conics I, I', O, O', are the only conics which are their own second polars 
as to f° and as to $°. 

In the set J are twenty sets of three conics in involution corresponding to 
the twenty choices of three out of six. In the set J’ are also twenty sets of 
three conics in involution. In OQ the first conic Saj is in involution with the 
eight of the second form. These eight divide into four sets of two with each of 
which Sa} forms a set of three in involution. Hence aj occurs in 4 sets of 
three and there are then in 015.4 such sets, but each counted three times. 
Hence 

In O, O', I, I', there are 80 sets of three conics in involution, twenty sets in each. 

Now in any linear system of three conics there are just four such sets of 
three conics in involution. They are the polars of the vertices of the four inflex- 
ional triangles of the cubic whose conic polar system is the given system of 
conics. If the cubic is harmonie two sets of three are conjugate under the Gy, of 
the cubic, and the other two sets of three are also conjugate. There are in Gq 
ten Gz, which define ten harmonic cubics which in turn define 40 sets of three 
conics in involution. Twenty of these are conjugate and are found in J, the 
other twenty are also conjugate and are found in G. We have besides the ten 
Hessians of the harmonic cubic which are also harmonic and define the twenty 


sets in /' and the twenty sets in O’. 


§5. The Forms and in Migher Domain. 


Without making any pretense to generality of treatment we find, however, 
in the higher domains examples of covariant quantic-pairs which are essentially 
different from those already noted. The cases in the binary and ternary 


46 


4 
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domain are all alike in that they have no absolute invariant and that the one 
quantic is transformable into the other by a correlation. It is easy to obtain 
in the quaternary domain a case in which the first property does not exist 
and in the quinary domain a case in which the second does not exist. Thus the 


pair of quartic surfaces 


St S + + + + 12h 


(1) 


12 
wytut 


are a covariant quantic-pair with the irrational absolute invariant A. 
In the quinary domain we assume a simplified pair of quartics unaltered by 
the cyclical advance of the variables and their changes of sign. Take 


ft Sa(at + ab + af + af + af) + 6b (ated + ade} + + ala? + 
+ 6c + + ain? + ade? + (2) 


Every quadric will have for polar as to /* a quadric whose polar as to ¢* is the 
original quadric provided 


aa + 2b8 + = 4b8 =4cey $ 0 
ap + ba + cB + by + cy = 0 
ay+ea+c8 + by + 


From the first equation we have aa = 0. 
Supposea=0 The solution is 


a=1 b=c=—1/3 a=0 
and we have the covariant quantic-pair 
ft S Sat — (af + 
4— nae 2 2 (4) 
(uz + us) 


J‘ has 30 double points of the type 0, 0, 0, 1, + 1 while ¢* has only five double 


flats of the type 0, 0, 0, 0, 1. 
We have then the curious example of two quantics each the same covariant 


of the other and yet not transformable into each other. 


| 
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If we solve the system of equations (3) more symmetrically by assuming 
both a= 0 and a = 0 we have the quantic-pair 
We shall close with a discussion, in the next paragraph, of the covariant quantic- 
pair (5) which has properties entirely analogous to the pairs found in the binary 
and ternary domain. 


§6. The Finite Collineation Group, Glos, in Five Variables. * 


We see that the quantics /* and ¢* in (5) $5 are unaltered by the collinea- 
tions 


—Jj,/ — 


S, T, and U generate an ikosahedral group Go, which permutes evenly the five 
points and five flats of the pentahedron of reference, Py. This Go combined 
with the G,, made up of the changes of sign of the variables gives rise to a Gig 
which leaves P, unaltered. There are no other collineations which do not alter 
f* and P,. 

The vertices of Py) are double points, DP’s of f* and the flats of P, are 
double flats, DH’s, of @*. We find without difficulty that /* has just 45 DP, 9 
of the form 

1, 0, 0, 0, 0 0, & 1, eo, 2, &1 (1) 
the 36 others being obtained from these by the use of S. 

Also * has 45 DE whose coordinates are the conjugates of the coordinates 
of the 45 DP. The DP are all of the same type—the polar of each as to f! 
breaks up into a flat, the conjugate DZ, and a hyper-cone with double point at 
the DP in question. The dual statement holds for the 45 DE. We have then 
a correspondence between the DP and DE, each corresponding to its conjugate. 
There is no trouble in verifying from (1) that 


* A complete enumeration of the subgroups of this group is given by L. Dickson, Transactions American 
Mathematical Society, Vol. 5, 1904, p. 126. Further references are given there, the articles by Burkhardt 
being especially pertinent to this account. 
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Each DE passes through 12 of the 45 DP and each DP lies in 12 of the 45 DE. 
Every collineation that leaves a DE unaltered must leave the corresponding 
DP unaltered and hence the twelve DE through it. In the DE, xz,=0, we 
have twelve points dividing into 3 tetrahedra namely.* 


10 0 0 
00 1 0 

And the twelve D# through u, = 0 cut out on vy, = 0 the twelve planes (2’) of 
the above three tetrahedra, whose coordinates are the conjugates of the coordi- 
nates of the points (2). The three tetrahedra (2) form the well known desmic 
system of tetrahedra, which is unaltered by a group of 576 collineations. If we 
require that /* also be unaltered by the collineations then the group can permute 
the variables only in the even ways and its order is reduced to 288. However, 
a change of sign of x, being added to the group the order is restored to 576. 
This Giz, is generated by the tetrahedral subgroup of Gj which leaves x,—0 
unaltered, by the G,, of the changes of sign of the variables and by the collinea- 
tion S, of period 3, whose square is S, 
0 0 0 0 


The factors outside the matrix are supposed to multiply each element. In the 
row opposite, S, and S, permute the three tetrahedra (2) cyclically. They are of 
determinant unity and in the usual canonical form. They leave the configura- 
tion of 45 DP unaltered and therefore /! as well. Hence 

(3) Of the group of collineations which leaves ft unaltered there is a Gis, which 
leaves one of the 45 DP unaltered. f* then 1s automorphic under a group of order 
45. 576 = 25920. 

Since the pentahedron of reference P, is unaltered by a Gg we should 
expect it to be transformed by Gi into 2$¢¢° or 27 others. The rows of the 
matrices of S, and S, determine two others, P, and P,. Both P, and P, contain 
the DE, x,=0, as well as Py. If each DE is contained in 3 pentahedra we 


* For a complete geometrical discussion of this system and the G,,, see J. Feder, Math. Annalen, Vol. 47, 
p. 375. 
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should have again a = 27 pentahedra. These pentahedra are obtained from 


the matrices of S,, S, and S, where 


100 0 0 
01000 
S,=2= 70 01 0 
0 
00001 


and the matrices of twenty-four other collineations derived as follows :— Trans- 
form the collineations S, and S, by the collineation S of Gy. We have 


2 


—-1 0-1 1 op p 
0 2 0 90 0 0 2 0 0 06 
Sp = 22’ = 1 0 1 fA pie Se = 22’ = —1 0 1 fp phe 
p> —1 0 —1 p” 4 0—1 
S. = 22’ = 0 0 2 0 S, = 22’ = 0 2 O 
p\—p p e\—s p 
2_ 2 
Sa = 22’ = p—1l 0 — p? 1 O—1 
0 0 0 2 0 0 0 0 2 0 
pl 0 1 —1 1 
1 1 0 1 p 0 
1 —1 0 1 1 0 
S. = 22’ = p 1 —p p> —1 0 Fz S. = 227 = 1 —p p 1 0 
—1 p—l 0 —1 1 0 
0 0 O 0 2 0 0 0 0 2 


In §, change the signs of the first and third columns of the matrix and call the 
collineation §’, With the collineation S*7S? of G,. form the combination 
S°TS?S',S,. The result is 


0 1 1 
4 0 1 
= 1 0 1 


The matrix of this is of different type from the eleven already found and we 
find by changing the signs of the columns in all possible ways 15 new penta- 
hedra which with that of S, we shall name P,, P2,...., Pj, and the correspond- 
ing collineations §,,....Sjg. Then S,. S,, S,,..--Sj. These results 
may be incorporated in the theorem: 
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(4) There are 27 pentahedra whose vertices belong to the 45 DP and whose flats 
belong to the DE. Lach of the five flats contains besides the four vertices eight DP, 
each of the five points lies on eight DE in addition to the four flats of the pentahedron, 
i. ., the five flats contain the 45 DP and the five vertices lie on the 45 DE. The 
Gosoo9 contains one system of 27 conjugate subgroups of order 960 each subgroup 
having an invariant pentahedron. 

The fact that /* and ¢* have different forms when referred to the same pen- 
tahedron, Py, does not lead to the conclusion, as one might suppose, that there 
are two systems of 27 conjugate Gyo. For the correlation, K, 


transforms /* into ¢* without altering P,. It differs from the collineations that 
do not alter P, in that the vertices of P, are carried into an odd permutation of 
the flats of Pp. 

We see at once that the G» generated by S, 7, and U, since it contains 
no changes of sign of the variables, must also effect the even permutations 
of the flats of P, . P) and P, have no common vertices. The same is true of P, 
and P,, Py and P;,..., Py and Py. But since P, is transformed into P 
(c=1,...16) by G,, we find for each pair P, and P,a different Gj the trans- 
form of the original Gg» by some collineation of G,. Hence 
(5)  Gasex9 contains a system of 1/2 27.16 conjugate Gy, any member of the system 
being defined as the group which leaves each of two pentahedra, having no common 
vertex, unaltered. 

The collineation S, is of period 4. Its square is 7 of the original Gy. 
Hence S, permutes P, and P, and with Gy generates a G') isomorphic with the 
symmetric group of five things. One such set of five things is P,, P,, P., Pi, P. 
which are the only pentahedra each containing a flat of P, and a flat of P,. If 
we call P,, P,, Ps, Ps, Py the pentahedra which arise from P, by changing the 
sign of the first, second, ..., fifth columns respectively we see that P,, P,, P,, 
P;, Py each contains one of the flats of P, and that P,, P,, P,, P;, P. each con- 
tains one of the flats of P,. Hence the first set of five pentahedra is permuted 
evenly by G4) and the same is true of the second set while the odd substitutions 
of Gi permute the two sets. 

(6) Hence in Gis there ts a system of 27.8 conjugate Gy) each of which is defined 
as the group which does not alter a set of two pentuhedra having no common vertex. 
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We consider now the following group of twelve pentahedra which divide 
into two sets of six, each in one set being paired with a “ partner’? in the other, 


D.= Py, Pi, Fi, Pr 
Fis Fis P;, F, 


Each P in the upper line has a flat and vertex in common with every P in the 
lower line except its partner. The choice of any pair determines the five others. 
The pair Py, P, being unaltered by a Gy) which simply permutes the other five 
pairs we can conclude that the entire configuration D, is unaltered by a Grup. 
We can easily construct a unique quadric which admits the original Gy namely 


v= p” + + + p (x12; + + Lyx, 
+ X42, + (7) 


But this passes through the vertices not only of P, but also of all the other 
pentahedra of D,. The equation in flats is the conjugate of (7) whence it 
touches all the flats of D,. (7) must be unaltered therefore by the entire Gi 
and be transformed by G25.) into only 36 quadrics. 16 of the 36 are obtained 
from (7) by using Gj. Forming (7) for the pentahedron P, we have 


+ a5 + pare 297022 (8) 
and applying 7 of Gi to this we have 
9” (xj + a5) 2922's (9) 


From the four quadrics (8) and (9) we obtain by the use of S the twenty 
remaining quadrics Q. 
(10) There are then thirty-six quadrics Q, each of which passes through the thirty 
vertices and is touched by the thirty flats of a D,. The flat and vertex forming an 
element of Q occurs in two pairs of D,. There are iN G99 36 conjugate G9 one 
corresponding to each Q and its inscribed D,. 

Another noteworthy configuration associated with /* and ¢‘ is a system of 
points V and flats F. One of the flats # has the equation 


a + pra, + = 0 (11) 


and is defined by the property it possesses of passing through 18 of the 45 DP. 


4 
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To find the number of the F' we observe that through one DP, e.g., 1, 0, 0, 0, 0 
pass at least 16 F, namely the four 


and the twelve obtained from these by changing the signs of their coordinates. 
Each of these sixteen passes through a “line of the desmic system of tetrahedra”’ 
in x, = 0, 7. e., a line of the system containing one vertex of each of the three 
tetrahedra. There are just 16 such lines, one in each of the 16 F. The line 
and DP do not fix the F, but it can easily be verified that through the DP and 
the line there can be only one F that contains 18 DP. Hence the number of 


the flats F is — = 40. They may all be obtained from the sixteen men- 
tioned by the use of S. 

(12) The 45 DP lie by 18’s on 40 flats F; the 45 DE pass by 18’s through 40 
points N whose coordinates are conjugate to those of F. No N lies on an F; no F 
passes through an N. In Go is a system of 40 conjugate G32, each having for 
invariant an F and an N. 

The Gyo) has been given * as a group in four variables containing as sub- 
groups the group Gz, in three variables. In our case the subgroup which leaves 
an F invariant appears in that three dimensional space as a collineation group 
projectively different from the ternary G,,,. The subgroup in F is indeed the 
group G2, of the three dimensional tetrahedral cubic a} + a3 + 23 + 2} = 0. 
We verify this as follows:—Assuming a flat F as invariant the remaining 39 
break up into a set of 12 and a set of 27. The set of 12 breaks up into 4 sets of 
three, each one of a set of three cutting Fin the same plane and the 12 therefore 
giving rise to a tetrahedron on F. Hence 
(18) The 18 DP on F lie by 9’s on the four planes of a tetrahedron in F; two 
planes pass through each DP, hence on each edge of the tetrahedron le three of the 
DP. The dual of this is true for an N. 

We also have that 
(14) The 40 F meet by 4’sin forty planes H. The 40 N lie by 4’s on forty lines L. 


* Maschke, Math. Annalen, p. 317. Further references are given there. 


0 
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The remaining 27 F above mentioned are thus accounted for: On each of 
three edges of the tetrahedron in F' that meet in a point are three DP which 
determine 27 planes, the planes of intersection of the 27 F with the invariant F. 
This is then exactly the configuration determined by the tetrahedral cubic 
surface. 

For later use we may note also that there is through every pair of points 
DP which do not form vertices of the same P a line containing a third DP con- 
tained in no pentahedra containing the first two DP. We may call such a set 
of three a “‘line-triad.”” As an example we have that the three points 


1, 0, 0, 0, 0 contained in P,, P,, P, 
I, 0, 1, P,, Fi, (15) 
—1, 0, 1, P», Ps, Ps 


lie on a line. The 9 pentahedra are determined however by a second “ line- 
triad ”’ for 

0, 1, O, O, O iscontained in Py, P,, Pz 


We shall say that one line-triad determines uniquely its ‘‘ conjugate line-triad.”’ 
The two lines are skew and determine therefore a flat, one of the forty F, 
+2, =0. In the two lines are opposite edges of the tetrahedron 
[see (13)] and hence a pair of conjugate line-triads determine uniquely two 
other pairs which are reciprocally related to it. We find in all 240 triads since 
there are forty ¥. But it is clear also that through a DP pass 16 line-triads 


5.16 


. 46. 
whence their number is oo 240. 


(17) There are then 40 sets of reciprocally related three pairs of conjugate line- 
triads. 

We have just seen that one line-triad, /, determines a conjugate and the two 
a flat F. In any flat F are 42 /’s, the six edges of the tetrahedron of (13) and 9 


42.40 


in each of the faces. Hence through each / pass “ap =" F, a number that is 
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easily recognized for each of the 42 lines in an F. Thus through the 7 of (15) 
pass the flats F’ 


We note that the first is singled out by lying in a pencil with each of the two 
sets of three. This first is exactly the / determined by the pair of conjugate /, 
(15) and (16). Hence 

(19) In each F are 42 1; through each lare 7 F which form tuo pencils of 4, the 
two pencils having a common F. Six | determine the same F, the six forming the 
edges of a tetrahedron in F. The forty tetrahedra arising from the forty F contain 
as edges all the 240 lines. 

Besides the 40 F we have in (14) a set of 40 conjugate planes H, the faces 
of the 40 tetrahedra in F, each face occuring in 4 # that form a pencil. Hach of 
the 40 H are unaltered by a Gs.;, and we wish to find whether it is contained in 
the set of conjugate Gy... already found. But the G3.;, of (12) has for invariant 
a tetrahedron in the invariant F and it is not difficult to show that the remain- 
ing 39 F under the subgroup which leaves a face of the tetrahedron unaltered 
break up into a set of three, a set of 9, and a set of 27 F, the members of any set 
being conjugate. None of the 39 are unaltered whence the group that permutes 
four # that form a pencil (@. e., that has for invariant an #) has no invariant Ff 
and is distinct from the G25 of (12). Since His common to 4 F'and in each F 
is a tetrahedron peculiar to itself it follows that the 12 7 in a face of the tetrahe- 
dron of an F lie in 4 triangles, each triangle belonging to the tetrahedron of one 
of the 4 #. Hence in H we have the configuration of triangles associated with a 
syzygetic pencil of cubics. 

(20) The Gory contains two different systems of forty G5.15. One is the system 
described in (12); the other is the system which has for invariant configurations the 
forty planes H or the forty lines L. In an invariant plane H, the invariant configu- 


ration is the same as that of the ternary Gy,. 


0 O 1 
0 p p 0 —1 
= (18) | 
0 1 0 
0 p —p 0 1 
0 1 O 
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We have obtained above the subgroups of Ga. of smaller indices. It is 
not intended to attempt here a complete classification of the various subgroups 
of Geox. But it is clear that for such a purpose the above representation of the 
group is well suited. The variety of geometrical figures that belong to certain 
subgroups and that are of simple projective character is very great. For 
example, besides the flats F through 18 DP and the flats DE through 12 DP, 
there are flats of the type x, + 2, + 7; +2, + 2;= 0 through 10 DP, flats of the 
type x. + x,—= 0 through 7 DP, and flats of the type 2, + 23 +a,—=0 through 
6 DP. Also the 40 points N, dual to the F have barely been mentioned. 

That G59, abstractly considered, is isomorphic with the group of the 
equations of the 27 lines of a cubic surface has long been known.* A few 
simple correspondence principles permit of deriving the more important proper- 
ties of these 27 lines from the configuration described above. These are :— 


(a) Toa lne 2 of the cubic surface corresponds a pentahedron P. 


(6) To two lines 2 which intersect (lie in a plane £) correspond two pentahedra P 
with a common vertex, a DP. 


With the aid of (a) and (0) the collection of facts concerning the 27 4 given 
in Pascal’s Repertorium? can be obtained without difficulty from the properties 
of the 27 P. Thus from the fact that each P has 5 vertices and each vertex 
belongs to 3 P we see that 
1° There are 45 & each containing 3A. Each A occurs mm 5 «. 

P, has a vertex in common with P,, ...., P, and P,, ...-., P, but not 
with P,,..--, Py. Hence 
2° Kach 2 cuts 10 other 2 and does not cut the remaining 16. Two A that do not 
cut will both be cut by 5A, each be cut by 5 other A, and neither be cut by the remain- 


ing 102. 
The latter part of this is evident from the fact that P, and P, have a vertex 
in common with P,, ...., P., that Py) has one in common with P,,...., P., 


and that P, has one in common with P,, P,, Ps, P;, Py. From (6) we have 
3° There are 216 skew-pairs ?2.. 

The existence of the D, (p. 50) shows that 
4° There are 36 ‘ double-sixes.”’ 


* Jordan, Traité Des Substitutions, p. 316. 
+ #. Pascal, Repertorium Der Hoéheren Mathematik, IJ, p. 284. 
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From the double sixes we can pass at once to the various systems of non- 
cutting lines mentioned by Pascal. That the quadric Q (7) has the same form 
as fifteen others but a different form from that of the twenty (8) and (9) leads to 
the theorem 
5° A double six has 44 in common with each of 15 others and 6A in common with 
each of 20 others. 

Two DP not contained in a P lie on a line with a third DP; this line 
determines another such that the mine P having vertices at the 3 DP are the 
same for the two sets of three. There are 120 such line pairs. Hach pair 
determines an F and in Fis one of the three pairs of opposite edges of a tetra- 
hedron. The 18 points on the six lines are the vertices of 54 P, each of the 27 
P occurring twice (see (15), (16), (17), (18), (19)). The translation of the above 
results in 
6° Two € having no % common to each determine a third «, no two of the three 
having a 2 common to each ; 9A in the 3¢ are contained similarly in a second set of 
three «. The two sets of 3¢ are called a “‘ pair of conjugate trihedra.”’ There are 
120 such pairs. Any one pair of conjugate trihedra determines two other pairs 
such that the complex of three patrs contains the 272. There are 40 such complexes. 


Finally, the considerations which led to the second svstem of 40 conjugate 
G30, may be translated as follows :— 
(21) A complex of conjugate trihedra-pairs contains 18¢. These 18¢ may be 
divided in four ways into two sets of 9, a set A and a set B such that the set A con- 
tains the 272 and the set B contains the 272. There are 160 sets A and 160 sets B. 
The 160 sets A are each common to a group of 4 complexes. There are 40 “ com- 


plex-groups of four,” i.e., 4 complexes having a set A of 9¢ common. However, no 


two complexes have a set B of 9¢ common. 
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On Some Cases of Motion of a Solid in Infinite Liquid. 


By G. Ko.osorr. 


The present paper contains some elliptic-function solutions of the motion 
under no force of a solid in infinite liquid of the same character as considered by 
Mr. A. G. Greenhill in Vol. XX and XXVIII of the American Journal of Math- 
ematics, but for a body of different external shape. 

(1) The external shape of the body is that considered by Clebsch in Mathe- 
matische Annalen III with the form of the kinetic energy* 


= + + + + drys + b5y5 


where 
1 1 1 1 1 he 
With the six dynamical equations: 
dx, oT OT dy, oT, oT oT oT 
di — + at — — Yay, + Hedy, 


we arrive immediately at the three integrals: 


2T = const. = + + const. = m (2) 
+ + = const. =n 
and the fourth integral of Clebsch : 
+ + byagy3 — + + a,a,x3) = const. = k. (3) 


In particular cases m= 0 and 6,=6,= 6; this motion is expressible by the 
double-theta hyperelliptic function.t The most general case was reduced by 
F. Kétter to the case 6, =6,=6,, but his investigation contained mistakes as 


* The notation employed is that of the paper of Mr. A. G. Greenhill. 
+H. Weber, Mathematische Annalen XIV. F. Kotter, Crelle, t. 109. 
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shown by the investigations of the Russian mathematicians A. Liapounoff and 


W. Stekloff.* 
Let us suppose that the constants in the expression of the kinetic energy 


satisfy besides (1) also the conditions : 


1 1 1 
(4; < and &; < 


3 
Then (a; a.) = (a3 — a) and (a; — az) b, = (a3 — ap) (b, — 
From the integrals (2) and (3) we have: 
b 2 2/2 2 2 
2 (a; (xj + (b3y5 + ) (ta, k—n (a3 + ) 
3 2 


Let us suppose 
la; + n (az + aya). 


The differential equations admit then a fractional integral : 


== conet. =f. 
(43 — az) — 


Besides this integral the fundamental integrals give us the integral 


L3 — = y3 = const. = 
Bearing in mind that 
+ a3)” — + = — 
where 


(a; — = + V4, (a; —a;), 
and taking into consideration the integral 


xi + 23+ = const. = n 
we deduce 


d. 2 9 9 9 9 \o 
= — = (n — 23)? — I” ((as — Ay) x3 — (5) 


*W. Stekloff. On the motion of solid in infinite liquid. Charcow, 1893 (in Russian language). 


1 1 1 
+ The cases = + = can be treated similarly. 


b, 2 bs 
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But from the integrals (2) and (3) we deduce 


(a, — dg) + (6, — byyj = b.b,y3 + T., where = nb,a; — 
and (5) takes the form 
dics 2 

= = &(n— a3) —T (6) 

since 
(a3 — ay) — = (a, — ag) 6, (7) 
and 
(a3 — x3 — = — = ((a, — dy) + b, (6; — b.)yi) 
9 


| 2 “aye (a, —T,)? + r) 


and therefore 


= - = et + const., 
2\9 Ay a a 2 


dxs 
et 
et + const., 


where a, (, y are constants. 
From this we can conclude that the problem may be reduced to elliptic 


functions. 
I have shown* that the motion in this case can be resolved into two 


motions 4 la Poinsot and that the elements of the motion can be expressed by 


Weierstrassian Sigma Functions. 


*In my Russian paper ‘‘On Some Modifications of the Hamilton’s Principle ’’ this solution is developed 
and discussed. A short account of this paper is given by Lampe in « Forschritte der Mathematik,’’ 19038. 


| 
| 
and from (4), (6): 
or 
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As individual cases of this theory we may regard and reduce to elliptic 
functions the following cases : 


(A) yb, = exe, 
(B) = — ex, 
(C) yb, = 
(D) —ex,, 


We may deduce these solutions immediately from the six differential equations. 
without using the integral (3*). Let us suppose (A) Yb. = 
The first three differential equations of the problem take the form: 


The 6th equation gives 
Y3 = const. = 0, 
the 4th and the 5th become 


1 


6,)b 


1 


and coincide with the first two equations (8), by (7) and by the relation 
(a3 — = (a3 — = 


The integrals (2) take the form 


+ 


and we have 
dit 
dt 


Therefore the problem is reduced to elliptic functions. In the same manner 


) = — 23)? — 4b3(m — 


Yobs = Ex, 
= — 
= — | 
= 
da 
= — €X 4x3 
dz. 
dx 
= eat — | 
d. b,(a, — a: 
oj 
b. mb 
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we can investigate the case B. Let us suppose (C) yb, = ea, Yyob, = — ex. 
The differential equations of motion take the form: 

d 

dx 

(9) 

2&2 

dy: 

= 2(a, — ay) 


The other two equations coincide with (9) in the same way as in case A. 
The integrals (2) and (3) are reduced to 


a + a+ 

(10) 
b 

= 


Instead of one of these integrals we can take the integral 
Ay az) Y3€ — const, = (11) 


which follow at once from the differential equations (9). 
Then 


dx 


and with (11) the problem is reduced to elliptic functions. 

The case D can be investigated in the same way as C. 

(II). As is probably already known, lately the Russian mathematicians, 
W. Stekloff and A. Liapounoff discovered two new integrable cases of motion 
of a solid in infinite liquid (under no force) which A. Clebsch did not discover 
because of an error in his calculations. 

In these cases the problem may be also reduced to ultra elliptic functions, 


48 
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but in particular cases to simple elliptic functions. In Stekloff’s case the 
kinetic energy is expressed by the formula: 


27 = + ai) + + ary? 
and the differential equations appear as follows: 


a AgXeY3 — — Qj (a; — Qe) 


Ay — — (a, — as) 


X3 


d 
= YoY3 (dg — Ay) — TA; (Az — Ay) + + 
= Ys (4 — — Ty (Ay — Ag) + + 
d + 2° (as — (aga, — a3) 

= (dy — A) — Tag (ay — A) + + 

+ °(a, — ag) — 45) | 

and admit a 4th algebraical integral of W. Stekloff: 


> (a, — 2a, — 2az) xi + — yj const. 


(a3) 


These differential equations admit a particular solution 
= T (A, — as) Ys = (a, — As) (13) 

since the equations (1), (2), (4), (5) of the system (12) can be reduced by (13) 

to two differential equations 
dx, 


dz. 

= — + Taz (A, — Ay) 
and the equations (3) and (6) give 

dx, 


a= (A, — Ae) 


= 21” (a, — ay) a; (2a3 — a, — az) 


*In the same manner can be treated the solution: y, = 7 (a, —a,)z, y,=7(a,—a,)z, and the solution 


y, = 7 (a,— ay) 


— 
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The system (14) admits the integrals: 


xgt (2a; — — + — 


where n, I’, I’, are the constants of integration and we obtain : 


= (a, — ay) (n — 23) — az) 


(Az — (2a;— ay 


373 


(15) 


and by (15) the problem is reduced to elliptic functions. The motion in this case 


can be also resolved into two motions 4 la Poinsot. 


In Liapounoff’s case the kinetic energy is expressed by the formula: 


27 = + + , 


and we obtain the differential equations of motion in the form: 


= = — Yots) + (C3 — Cz) 
= — + (1 — 
= (¢ — a + + 


d 
(¢ — mays + + 


d 


(16) 


and admit besides the three known integrals (2) the integral of A. Liapounoff: 


+ + by,)” = const. 


a+ 
(dg — (2as — a, — a2) 
| 
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The differential equations (16) admit a particular solution : 
C3; C;—C 
As before, in Stekloff’s case, we reduce the system (16) by (17) to four equations : 


The integrals of this system of differential equations we obtain in the form 


and we find 


= (¢,— a) (n — 22) 


By (18) the problem is, as before, reduced to elliptic functions. The motion 
in this case can also be resolved into two motions 4 la Poinsot, These solutions 
are connected with some pseudo-elliptic integrals. 

For instance let us consider the solution A of the case I. We have: 


= Yabo = Y3=cConst.= ari 


x3)?» — 4b2 3( @2'3)”. 


*The solution y, = 4 = 15° z, and the solution y, = z, can be 


treated in the same manner. 


dx 
da 
d: 
= 2(¢ — C1) 
2c. 
+ 
1 — (2c; — — C2) ¥s 
— 
| yp + =P, (18) 
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Let us suppose that the axis Z fixed in space coincides with the axis of impulse 
and the position of the axes of x, y, z fixed in the body is given by the three 
Kuler’s angles 6, ¢, y. Let p, g, r be the components of angular velocity in the 
directions of the axes of x, y, z. Then 


dy 
sin’ a (pa, + ga») 
But 
ar _, ar_, 
therefore 
dt  ° x5 
But 
1 
(x, + tax) =— sinfe—*” 
so that 
+e ix 
We can conclude from this that the integrai 
— 2x3m + wx} dx, 
N— (n — x2)” — 463 (m — was)” 
is pseudo elliptic and 
In — 
& (n — 23)? — 483 (m— ony) + (m — cats) 
=~ Jn — 


This result can be verified by differentiating; and similar pseudo-elliptic integrals 
can be written also in the other cases. 

Regarding investigations of Mr. Roger Liouville* I very much doubt that 
he really found a new integrable case of motion of a solid in infinite liquid as in 


* Comptes rendus, 1596, II sém. 
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the case of the problem of rotation of a heavy body about a fixed point, where 
he professed to have found a new integrable case. On the strength of which 
statement this case was entered under his name in different text books.* 

In 1898 my attempts to find integrals of the 8th and 12th power 
according to his method failed completely, as did also the attempts of Prof. 
S. Tshapliguine in Moscow. Whenever I succeeded in getting an integral 
according to Liouville’s method it always turned out to be simply a reduction 
of already known integrals and only gave a new integral in the case of Mme. 
Sophie Kovalevsky. In the just published (January, 1906) article by Husson 
in the ‘Annales de Toulouse” this theorem is generally proved and so the 
integrable case of R, Liouville of rotation of a heavy body about a fixed point 


no longer exists. 


JuRJEW (Dorpat), Russia. 


*Appell. Traité de mécanique rationelle, ¢ II. 


On the Arrangement of the Real Branches of Plane 
Algebraic Curves. 


By V. RaGsDALE. 


Introduction. 


In the consideration of any problem relating to the number and arrange- 
ment of the real branches of plane algebraic curves, the division of circuits into 
the two classes odd and even is of fundamental importance.* An odd circuit can 
be met by a straight line in an odd number of points only; an even circuit in an 
even number of points. Two odd circuits have an odd number of intersections ; 
an even and an odd circuit, or two even circuits have an even number of points in 
common. Hence, as Zeuthen shows (Sur les differentes formes des courbes planes 
du quatriéme ordre, Math. Ann. VII, 1873, pp. 410-432), a non-singular curve 
of even order must be composed entirely of even circuits, and a non-singular 
curve of odd order must have one circuit odd and the rest even. 

In a paper published in 1876 (Ueber die Vieltheiligkeit der ebenen algebra- 
ischen Curven, Math. Ann. X, pp. 189-198) Harnack proved that a curve cannot 
have more than p+ 1 circuits, where p denotes the genus of the curve; also 
that for every value of p, a curve of some order does exist having p + 1 real 
branches. In particular, if p be of the form 4(m—1) (mn — 2), there exists a 
non-singular n” with $(n — 1) (n— 2)+1 real branches. Later, Hilbert (Ueber 


* Von Staudt, Geometrie der Lage, 1847, p. 80. 

ft Zeuthen (loc. cit. p. 426) proves the existence of a quartic circuit with two double points, which is met 
by every straight line in at least two real points, and hence can not be projected into the finite part of the 
plane. Cayley (On Quartic Curves, Collected Papers, V. op. 361, 1865) points out that the sextic may be com- 
posed of one non-singular circuit which is met by every straight line in at least two real points. AndC. A. 
Scott (On the Circuits of Plane Curves, Transactions of the American Mathematical Society, 1902) establishes 
the general theorem as to the existence of circuits that cannot be projected into the finite part of the plane. 
In the following pages, however, the only circuits that present themselves are those which can be projected 


into the finite, and for these the term oval is here employed. 


| 
| 

| 
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die reellen Ziige algebraischer Curven, Math. Ann. XXXVIII, 1890, pp. 115-138) 
considered certain possibilities of arrangement for the circuits of a non-singular 
n” when the maximum number of branches is present, and Hulburt (A Class of 
New Theorems on the Number and Arrangement of the Real Branches of Plane 
Algebraic Curves, American Journal of Mathematics, XIV, 1892, pp. 246-250) 
extended Hilbert’s theorems to certain cases of curves with double points. 
Hilbert proved that for n even, not more than $(n— 2) of the p+ 1 ovals can 
be nested ; that is, so situated that the first lies inside* a second, the second 
inside a third, and so on; and that curves of even order do exist having p+ 1 
ovals, (nm — 2) of which are nested; similarly, that for m odd, not more than 
3(n — 3) ovals can be nested, if the maximum number of circuits is present, and 
that curves of odd order do exist having p+ 1 circuits, 4(n — 3) of which are 
nested ovals. 

A footnote to this paperf contains the statement that if the non-singular 
sextic have its maximum number of branches, eleven, these cannot all lie external 
to one another. Hilbert speaks of the process by which he arrived at this con- 
clusion as “ausserordentlich umstandlich,” but no hint as to the character of 
the argument is given, and no proof of the statement has ever been published. 
However, if such a limitation on the arrangement of the ovals does exist for the 
6, there arises at once the question as to the existence of a similar limitation 
for all non-singular curves with the maximum number of branches. For curves 
of odd order no such restriction holds,—at least, in the form stated by Hilbert,— 
for it can be shown that a non-singular curve of odd order may have the maxi- 
mum number of circuits with every oval lying outside the others. For the dis- 
cussion of the question for curves of even order, however, itis convenient to cast 
Hilbert’s statement into a slightly different form. 

For the two types of the 6” given by Hilbert, the only types that can be 
derived by his method of generation, the arrangement of the ovals is the 
following : 

(1) An oval O; 1 oval inside O, and 9 outside. 

(2) An oval O; 9 ovals inside O, and 1 outside. 

It is seen that the numbers of ovals “‘inside’”’ and ‘‘outside”’ are interchanged 
in the two cases, and the natural inference is, that the law of arrangement to 


* For the definition of ‘inside’ and ‘‘outside’’ of a closed circuit see Von Staudt (7. c. p. 90) and Zeuthen 


(1. c. p. 410). 
tl. c. pp. 118-119. 
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which the ovals are subject, is independent of the distinction between the 
“inside”’ and “outside” of a closed circuit, as defined by Von Staudt and 
Zeuthen, and, in fact, is based on no distinctive or permanent property of any 
one region of the plane. Thus the division of the plane by the curve u=0 
into regions where wu is positive and regions where w is negative offers a more 
promising basis for investigation of the problem, because of the element of arbi- 
trariness introduced in ascribing to a certain region the positive rather than the 
negative sign. Suppose that the curve is non-singular and of even order, and 
that all its ovals have been projected into the finite. According to the usual 
convention let the sign be determined so that the expression w is positive at 
infinity. A region where w is negative may be a region bounded by a single 
circuit as in Fig. 1, or a region bounded by two or more circuits as in Fig. 2. 


Each additional boundary introduces a new positive region. If such a boundary, 
or an oval which cuts off in the midst of a region where wu is negative a region 
in which w is positive, be called an internal oval, and an oval which cuts off in 
the midst of a region where wu is positive a region in which w is negative, an 
external oval, Hilbert’s statement can be expressed as follows: If the non-singu- 
lar sextic have tts maximum number of branches, at least one of the eleven ovals must 
be internal ;—that is, not more than ten of the eleven ovals can be external. 
There is as yet no formal proof forthcoming for this statement in either its original 
or altered form, but as curves of higher order are investigated a most interesting 
law governing the arrangement of the ovals presents itself so persistently, and in 
curves of such widely different types, as to give strong reasons for belief in the 
existence of a general theorem. It is found that the 8", 10”, 12, 14%,........ ‘ 
with the maximum number of circuits, will have respectively 3, 6, 10, 15,...., 
or more internal ovals, And in general, if the non-singular 2n” have the mazi- 
mum number of branches, at least 4(n —1) (n— 2) of the p+ 1 ovals must be 
internal ; or not more than n® + 4(n — 1) (n— 2) can be external. 


49 
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As will be shown later, the only processes by which curves with the maxi- 
mum number of branches have been derived, yield curves of even order whose 
circuits conform to this law of arrangement. These are the two processes em- 
ployed by Harnack and Hilbert. The Harnack process offers two modes of 
generation, each of which determines a distinct law of arrangement for the cir- 
cuits of the derived curve C;,,; but these two laws and all modifications of them 
which arise from combinations of the two modes of generation differ only in the 
distribution of the internal ovals. The number in every case is 4(n — 1) (n— 2). 
For example, of the 22 ovals of the 8”, 3 are internal, though these 3 may be 
distributed in two ways (Fig. 34) .)). Of the 37 ovals of the 10”, 6 are internal, 
though these 6 may be distributed in four ways (Fig. 3,4), «,¢7),@): 

The Hilbert process gives less simple arrangements of the circuits. Hilbert’s 
own statement is, that if the 2n** have the maximum number of nested ovals, 
nm—1, the remaining ovals must be external to one another and may be dis- 
tributed in various ways in the annular regions bounded by two successive nested 
ovals, and in the region lying outside the nest. It is shown (p. 389) that the 
simplest arrangement of these remaining ovals is represented by the following 
scheme, which gives the number of ovals in the annular regions, beginning with 
the innermost ring, 0, 2, 4, 6, 8,....2n~—10, 2n— 8, 2n— 6; the other ovals 
lie outside the nest entirely. In this case the number of internal ovals is exactly 
3(n—1) (n—2). But for all curves of order 2n(2n >6), the process gives 
choice of three distinct modes of generation, and hence affords various possibili- 
ties for the arrangement of the circuits. It is still true, however, that no type 
of 2n obtained has less than $(m — 1) (n — 2) internal ovals. 

Both these processes are based upon the principle of small variation from 
a special degenerate curve. This reducible curve is composed of an m—k* 
with the maximum number of circuits and an auxiliary curve of order & which 
bears a certain specified relation to the m—k*. The m* obtained has the max- 
imum number of circuits, and bears a relation to the auxiliary curve similar to 
that possessed by the m—k*. The two methods differ only in the type of 
auxiliary curve employed. The Harnack process is characterized by the use of 
the straight line as auxiliary curve; the Hilbert process by the use of the ellipse. 
Hulburt has proved* that in the generation of curves by the method of small 
variation, the only auxiliary curves that will yield the maximum number of 


p. 250. 
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branches on the derived m”, are the straight line and the conic; that is, the 
only processes of this type that will give curves with the maximum number of 
circuits are the Harnack and Hilbert methods, and modifications of the Hilbert 
method due to the use of other conics as the auxilary curve. Hence if all non- 
singular curves with the maximum number of branches are obtainable by the 
method of small variation, the law which expresses the arrangement of ovals for 
curves derived by the Harnack and Hilbert processes becomes a general law, and 
holds for all curves of even order with the maximum number of circuits. But 
whether the law is of perfect generality or not, it is of interest to investigate 
more fully the various types of curves that can be derived by these different 
methods. 


CurvVES WITH THE MAximuM NuMBER OF BRANCHES DERIVED BY THE HARNACK 
AND HILBERT PROCESSES OF GENERATION. 


Curves Derived by the Harnack Process.—Let C,_, be a non-singular curve 
of order n — 1 with the maximum number of circuits, and let a straight line v 
meet one circuit of the curve in m— 1 real and distinct points which have the 
same order of succession on C,,_, as on v. Harnack shows then that by a proper 


choice of § and the straight lines, 4, 4, C.=v.G4+6 7, = 0 can 
i=1 


be made to represent a curve of order n having properties corresponding to those 
of the n— 1”. Certainly for n= 3, such an n — 1” exists; viz., a conic cut in 
two real points by a straight line v. Let three lines d,, /,, 7; be chosen so that 
they cut the infinite segment of v. Then the cubic represented by the equation 
= 0 will pass through the intersections of C, and v with and 
for a small value of 6 will have the maximum number of circuits, two. More- 
over, the infinite branch is cut by the straight line v in three real points (Fig. 1, 
Plate I). The quartic can be derived from the cubic in the same way. Let the 
lines 1,, 0,, 73, 2, be so chosen that they cut the same segment of v; then for a 


t=4 
proper choice of 6, the equation, C,= C;.v + 5.11 /; = 0, will represent a quartic 
t=] 


with four ovals, one of which meets v in four real points (Fig. 2, Plate I). 
Similarly, the quintic with the maximum number of circuits can be obtained from 
the quartic, and the sextic from the quintic, and so on. 

The restrictions imposed on the n—1“, viz.: (1) That the n— 1” must 
have the maximum number of branches, (2) that a straight line v must cut C,,_, 


. 
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in n—1 real and distinct points, (3) that all these points must lie on the same 
circuit of C,_,, are necessary in order that C,, may have the maximum number of 
branches. Let that circuit of the n—1” which is cut by v in n—1 real 
points be called the generating circuit g,_,. Restrictions (2) and (3) require 
that g,-, be the infinite branch, if m—41 is odd. There are also certain 
restrictions that must be imposed on the lines J,, J,, ,....l, The points in 
which C, cuts v are determined by the points common to wv and the lines 
l,, 2, If an odd number of these lines cut any finite segment determined 
on v by C,_, (n odd) or any segment (n even) the number of circuits of C, falls 
short of the maximum number. It is clear that by admitting imaginary lines 
there can be obtained from the given n — 1", n’* with the maximum number of 
branches, and cut by v in 0, 2, 4,....or m real points if m is even, or in 
1, 3, 5,....m real points if m is odd; and also that these points of intersection, if 
more than two, may lie on different circuits. But for the generation of the 
n+ 1” with the maximum number of circuits from the n® all the intersections 
of C,, and v must be real and lie on the same circuit g,. Hence the straight lines 
l, 4, %,.--.-, must be chosen to cut the same segment of v, and in m real and 
distinct points. If is odd, this segment must be the infinite segment; ifn is 
even, the segment may be any one, finite or infinite. The general arrangement 
of the circuits of the x” with the maximum number of branches is the same 
whether the intersections of C,, and v are all real and lie on the same circuit or 
not. The difference in the two cases manifests itself in the number of branches 
on the n+ 1 and curves of higher order derived from the n. Hence, in con- 
sidering the different types of n“* with the maximum number of branches, it is 
necessary to take account only of those cases where the lines 4, J,,...-./, are 
subject to such restrictions as allow the process to be continued. 

In the generation of the quintic from the quartic (Fig. 3, Plate 1), one 
circuit of C; must cut vin four points. Of the four segments of g,, two with their 
corresponding segments of v give rise to two ovals lying external to one another. 
Of the other two, one, together with the infinite segment of v, generates the 
infinite branch of the 5"; the other, with its corresponding segment of v, produces 
an oval on the 5”, which must lie in one of the regions bounded by a segment of 
v and a segment of the infinite branch of C; (Fig. 3, Plate I). Hence the 6% 
arising from this 5“ must have one oval lying inside another ; the other ovals 
are external, five representing the five remaining ovals of the 5”, and four gen- 
erated by the other segments of v and the infinite branch of C; (Fig. 4, Plate I). 
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Though with reference to the arrangement of the circuits there is only one 
kind of 6” obtained, there are with regard to the 6” two essentially different 
positions of the lines J,, /,,..../, which are of importance in the generation of 
curves of higher order. According as these lines cut that segment of v which, 
together with one segment of C;, encloses a region containing an oval, or one 
of the other segments, the generating oval encloses (a) one other oval (Fig. 4, 
Plate I), or (6) includes no oval (Fig. 5, Plate I). 

From the 6% of type (a) is derived a 7° with the maximum number of 
circuits each oval of which lies external to the others ; from the 6” of type (0), a 
7” with the maximum number of branches and with two ovals nested. It is 
seen from Figs. 4, 5, Plate I, that of the six segments of g,, three lie on one side 
of v and with segments of v give rise to three ovals on C, which are external to 
one another; but of the other three, two lie in the region bounded by the third 
and the finite segment 2, x, of v. This third segment of g, and the infinite seg- 
ment 2,2, of v give rise to the infinite branch of the 7%. The other two 
segments, with their corresponding segments of v, generate two ovals external to 
one another, but situated in one of the seven regions formed by the intersections 
of g,and v. In this region must lie also the representative of the oval, if any, 
which is encircled by the generating oval. Hence the 7” of the first type must 
have three ovals lying in one of the 7 regions bounded by a segment of v and a 
segment of g;, and the 7° of the second type (the one that has the pair of nested 
ovals) must have two ovals lying in one of these seven regions. In both cases 
the remaining six regions contain no ovals ; the arrangement of the other ovals is 
similar to the arrangement of those on the sextic from which they are derived. 
Hence the 8" generated by the 7° of the first type will have one oval which encloses 
three others. There is only one type of 8” obtained, but the generating oval may 
be that which encircles three others, or one which includes none. Thus, in 
passing to the 9”, there is a choice again between two modes of generation. The 
8° generated by the 7 of the second type has one oval enclosing two others and one 
including a single oval; and two cases arise as before, according as the generating 
oval is the oval which encloses two others, or one which includes none. Hence, 
just as two types of the 7” were derived from the one form of the 6“, two types 
of the 9” are generated by each of the two forms of the 8”. 

By exactly the same argument it can be shown that each type of the 
2m — 2” gives rise to two types of the 2m — 1”, determined by the character of 
the generating oval, gom—2, Which may enclose a number of other ovals or may 
contain none at all. But since in the generation of the 2m‘ from the 2m — 1* 
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the straight lines /,, ,,....4,,—; must cut the infinite segment of v, each type of 
the 2m — 1“ can give rise to only one type of the 2m‘. In this way two types 
of the 2m‘ arise from each form of the 2m — 2” (2m > 6), and as the process is 
continued (2m = 8, 10, .... 2m) there will arise 2"—* types of the 2n°°. These, 
however, do not differ in the number of internal ovals. For with the exception 
of the ovals derived from v and the infinite branch of C,,,_,, the arrangement of 
the ovals of the 2n” is similar to that of the 2n—1*. The infinite branch of 
C.,, and v form 2n — 1 regions, each bounded by asinglesegment of C;,,_, and 
a single segment of v, and in one of these regions must lie the representatives of 
all the ovals, if any, included by the generating oval of C,,_., as well as 
3(2n — 2)—1 of the 2n — 3 ovals which arise from segments of g.,_, and v. 
No other of the 2n — 1 regions contains an oval. Hence the oval on the 2n“ 
derived from the segments of C,,_, and of v which bound this region, will include 
n — 2 ovals and also those representing the ovals which were contained by 9, _». 
Thus whatever be the type of 2n*, the number of its internal ovals exceeds by 
n — 2, the number on the 2n — 2”. 

For the 6” the number of internal ovals is 1, 

for the 8", 1-4 2, 

for the 10",14+2+4 3, 

for the 12",1+24 34 4, etc. 

Hence on every curve of even order (2n) with the maximum number of circuits 
there arel1+2+3+4+4.... +n—4+n—3+7— 2, i.e. }(n—1) (n— 2) 
internal ovals, and hence n” + $(n — 1) (n — 2) external ovals. 

Though the number of internal ovals is the same for all 2n‘* thus generated, 
the distribution differs from type to type. If on each 2m (2m = 2,4,6,.... 
2n — 2) from which the 2n” is derived the generating oval be one which contains 
others, that is, if the first mode of generation be used throughout, all the internal 
ovals lie inside the same oval (Fig. 3 a), @))._ If, however, the generating oval be 
one which encloses no other, then among the additional circuits formed in passing 
from a curve of order 2n — 2 to a curve of order 2n, there is just one oval which 
includes others, and this contains »— 2. Thus the 2n which is derived by the 
second mode of generation throughout has its internal ovals distributed in n — 2 
different ovals, in groups of 1, 2, 3, 4,...-.n— 38, n— 2 (Fig. 3 wig) «o)). Com- 
binations of the two modes of generation afford (2”—* — 2) other arrangements of 
the internal ovals, but there are certain restrictions to which the distribution is 


subject. No set of 1, 2, 3, ...., 2 — 2 ovals can be separated, and combinations 


can be made only of successive sets (Fig. 3 (5), @, (n))* 


6ic 


Sic 


10ic 


12ic 


(a) 


(b) 


(c) 


(d) 


(e) 


(f) 


(9) 


(h) 


(7) 


(k) 


(1) 


(m) 


(n) 


(0) 


9 external 


16 external 


16 external 


25 external 


25 external 


25 external 


25 external 


36 external 


36 external 


36 external 


36 external 


36 external 


36 external 


36 external 


36 external 


Branches of Plane Algebraic Curves. 385 


ovals + (S) 


ovals + CG 
van + 6) 


ovals + OOOO 


ovals + OOO 


ovals 


m+ 


OQ 


ovals +§ 


+ SSSSSSOS GS) 
ovals + DO 


- 


DO 
ovals 
+ 


Fic. 3. 


RaGspDALE: On the Arrangement of the Real 


If the non-singular curve of even order has not the maximum number of 
circuits, the question arises, whether in this case the number of external ovals 
can exceed n? + 3(n—1) (n— 2). The generating oval of C2,_, with v gives 
rise to the infinite branch of C,,_, and to 2n — 8 ovals, n — 2 of which become 
internal ovals on the 2n". The remaining n — 1 ovals, and all additional ovals 
arising from g.,_, and v become external ovals. It is obvious that the 2n — 2 
straight lines /,, l,, 1s,...+ln—2 could have been so chosen that the position of 


Jon —2 With regard to v would have been that indicated by Fig. 4, and hence that 


(n=5) 


Fig. 4. 


none of the n — 2 internal ovals would have appeared on the 2n". This is the 
only way, however, in which the presence of internal ovals can be prevented 
without decreasing the number of external ovals, and this method admits of no 
increase in the number of the latter. Hence the conclusion can be drawn that 
no 6“ derived by the Harnack process, can have more than 10 external ovals, 
no 8* more than 19 external ovals, no 10” more than 31,...,no 2n* more than 
n® + 4(n—1) (n — 2), even though the number of circuits on the curve be less 
than the maximum number. 

In support of the statement that on curves of odd order, the ovals may be so 
arranged that each lies outside the others, it was seen (p. 383) that from the 
6 whose generating circuit included another oval, a 7” can be derived whose 
ovals lie external to one another. And in general from every 2n‘° whose 
generating oval includes all the internal ovals can be derived a 2n + 1”, all of 
whose ovals are external to one another. For as C,,,, is generated from C;,, 
the generating oval opens out, so to speak, to form with the infinite segment of », 
the infinite branch of the 2n + 1”, thus leaving the ovals which it contained 
free of any encircling oval. 

Curves of Even Order derived by the Hilbert Process.—For the types of 2n‘* 
which present themselves by the Harnack process, all the ovals which lie 
‘inside’ others satisfy the definition of ‘‘internal”’ ovals. Not so for curves 
with nested ovals; for within the annular regions bounded by two successive 
ovals of the nest, beginning with the outermost ring the expression, (,,, is alter- 
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nately negative and positive. The internal ovals, then, are to be looked for only 
in these negative regions, that is, in the 1st, 3rd, 5th, .... ete., from the outside. 
The circuits lying in the 2nd, 4th, 6th,.... regions lie ‘‘inside’’ certain ovals 
but are themselves external ovals. 

It has already been mentioned that the Hilbert method of generating curves 
with the maximum number of circuits, differs from the Harnack process only in 
the use of the ellipse instead of the straight line as auxiliary curve. The process, 
as given by Hilbert, applies to curves of both odd and even orders, but here 
only curves of even order will be considered. Let C,, be a curve of even order 
with the maximum number of circuits, p +1, and the maximum number of 
nested ovals, m — 1; and assume that an ellipse, #,, can be drawn to enclose one 
or more of the nested ovals and cut one of the non-nested ovals, g.,, in 4n points 
which have the same order of succession upon C,, as upon the ellipse. On a 
segment, S, of £,, but not that which with a segment of g., encloses the one or 
more nested ovals inside the ellipse, let 4n + 4 points be chosen and through these 
points let 2n + 2 straight lines, 1,, J,,..-.-lon42, be drawn, connecting the first 
point with the second, the third with the fourth, and so on.* Then for a small 


i=2n+2 
value and the proper sign of the equation C,,. #,+ 6. II /;=0 represents a 
i=] 


curve of order 2n + 2, which has the maximum number of branches, p + 1, the 
maximum number of nested ovals, n, and satisfies all other conditions analogous 
to those assumed for the 2n“.f Hence if a 2n” exists satisfying the assumed 
conditions, from it can be derived a 2n-+ 2”, subject to similar conditions, 
from this a 2n+ 4”, and soon. For the case 2n = 4, such a curve does exist. 


*It can be seen, as in the preceding method, that the assumptions made for the 2n* are necessary for the 


maximum number of circuits, or for the maximum number of nested ovals on the 2n + 2%, or for the continua. 


tion of the process beyond the generation of C,,,,,. The assumption that the ellipse must enclose at least one 


of the nested ovals and the restriction made on the segment, S, are not given by Hilbert but are shown by 
Hulburt (Topology of Algebraic Curves, Bull. N. Y. Math. Soc. I, 1891-2, p. 197) to be necessary for the continuation 
of the process. Otherwise the curves of higher order would not have the maximum number of nested ovals. 
The restriction of the 4n + 4 points to the same segment is necessary in order that curves of order >2n + 2 
may have the maximum number of circuits. 

+ With the exception of the oval, g,,, each circuit of C,, gives rise to a circuit of C,,,.. Also the boundaries 
of the 4n regions formed by the intersections of g,, and #. generate 4x ovals. Hence the total number of 
branches = 1(2n —1)(2n —2)+4n=p+1. The ovals arising from the nested ovals are nested, and one of the 
4n ovals generated by the segments of g., and # is itself a nested oval. Hence the number of nested ovals 
= }(2n — 2) +1 =} (2n + 2—2). Moreover the ellipse encloses one or more of the nested ovals, and a non- 
nested oval, gz,,, cuts Hz in 4m + 8 points whose order of succession is the same on the oval and the ellipse. 
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Let C, and E, represent two ellipses cutting each other in four real points. On 
a segment, S, of #, let 8 points be chosen and joined by the straight lines /,,/.,/s,/,, 
the 1st point from one end of the segment with the 2nd, the 3rd with the 4th, and 


i=4 
soon. Then the equation C,.#,+6.I17,=0, for a proper choice of 4, will 
| 


represent a quartic satisfying the assumed conditions (Figs. 1, 2, Plate II). 
And therefore for all order values, 2n, curves do exist satisfying similar 
conditions. 

There is only one type of quartic obtained, but two cases arise from the 
two possible positions of the lines J,, /,,7;,7, with reference to the auxiliary 
ellipse. If in the derivation of the 4" from the conic, C,, no real points had 
been chosen on a segment, S, of H,, the quartic would have consisted of two ovals 
inside #, and two ovals outside. Hence according as the 8 points chosen lie on 
a segment, S, outside C, or on a segment inside C}, one of the two ovals inside £,, 
or one of the two ovals outside £,, becomes the generating oval. Each of these 


two quartics gives rise to a distinct type of 6° (C,. £,+6.1/7,=0) with the 
i=] 


required properties (Figs. 3, 4, Plate II). It is easily seen that in the generation 
of each type of 6”, there are possible three essentially different positions of the 
12 points which, taken in pairs, determine the 6 straight lines 4, },....4. For 
one position, the ellipse, E,, is cut by a non-nested oval of C, which would other- 
wise lie inside the ellipse; for another, by a non-nested oval which would other- 
wise lie outside the ellipse; for the third, by a nested oval. And, in general, 
the same possibilities arise in the derivation of the 2n’* from the 2n — 2", thus 
affording three modes of generation of the 2n + 2” froma given 2n”. The third 
case, however, as Hulburt points out, leads to curves with less than the maximum 
number of nested ovals. It will be found later that after an application of the 
third mode of generation, a fourth mode becomes possible. All four modes yield 
curves with the maximum number of circuits, but only the first and second 
admit also the maximum number of nested ovals. 

If at each stage of the generation of the 2n” from the curves of lower order, 
one of the non-nested ovals inside the ellipse be taken as the generating oval, 
that is, if a curve be derived by the first mode of generation throughout, the circuits 
situated in the n — 2 annular regions determined by the nested ovals are dis- 
tributed according to a perfectly regular scheme. The non-nested oval of the 
2n — 4” which cuts the ellipse forms with the latter, 4n—8 regions in which 
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are generated 4n—8 new ovals of the 2n — 2”. Of the 2n — 4 of these which 
lie inside the ellipse, one is a nested oval; another is to be taken as the 
generating oval; hence in the region bounded by the outer oval of the nest and 
those segments of the ellipse and the generating oval which give rise to the new 
nested oval of C;,,, there are situated exactly 2.— 6 ovals. Therefore the 2n'° 
will have in the last annular region formed 2n—6 ovals. Since one new 
annular region is formed at each stage of the generation, and the arrangement 
of the ovals lying in this region is not disturbed as curves of higher order are 
generated, there corresponds to each curve, C,,,, (2m= 6) from which the 2n‘ is 
derived, one particular ring. For the 6“, the number of ovals in the ring between 
the two nested ovals = 0; for the 8”, the number of ovals in the 1st, or inner- 
most, and the 2nd rings = 0, 2; for the 10” the number of ovals in the 1st, 2nd, 
and 3rd rings = 0, 2, 4; and so on; for the 2n” the number of ovals in the 1st, 
2nd, 3rd, .... n— 2” rings = 0, 2, 4, 6,....2n—10, 2n —8, 2n —6. But in 
the consideration of the number of internal or external ovals, that nested oval 
which forms the inner boundary of a ring itself, belongs to the group of ovals in 
that region; hence the foregoing scheme becomes 


In —9, In— 7, 5, 


and these groups are alternately internal and external ovals, or vice versa. 
Therefore for n — 2 even (Fig. 5, Plate II, n = 4), 
the number of internal ovals = 2n —5 + 2n—9+..4+7+3 
= — 1) (n— 2); 
for n — 2 odd, 
the number of internal ovals = 2n— 5 + 2n—9+..4+5+1 


= 4(n —1) (n— 2). 


If in the generation of the 2n“ one of the non-nested ovals lying outside the 
ellipse be taken at each stage as the generating oval, that is, if the curve be 
derived by the 2nd mode of generation throughout, there is obtained a similar 
arrangement of circuits in the annular regions. Beginning with 3, however, 
the series is reversed (1, 2n — 5, 2n— 7, 2n— 9, ...- 7, 5, 3), since by this pro- 
cess after the generation of the 6”, the nest is built up from the outside inward; 
and the innermost ring contains not only one oval in accordance with the scheme, 
but also all, save one, which by the other process lay in that part of the plane 
exterior to the nest. Therefore for n — 2 even when within the innermost ring, 


4 
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the expression, C,,, is positive (Fig. 6, Plate II), the number of internal ovals 
= 3(n — 1) (n— 2), but for n — 2 odd the number of internal ovals 
=n’ + 4(n—1) (n— 2) —1 > 4(n — 1) (n— 2). 

Combinations of the 1st and 2nd modes of generations give other types of curves. 
At each stage of the development of the curve, C,,,, from the conic, C,, either 
mode of derivation may be adopted; hence from the quartic of which there is 
only one type, are derived two 6", from each 6”, two 8°*, and so on; the number 
increasing in geometrical ratio as n increases. Therefore for the 2n‘, if the two 
regular types just discussed be included, the number of types of curves with the 
maximum number of circuits and the maximum number of nested ovals, is 2”~*. 
By a combination of the two modes, the nest is built up alternately from the 
inside outward and from the outside inward. If the curve, G,,_»., is derived 
throughout the process by the first mode of generation, all of its nested ovals lie 
inside the ellipse, #,. For the generation of the curve, C,,, from this, let a 
change be made to the 2nd mode; then the new nested oval of C;,, lies outside 
the ellipse, and the annular region which corresponds to the curve, C,,,, is the 
one in which the ellipse is situated. As curves of higher order are generated 
all the new ovals appear in this region, and from it are cut off successively 
the new annular regions lying inside or outside the ellipse according as 
they are formed by the 1st or 2nd mode of generation. The curve is built 
up in such a manner that there are formed sets of annular regions, (1) a 
inside the ellipse, (2) a’ outside the ellipse, (3) 6 inside the ellipse, (4) 6’ 
outside the ellipse, and so on. Except in those rings which are formed at 
stages where a change in the process occurs, the number of ovals in each 
annular region is the same as that in the corresponding region when one type 
of generation is used throughout,—that is in the last annular region formed 
whether outside or inside the ellipse there are 2n—6 ovals. But consider the 
ring formed in the derivation of C,, from Cm, where a change is made from 
the 1st to the 2nd mode of generation. The outer nested oval of C,,,_. is one 
of the 2m — 4 ovals arising from segments of g.,_, and #,, and lying inside the 
ellipse ; and the generating oval of C,,,_. is one of the 2m — 4 ovals outside the 
ellipse. - Thus 2m — 5 ovals are left in the region between the ellipse and the 
outer nested oval of C,,_,. Hence as C@,,, is derived from this 2m — 2”, an 
annular region is formed which contains 2m— 5 + 2m— 2 ovals inside the 
ellipse and 2m— 3 lying outside. If the second process is continued through 
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the generation of C,_,, the number of ovals in each new annular region formed 
follows the regular scheme up to this stage, and the appearance of every group 
of 2g — 6 ovals in a ring outside the ellipse (2g = 2m + 2, 2m+ 4,....2p— 2), 
is accompanied by the appearance of a group of 2q— 4 ovals in the region con- 
taining £, and inside the ellipse. Hence this ring contains 
p-1 
2m — 5 + >; 2q — 4+ 2p — 4 ovals inside the ellipse and 27 — 5 outside. 
m+1 

If at this stage a change is made back to the first type of generation, one of 
the 2» — 4 ovals inside the ellipse must be taken as the generating oval, g.,_», 
and hence in the new annular region formed for C,,, a region which lies inside 

p—1 
the ellipse, there are 2m — 5 +>: 2g — 4+ 2p—5 ovals, and in the region 
m+1 

which contains the ellipse 2 — 3 ovals inside the ellipse and 2p —2 + 2p—5 
outside. Hence as C,, is derived, if there is a change from the 1st mode of 
generation to the 2nd in the derivation of ©,,,, from the 2nd to the 1st in the 
derivation of C,,, from the ist to the 2nd in the derivation of C,,, and so on, 
the scheme of arrangement of the ovals in the annular regions beginning with the 
innermost ring is represented by the following sets of groups, a, a’, b, b', c,c’,...-, 


p—1 
(a)|0, 2, 4, 6, 8,..-.2m— 8|, (b)|(2m — 5 + 2g —4 + 2p — 5), 
m-+-1 


2p—4, 2p— 2,....28 — 8], 


t—1 


(c) |(28 — 5 + 299g —4 + — 5), 4, 


s+1 = 
(2n— 2+ In—3+) —4+4 2%—5)|, 
t+1 
s—1 
(b')| 2t—8,....28 — 2, 2s — 4, (28 —5 +i 29g—4 + 2p—5)|, 
pt+l1 
(a')| 2p — 8,....2m— 2, 2m — 4]; 


or if in the enumeration of the ovals in the annular regions the nested oval 


4 
‘4 
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which forms the inner boundary of the ring be included, the foregoing scheme 


becomes 
p—l 


(a)|1, 3, 5, 7,....2m — 7], (6)|(2m—5 +}; 2qg— 4 + 2p— 4), 
m+1 
2p — 3, 


(c)| (28 — 5 + 1 29g— 4+ 4), 2¢— 38, 2#—1,....In—5, 


8+1 


(2n—1+4 In—3+ 29 — 4 + 2—5)|, 
t+1 


s—1 


(b') | 7, .... 2s — 1, 2s — 3, (2882 —4+4 4 + Y—5)|, 
(a')|2p>— 7,....2m—1, 2m — 3]. 


If the 2nd mode of generation is applied first, then the region which includes 
the ellipse corresponds to the 6". The foregoing scheme applies, but 2m has 
the value 6, and group (a) disappears. 

If the annular regions be considered in the order of their formation but 
that region in which the ellipse is situated be left to the last, the series of 
numbers representing the groups of ovals is (a)|1, 3, 5, 7,.... 2m—7|, 
(a’)|2m — 3, 2m—1.... 2p —7|, etc. Comparison with the regular series 
obtained when the first mode of generation is employed throughout shows that 
after 2m— 7, each number in this series is greater by 2 or by a quantity exceed- 
ing 2, than the corresponding number in the regular series. If in the last region 
of each set, a, a’, 6, b/,.... the expression, (;,, is negative, or more briefly if the 
last region in each set is negative except in that set in which the ellipse is 
situated, the series which represents the number of internal ovals is 
1, 5, 9,..-. 2m—11, 2m— 7, 2m— 3, 2m + 1,....29—7, 2p — 3, 
or 3, 7, 11, 3, 


in exact agreement with the regular series representing the number of internal 
ovals when the 1st mode of generation is used throughout. For though the first 
region of (a’) is negative the number of its ovals exceeds by 4 the number in the 
last region of (a), and as the first regions of all the other sets 3, b/, c, c’,...- are 
necessarily positive there can be no break in the series as passage is made from 
set to set. But when there is a change made from one mode of generation to the 
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other, two regions which are formed consecutively are separated by other regions 
as the process is continued, and hence the expression C,, may be negative in 
both these regions. This apparently introduces the possibility of the existence 
of a series in which some of the numbers are less than the corresponding 
numbers in the regular series, and in this case the number of internal ovals 
might be less than 3(n — 1) (n— 2). For example, if the last region of (b') and 
the first region of (c) are both negative, the series will contain a sequence of the 
form, 2— 7, (22—4+..) 2¢— 1, 2¢+3,....,(A), in which the numbers 
beginning with 2¢—1 are less by 2 than the corresponding numbers in the 
sequence 2¢— 7, 2¢ -- 3, 2¢+1, 2¢+4+5........ But the conditions for the 
existence of such a sequence as (A) demand the existence of a preceding sequence 
of the form 27—9, 27— 3, 2/+1, 27+ 5 instead of the regular sequence 
27— 9, 21— 5, 21— 1, 27+ 3. Thus the numbers in the series which pre- 
cede such a sequence as (A) exceed by 2 the corresponding numbers in the 
regular series, and hence the numbers following the sequence will be the same 
as the corresponding numbers in the regular series. 

Suppose such a sequence as 2p— 7, (2Qp>—4+..), 2n—1, 2p + 8 occurs 
in the passage from the set (a’) to the set (6). The last region of (a’) and the 
first region of (b) are both negative. Since the first region of (5) is negative, the 
last region of (a) must be positive. The last negative region of (a) then con- 
tains 2m — 9 ovals, and hence in the series of numbers, representing the groups 
of internal ovals there is a spring from 2m—9 to 2m— 3, preceding the 
succession 2p — 7, (2p—4-+..), 2p—1, 2p + 3. 


No such break can occur again in the series so long as the last region in each 
set considered is negative, for as a prerequisite to such a sequence as the above, 
the first region of some set must be negative and this is impossible unless the 
.ast region in the preceding contiguous set be positive. Let the first set whose 
last region is positive be (c). The last region of (0’) is negative, hence the first 
region of (c’) is positive. Therefore in the passage from (c) to (c’) there is a 
jump over two annular regions, that is, from a group of 2/— 9 internal ovals to 
a group of 27— 3. Ifthe last region of (c’) is positive, the series representing 
the groups of internal ovals goes on regularly except that in the 1st region of 
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(d), which is negative since the last region of (c) is positive, the number of 
internal ovals is greater than it would have been had there been no change in 
the mode of generation. This regularity continues until the last region in some 
set is negative, and at this stage occurs again a sequence of the form 27 — 7, 
(2r—4-+ ..), 27—1, 2r4+3.... In every case a sequence of the above form 
is preceded by a succession of the form 2/— 9, 27 — 8, 27 +1, 22-+5. Thus in 
the series representing the groups of internal ovals there may be numbers 
exceeding but none less than the corresponding numbers in the regular series. 
Hence since the series of numbers which represent the groups of internal ovals 
on curves derived by both modes of generation is either greater than or equal to 
the series obtained when the 1st mode of generation is used throughout, the 
number of internal ovals > 4(m — 1) (n — 2). 

The third mode of generation in which the new nested oval is taken as the 
generating oval, is not applicable to the generation of curves of degree lower 
than 8, for the 6” is the first curve whose generating oval can be a nested 
oval. Hence the first application of the process must be preceded by the use of 
the first or second mode of generation. Each application of the process reduces 
the number of nested ovals by 2. For suppose the new nested oval of C,,,_. cuts 
the ellipse; then on C,,, there is no nested oval representing this, and moreover 
none of the 4m — 4 ovals arising from the segments of the ellipse and this gen- 
erating oval encloses either the ellipse or the nested ovals lying inside the 
ellipse ; that is, the nested oval contributed to the nest by C,,,_, disappears as 
such, and no new nested oval is added by @,,,. It is evident that since there is 
no nested oval among the new ovals formed at this stage, the third mode of gen- 
eration cannot be applied twice in succession. Thus the different types of curves 
which are derived in part by the 3rd mode of generation are those obtained by 
the ist and 8rd modes of generation or by the 2nd and 8rd, or by combinations 
of all three modes, or by combinations of these with the fourth. If the curves 
be derived by the 1st and 3rd modes of generation, let the 3rd mode be introduced 
for the first time for the generation of the curve ©,,. The new nested oval of 
Crm —2 lies inside the ellipse, and in the new annular region formed there are 
2m — 8 ovals, and in the region between the nested ovals and the ellipse there 
are 2m — 5 ovals. The new nested oval of C,,,_, is to be taken as the gener- 


ating oval. Hence in one of the 4m — 4 regions bound by segments of #, and 


Jom —2 there are 2m — 5 ovals, and therefore of the 4m — 4 new ovals appearing 
on Cy», One contains 2m — 5 others, and this lies inside the ellipse. The 
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remaining 4m — 5 are distributed with respect to the ellipse just as the corre- 
sponding 4m — 5 ovals would have been distributed had the first mode of gener- 
ation been used instead of the third; so the process can be continued as if the 
third type had not been introduced except that a nested oval cannot be taken as 
the generating oval. Hence the general arrangement of the ovals of the curve, 
Cm, Which is derived throughout by the 1st method of generation is affected by 
the introduction of the third method for the generation of C,,, only in the follow- 
ing manner. The ring which by the continuation of the first process would have 
contained 2m — 6 ovals disappears, and in place of the two nested ovals bounding tt, 


2m-8 2 m-6 2 m-4 2m-8 2 m-5 2 
ovals ovals ovals ovals ovals ova 
Fig. 5. Fig. 6. 


with the 2m — 6 ovals lying between them, there is now one oval enclosing 2m— 5 
others. Thus three annular regions are thrown into one, and the arrangement 
of circuits represented by Fig. 5 becomes that indicated by Fig. 6. Or if the 
process stops here, the two outer rings become one with the region outside the 
nest. 

If the annular region which is composed of the three is positive, it con- 
tributes the same number of internal ovals as the middle region would have 
contributed, if the three were distinct, namely 2m— 5. If negative, it yields 
the same number that would have been given by the other two regions. In 
the enumeration of the internal ovals the nested oval which forms the inner 
boundary of a negative ring must be included, and though the two regions in 
question would yield two such internal ovals and the composite region only one, 
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yet as compensation for the other there is the oval which contains the 2m — 5 
other ovals. If the new nested oval of C,,,,. be taken as the generating oval for 
the derivation of C,,,,,, that is, the 3rd mode of generation applied again, then 
there are combined into one the five annular regions which would have appeared 
had the first mode of generation been used throughout; but in this composite 
region there are besides 2m—8 + 2m—4+ 2m ovals, one oval enclosing 
2m — 5 others, and another oval encircling 2m— 1 ovals. The arrangement is 
indicated by Fig. 7. It is evident that the number of internal ovals is not 
altered by the introduction of the third mode of generation, and hence every 


2 m-8 2 m-4 2 m-1 
ovals ovals ovals hed 


Fia. 7. 


combination of the 1st and 3rd modes of derivation gives a curve with 4(n — 1) 
(n — 2) internal ovals. 

The arrangement of the circuits of a curve derived by the 2nd mode of 
generation or by a combination of the 1st and 2nd modes of generation is 
modified by the introduction of the 3rd mode in a manner similar to that 
in the preceding case. Suppose the 3rd mode is introduced for the derivation 
of C,,,. Hither the 1st or 2nd process must have been used for the derivation of 
Com—2. If this process had been continued for C,,, also, an annular region would 
have been formed containing 2m — 6 ovals between the two nested ovals. The 
use of the 3rd method causes the disappearance of these two nested ovals as such 
and introduced in the place of them, with the 2m —6 ovals between them, one 
oval enclosing 2m — 5 others. And this is the only alteration produced. The 
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conclusion is easily deduced as in the preceding case that the number of internal 
ovals on curves derived by the 2nd and 3rd modes of generation or by all three 
modes combined, is not less than 4(n — 1) (n— 2). 


Fig. 8. 


Although the 3rd mode of generation cannot be applied twice in succession, 
it need not be followed by the first or second, for the ellipse may be cut by the 
oval which contains 2m —5 others. This introduces a fourth mode of derivation, 


2m-8 

or 2 m-3 | 2 m-5 
2m-7+---- ovals | ovals 
Ovals 


Fig. 9. 


closely related however to the 3rd type, for though the generating oval is not 
one of the nested ovals, yet it does include others. It is not difficult to see that 
if the arrangement of the ovals in the annular regions formed at the stages 


2m-8 2 m-2 
or 
2 m-4 
+---— 
ovals m-1+-- 
Ovals ovals 
2 m-2 
or 
2m-1+-— 
ovals 
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Com—2) Comy Com +2) Com44 00 curve derived by the ist, 2nd and 3rd modes be 
represented by Fig. 8, the use of the 4th mode for the derivation of Cr, will 
modify the arrangement to that indicated by Fig. 9. That is, there is a combi- 
nation in pairs of the four annular regions which would have appeared if instead 
of the 3rd and 4th modes of generation the one preceding the 3rd had been used; 
the first and third are united, and the second and fourth. If one region is nega- 
tive, the other is positive, so that the same number of internal ovals is obtained 
as if the ovals were distributed in the four regions. Hence in this case, the 
introduction of the 4th mode of generation does not decrease the number of 


external ovals. Ifthe 4th mode of generation be followed by the 3rd instead of 
the 1st or 2nd, then a somewhat different arrangement is produced. There are 
combined into one the five annular regions which would have appeared, if the 
mode by which C,,,_, was derived had been continued for the generation of 
Comy Com+2) Com+4, Come Instead of the arrangement represented by Fig. 10, 
the result would be that indicated by Fig. 11. 

If all possible combinations be made of the four modes of generation, 
various arrangements of the circuits are obtained, but the investigation of the 
preceding combinations makes it evident that the number of internal ovals on the 
derived curve is equal to the number on a curve which is generated by the ist 
and 2nd modes only and hence is not less than 4(n — 1) (n — 2). 

The appearance of a curve derived by the Ist or 2nd mode of generation, or 
by a combination of the two, is only slightly modified by an occasional intro- 


(2 m-8) 2m 
or or 
2 p-d (2m +1 
2 m-6 2 m-4 2 m-2 8-2 
>a 2q-4] ovals ovals ovals >a 2 q-4 
m-+4 
+ + 
2 m-7) 28-5 
ovals ovals 
Fie. 10. 
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duction of the 3rd mode of derivation; but an extensive use of the 3rd method 
gives a curve differing greatly in form from that derived by the 1st or 2nd mode 
alone, or by the Ist and 2nd together. For example, if for the derivation of the 
8” from the 6” which is generated by the 1st mode of generation, the 3rd mode 
be employed, and for the derivation of curves of higher order the 4th and 3rd 
modes be used alternately, then no nest whatever is built up. The type of 
curves obtained is the same as that derived by the exclusive use of the 1st mode 
of generation in the Harnack process. The 8” has one oval containing three, 
and the remaining ovals are external to one another; the 10* has one oval 


2m 
or 
(2m+ 
+ 
$-2 
2 q-4 
m+ 4 
2 s-5) 


Ovals 


Fig. 11. 


containing 6 and the remainder external to one another, and so on. If the 1st 
mode of generation is combined with the 3rd and 4th, but after the generation 
of the 8 not applied twice in succession, there are derived in this way m—2 
other types of curves of order 4m, and /— 2 other types of curves of order 
2(27—1), which agree with types obtained by the Harnack process. But no 
other types of the Harnack curves are derived by the use of the 2nd mode 
instead of the 1st or by the use of both the 1st and 2nd. 

It is evident from the method of generation that the number of internal 
ovals can be diminished in the same manner as in the generation of curves by 
the Harnack process, and also that this diminution can in no case be accom- 
panied by an increase in the number of external ovals. Therefore the number 
of external ovals is not greater than n® + $(m— 1) (n — 2) even if the number 
of circuits falls short of the maximum number. 


(2 m-7) 
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Curves Derived by the Modified Forms of the Hilbert Method.—The use of the 
hyperbola or parabola as auxiliary curve, since these can be projected into the 
ellipse, can certainly yield no type of 2n“ differing from those obtained by the 
Hilbert process. Neither does the degenerate conic. This, however, requires a 
special proof. But when the pair of straight lines is substituted for the ellipse 
as the auxiliary curve, passage can be made at any time to the Harnack process, 
by the mere disregard of one of the lines, and a return to the original mode of 
derivation can be effected after the generation of any curve of even order. Thus 
new types of curves may arise by a combination of the two processes, but it can 
certainly be shown that no type of 2n‘° obtained has less than 4(n— 1) (n — 2) 


internal ovals. 
If it could be shown that all non-singular curves with the maximum number 


of circuits can be generated by this method of small variation, the proof of the 
validity of the law for these remaining cases would establish it for all non- 
singular curves of even order. But as yet there is no formal proof that the list 
of such curves is exhausted by the types considered. 


CoNCLUSION. 


There are several other forms in which the theorem can be stated that are 
of interest, either as facts resulting from the theorem if established in its pre- 
ceding form, or as statements which may afford a better starting point for the 
proof of the theorem. A few of these equivalent forms are obtained by a con- 
sideration of the Theory of the Characteristic, which though apparently yielding 
no results toward the proof of the theorem, bears a most interesting relation to 
the problem. The theory as given by Kronecker* is purely algebraic; he 
proved that for any system of algebraic functions satisfying certain conditions, 
there exists a number derived algebraically which is invariant for that system. 
Dyck,} however, was led by a study of Kronecker’s investigations to a geometrical 
definition of a characteristic number associated with a manifold, a number which 
is built up as the manifold itself is developed. He showed that if the manifold 
can be expressed algebraically, it can be developed by processes which also are 
capable of algebraic expression. The whole geometrical configuration thus 


*Ueber Systeme von Functionen mehrerer Variabeln, Werke I, 1869, pp. 175-212, 213-226. Ueber die Charac- 


teristik von Functionen Systemen, Werke II, 1878, pp. 71-82. 
+ Beitrage zur Analysis Situs, 1, II, III, Berichte der K. Sachs. Gesellschaft der Wissenschaften (Math. Phys. 


Classe) 1885, 1886, 1887. Math, Ann., vol. 32. 


Branches of Plane Algebraic Curves. 401 


introduces a system of algebraic functions subject to certain conditious. Dyck 
proved that the characteristic number associated with the manifold can be 
derived from this system of functions and that the number is identical with the 
Kronecker characteristic of the system. 

In Dyck’s Theory the manifold is regarded as made up of elements, and to 
each element is assigned the characteristic + 1. Whatever be the process of 
generation of the manifold, 

(a) the appearance of a new element contributes + 1 to the characteristic ; 

(6) the vanishing of an element contributes — 1; 

(c) the separation of an element into two pieces contributes + 1; 

(d) the joining of two elements, or of two parts of the same element, con- 
tributes — 1. 

For a one-dimensional manifold,—that is, a figure composed of lines,—the 
element is a broken piece of a curve. For a two-dimensional manifold, the 
element may be a part of a plane or of a surface that can be developed as a 
plane. The manifold suggested by any problem relating to the arrangement of 
the circuits on a plane curve, f(xy) =0, of even order, with no singularities 
and with the maximum number of circuits, is obvi- 
ously the two-dimensional manifold determined as the 
parts of the plane lying inside the curve,—that is, the 
parts of the plane where f< 0. The element isa piece [ Yj 
of the plane bounded by a non-singular closed circuit 7/7 7//// 
(Fig. 12), and to this is assigned the characteristic + 1. UY / ff 
If the figure is initially non-existent, its characteristic 
is zero, and as the manifold is generated the char- 
acteristic is increased by unity as an element appears or separates into two, 
and is diminished by unity as an element vanishes, or as two elements or 
two parts of the same element unite. Therefore the characteristic of the 
manifold is equal to the sum of the characteristics of the separate parts 
which make up the manifold, and is independent of the mode of generation. 
Thus in the given manifold a part of the plane bounded by a single oval has 
the characteristic + 1, whether it arises from a single element in the process 
of generation or from the union of several elements. Hence each external 
oval on the curve contributes to the manifold a region whose characteristic is 
+1. Iftwo parts of such a piece of the plane unite and thus enclose in the midst 
of a region in which f is negative, a region where / is positive, their union is 
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marked by —1 in the characteristic. But this is just the way in which an 
external oval makes its appearance. Hence the presence of each internal oval 
on the curve diminishes the characteristic of that piece of the plane to which it 
belongs by unity. The whole number of circuits on the 2n” is n? + $(n — 1) 
(n — 2), and hence according to the theorem which ascribes the minimum limit 
3(n— 1) (n— 2) to the number of internal ovals, the characteristic cannot 
exceed n’ + 4(n — 1) (n— 2) — $(n — 1) (nm — 2) or n’, if the maximum number 
of circuits is present. It has been noted that a decrease in the number of 
internal ovals cannot be accompanied by an increase in the number of external 
ovals. Hence the characteristic cannot be greater than n’ + $(n — 1) (n — 2) 
even if the number of branches is not the maximum number. 


Fie, 13. 


The process of generation of such a manifold can be expressed analytically 
by considering the manifold as one of a singly infinite system of manifolds. Let 
the curve f= 0 be obtained as one of the pencil ‘=A. Then the region where 
J is negative decreases as A decreases, and for some value of @ sufficiently near 
— oo, the curve disappears altogether. The characteristic of the corresponding 
manifold is zero. Let 4 increase from this value. The curve makes its appear- 
ance as an isolated point spreading into a circuit as A continues to increase. 
Other circuits also may come into existence in the same way. Thus an isolated 
point gives rise to a part of the plane and hence has the value + 1 for the 
characteristic. Two circuits may unite, producing a node (Fig. 13) and thus 
join two pieces of the plane together, or a single circuit may cut itself (Fig. 14), 
and so unite parts of the same region of the plane. In either case the node is 
marked by — 1 in the characteristic. As increases, an internal oval shrinks until 
it becomes an isolated point and then passes out of existence, or it may cut itself 
in such a way that at the next stage it breaks into two internal ovals. Inallcases | 
the isolated points which present themselves in the region f< 0 contribute 
+ 1 to the characteristic, and the nodes —1. The singular points of the system 
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are given by /, = 0, f,= 0, and are nodes with real tangents or isolated points 


according as Iu haa] ig negative or positive. If the notation ] Ju hrs | be used 
12 Fiz Ses 


to represent + 1, 0, — 1 according as the determinant is positive, zero, or nega- 


summation taken over all points 4 =0, 4=0, f< 0; and Dyck shows that 
this is the same as the Kronecker characteristic for the system of functions 
J, A, fo. Since the characteristic cannot exceed n” if f= 0 be a curve (order 2n) 
with the maximum number of circuits, it follows that the number of isolated 
points passed over in the system f=A from A=—o to A= 0 exceeds the 


tive, the characteristic of the manifold can be written X = > [ 


Fie. 14. 


number of nodes by a quantity less than, or equal to n”. And if f=0 has not 
the maximum number of circuits, the excess of the number of isolated points over 
the number of nodes in the region f< 0 is either less than or equal to n* + 
}(n—1) (n—2). 

The relations between the critic centres of the pencil f= 4 thus obtained in 
applying the Theory of the Characteristic to an interpretation of the problem are 
interesting, but afford no clue to the solution. There is even some indication 
that the theory is not the most promising instrument of proof, for this is 
applicable to curves of even order only, and though the theorem on the mini- 
mum limit of the number of internal ovals is stated for these curves alone, it 
most probably can be extended to include curves of odd order also. It has been 
seen that on a non-singular 2n + 1” with the maximum number of branches 
the ovals may lie each sutside the others; but even in this case they may satisfy 
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the definition of ‘ internal ovals,” for the odd circuit divides the plane into two 
regions both infinite, in one of which C,,,, is positive, and in the other, nega- 
tive. And as a matter of fact, no 2n+1” with fewer than }(n— 1) (n— 2) 
interval ovals presents itself directly by either of the two processes of generation 
discussed. 

There are still other forms in which the theorem can be stated, the most 
interesting of which is perhaps one relating to the number of regions into which 
the plane is divided by the curve. It has been shown that if the maximum 
number of branches is present, then the curve must have at least $(n — 1) (n — 2) 
internal ovals, and whether the number of branches present is the maximum or 
less than the maximum, the curve can not have more than n? + 3$(n — 1) (n — 2) 
external ovals. By asimilar line of reasoning it can be proved that whatever 
the number of circuits, the number of internal ovals can not exceed n? + 4(n — 1) 
(n — 2)—1; and hence if the maximum number of circuits is present the 
number of external ovals can not fall below 3(m — 1) (n—-2)+ 1. 

Therefore if the maximum number of branches is present, 
the number of regions in which the expression Cj, is positive 5 4(n—1) (n—2)+1, 
and the number of regions in which C,, is negative =$(n—1)(n— 2) +1; 
and whatever the number of circuits, 
the number of regions in which C,, is positive =n? + 2(n — 1) (n — 2) 
and the number of regions in which CQ, is negative =n® + $(n — 1) (n — 2). 
From these statements, it seems that any limitation on the arrangement of the 
circuits is of a dual nature; and it is worthy of note that no modification of 
these statements is necessary, if the sign of C,,, be so chosen that it is negative 
at infinity. 

The statement of the theorem in this last form suggests that there may be 
some underlying relation to the theory of Multiply-connected Surfaces. 


In the figures of Plates I and II the curves are much distorted, inflexions being inserted where none 
exist, in order to bring the figures within the scale of the paper. The figures represent the distribution of 
the ovals of the curves accurately only with respect to the number in different regions of the plane. In the 


i=2n 
drawing of the figures representing curves of the type, C,, = (C,,_,. £,+06 Il 1;=0, the straight lines are 


omitted. 


i=1 
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